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The double scattering of electrons with a small intrinsic electric dipole moment is investigated theoretically 
for the case where magnetic and electric fields are present in the space between the two targets. It is shown 
by using density matrix techniques that the plane of polarization of the electron beam, after the first scat- 
tering, would be rotated by the magnetic and electric fields just as predicted by regarding the electrons as 
classical spinning tops with magnetic moments and classical electric dipoles precessing about the directions 


of the magnetic and electric fields, respectively. 


1. INTRODUCTION 


ECENT experiments! have suggested the possible 

existence of a small electric dipole moment for 
an electron. Some discussion? of the atomic effects of 
such a dipole moment has already appeared in the 
literature. In this note we discuss the double scattering 
of electrons with such a dipole moment for the case 
where magnetic and electric fields intervene between 
the two targets. 

We shall restrict ourselves to the special geometry 
realized in the experiment of Schupp, Pidd, and Crane‘ 
illustrated in Fig. 1. This may be described as follows: 
The initial unpolarized beam of electrons along the Z 
axis is incident on the target at 0. The part of the beam 
which is scattered in the YZ plane almost along OY 
moves in a helical orbit of small forward pitch along 
the Z axis. After a time ¢ and having made (w+) turns 
the beam falls on the second target and the part that 
comes out parallel or antiparallel to the Z axis is 
analyzed. 


2. EQUATIONS OF MOTION 


Following Salpeter,’ we introduce the electric dipole 
moment into the Dirac equation for an electron in an 
electromagnetic field in a Lorentz-covariant manner by 
adding a gauge-invariant parity-nonconserving per- 

* Supported in part by the joint program of the Office of Naval 
Research and the Atomic Energy Commission. 

1 F, E. Obenshain and L. A. Page, Phys. Rev. 112, 179 (1958). 
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3G. Feinberg, Phys. Rev. 112, 1637 (1958). 
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turbation. Such a term corresponds physically to a 
permanent electric dipole moment parallel to the spin 
of the electron. If an anomalous magnetic moment term 
is also added, then the Dirac equation reads 


e ch 
[r( p+ ) ~ imac Ju -(a— Ey) ¥uV oF vt. (1) 
C$ 


Amoc? 


In the conventional notation® Eq. (1) is given by 
H=cp,(o-x)+pymoc?—eg(r)+apyop;(o-H—ia: &) 

+ fuop3(o-E+ia-3), (2) 
where x= p+ (e/c)A; a and é are anomalous and dipole 


moments, respectively, both measured in units of a 
Bohr magneton. , 
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Fic. 1. Geometry of the double-scattering experiment. The 
magnetic field is along the Z axis and the radial electric field is 
parallel to the XY plane and coaxial with the helix. 

5P. A. M. Dirac, The principles of Quantum Mechanics (Claren 
don Press, Oxford, 1947), third edition, p. 260. 
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We shall consider only positive-energy states, and 
to exhibit this fact more transparently we make 
use of the Foldy-Wouthuysen representation. We 
transform the Hamiltonian [Eq. (2)] to the Foldy- 
Wouthuysen representation by a unitary matrix U 
=exp[ ipso, tan (x/moc) |], where o,=0-2/|2!|. The 
transformed Hamiltonian H’=UHU~ is then given, 
up to terms of first order in yodC and pod, by 


Ho 
H' = E,—e¢(1)+—o-K(1+ ay) 
7 


ne TO 
(1+y)¢ 


Euo 
+tueo-&+—e:(vX3), 


c 
y=1/(1—8")}. 


The above derivation and the following discussion is a 
slight modification of the treatment of the double scat- 
tering of electrons without an electric dipole moment, 
in the absence of an electric field between the two 
targets, given by Mendlowitz and Case.’ 

The Heisenberg equations of motion for the mo- 
mentum and spin operators are 


E,=(mec+cnr)! and 


d 1 ec? 
' ax, 


—n=—(2,H'|=—ecé&—- 
dt th vi 


(4) 


and 
d 1 
—o=—[o,H’ |=o,,hXoe+wze(r) Xe, 


dt th 


exe =e BE/ 1 
Wm = +— [a+ ( +a) | 
MolY Moc KH \i+y 


fe / E 
Re ev? 
moc \5 


are the precession rates of the magnetic and electric 
dipole moments about the magnetic and electric fields, 
respectively. e(r) and h are unit vectors along the radial 
electric and magnetic fields. Equation (4) is the equa- 
tion of motion of a particle rotating with a frequency 


es & 
. ( 1+ ). 
Mocy BI 


3. DOUBLE SCATTERING AND CROSS SECTIONS 


where 


and 


A unitary transformation S that changes the wave 
function y into Sy will change the density matrix p 
into SpS-'. The ordinary time-dependent Schrédinger 

6 L. L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1950). 

7H. Mendlowitz and K. M. Case, Phys. Rev. 97, 33 (1955). 
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equation ih(dy/dt) = Hy has a solution 
Y(t) =e (0), (6) 
and the corresponding density matrix p(¢) is given by 
p(t) =e hp (Oe, (7) 


It is clear from Eqs. (4), (5), and (6) that the Hamil- 
tonian acting on the initial wave function gives a wave 
function which describes a particle rotating about the 
direction of the magnetic field with an angular velocity 
wz’ and whose spin precesses around the directions of 
magnetic and electric fields with precession frequencies 
wm and wg, respectively. Besides, the particle is also 
displaced along the direction of the magnetic field 
because of the small axial momentum. We will neglect 
the effect of the small axial momentum on the rate of 
precession of spin. 

If the wave function after the first scattering is y, 
then the wave function just before the second scatter- 
ing is 


¥’=e'R(iy, (8) 


where 


i 
R()=exp| — Ler! Leh-+ hone ht Joao: e(0) 
1 


; 
= ex —“o1'I-h) 
e( i 


i 
Xexp ——[(wm—wz')o-h+wao- e(r) ]t 
| 2h 


=R;(wr't; h)R, (wet; n). (9) 
J and L are total angular momentum and orbital angu- 
lar momentum, respectively. Rj(wz’t; h) is a rotation 
operator which induces simultaneous space and spin 
rotations of amount wyz’t about h. Similarly R, (ws; n) 
induces a rotation of amount wit {w,=[(wm—wz’)? 
+w,?]}!} about n {=[(wm—wz’)/w |h+ (wa/w) e(r)}. 
The separation of R(¢) into a product of two rotation 
operators R;(wz't; h), R,(wet;m) is made possible by 
the fact that J-h commutes with o-h and @-e(r). e**! 
is a phase factor arising from the displacement of the 
particle along the magnetic field. 

If we neglect the contribution of the electric dipole 
moment to the elastic scattering,* the spin density 
matrix after the first scattering is 

p=3/(1+P,-o), (10) 

5 Margolis, Rosendorfi, and Sirlin, Phys. Rev. 114, 1530 (1959), 
have investigated the elastic scattering of electrons with a small 
electric dipole moment by spinless targets. They have shown that 
the contribution of the electric dipole moment to the elastic 
scattering becomes appreciable only for large momentum transfers 
g~500 Mev/c for X~10~ (€=$ed) is the electric dipole moment 
in units of e times the Compton wavelength of the electron. How- 
ever, for g~0.1 Mev/c the contribution of electric dipole moment 
to the elastic scattering is negligible. 
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where P, is the polarization and is normal to the plane 
of first scattering. The spin density matrix describing 
the beam incident on the second target after spending 
a time ¢ in the field is 
p' =R;(wz’t; h)R, (wot; n) 

XpeR "(wots MRF" (wr't; h). (11) 
The density matrix after the second scattering is 
p= MR;(wr't; h)R, (wot; n) 


XpRe (wot; m)Rj" (wrt; h)Mt, (12) 


where M=g.+/oo: nz is the scattering matrix and n, is 
the normal to the plane of the second scattering. Since 
M is invariant under simultaneous spin and space rota- 
tions, M commutes with R;(wz’t; h), and therefore 


p=R;(wz't; HMR, (wo; n) 


XpR (wel; m)MtR“"(wz't;h). (13) 


The scattering cross section after the second scatter- 
ing is obtained from 
da /dQ=Tr(Mp'M")/Trp’=4R,(wz'1; h) 
XETr( MR, (wot; n) (1+ Pi-0)R.- (wot; n)M"*) J 


XRe (wrt; hh), (14) 


where R,(wz’t; h)=exp[—(1/h)wz’L-ht] is the space 
rotation operator. If P; is parallel to P. [= 2 Re(gohs*) m2/ 
(| go|?+ | he?) ], then 
da /dQ= N[ 1+ (wa?/ay?) PiP2 

+PP,(1 —w/ wo") Cosw»f |. (15a) 
If P; is antiparallel to Ps, 
da /dQ= N[1— (wy*/ ws?) Pi P2 

— PP2(1—we?/wy?) coswsl]. (15b) 

However, if P; is along the electric field initially and 

if the strength of the electric field is such that wn=wz’, 
then w,=wa and the above equations reduce to 


"(1+ P.P;), Pi parallel to P.; 
do/dQ=N(1—P,P2), 


do/dQ=. (16a) 


P; antiparallel to Ps. (16b) 


Nelson, Schupp, Pidd, and Crane® have proposed a 
modification of the Schupp, Pidd, and Crane experi- 
ment! with essentially the same geometry. In the new 


® Nelson, Schupp, Pidd, and Crane. Bull. Am. Phys. Soc. 4, 


250 (1959), and private communication. 
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experiment, the first scattered beam is allowed to move 
in a magnetic field until the polarization becomes 
parallel to the velocity. The radial electric field is then 
switched on and its strength is such that it gives the 
same rate of precession of spin about the magnetic field 
as the cyclotron frequency. After the second scattering, 
the part of the beam coming out radially inwards and 
outwards are analyzed. 

If the electric field is switched on at time /o after the 
first scattering, then the spin density matrix incident 
on the second target at time ¢ will be 


p=Rj(wr' (t—to) ; h)R.(wa(t—bo) ; e) 
XR; (wxto; h)R,(walo; h)3/(1 +P, -o) 
XR; l(woto: h)R; Tarlo; h)R, M(wa(t—to) ; e) 


XRi"(r' (t—to); h), (17) 


where w,=ei/mecy is the relativistic cyclotron fre- 
quency without the electric field and wa= (e3C/moc)a is 
the precession frequency of the anomalous part of the 
magnetic moment around h. For the geometry of Fig. 1, 
and walo= 2/2, Eq. (17) reduces to 


p’ =41[14+ Pio, coswa(t—to) 


+Py(o-h) sinwe(t—to) ]. (18) 


The scattering cross sections along the radial direc- 
tions are 


da /dQ= N[1+P1Pe2 sinwy(t—to) |, 

P, parallel to h 
f (19) 
= N[1—P,P2 sinwa(t—to) |, 


P, antiparallel to h. 


The asymmetry will be maximum if the spin has 
turned about the radial electric field through an angle 
of 90°. If there is no electric dipole moment =0, no 
asymmetry will be observed. 

Finally, it may be remarked that results obtained in 
this paper through a quantum mechanical analysis of 
the motion of the electron beam with a dipole moment 
in the radial electric and axial magnetic fields are the 
same as would be arrived at by treating the electrons 
as classical spinning tops with magnetic moments and 
classical electric dipoles.* 


4. ACKNOWLEDGMENTS 


I am indebted to Professor E. E. Salpeter for helpful 
criticism and suggestions. 





PHYSICAL REVIEW VOLUME 


116, 


NUMBER 2 OCTOBER 15, 1959 


Absorption and Dispersion of Microwaves in Flames* 


JORGEN SCHNEIDER AND F. W. HoFMANN 
Department of Physics, Duke University, Durham, North Carolina 
(Received January 15, 1959; revised manuscript received June 25, 1959) 


The dependence of the high-frequency electric conductivity and the optical constants of a weakly ionized 
gas on the microwave frequency, the electron-molecule collision frequency, the electron concentration, and 
an external magnetic field are discussed. Measurements of the electric conductivity between 23.10 and 
92.96 kMc/sec indicate that the effective electron-molecule collision frequency in an acetylene-air flame is 
independent of the electron velocity within the limits of error. Cyclotron resonance of free electrons has been 
found in low-pressure flames at 24 kMc/sec. This effect can be used to determine both the concentration 


of free electrons and the electron collision frequency. 


INTRODUCTION 


EASUREMENTS of the absorption of micro- 

waves by flames have been successfully used to 
investigate chemical reactions involving ionized com- 
ponents.’ On the other hand, flames may be used to 
study the electromagnetic properties of ionized gases 
on a moderate scale. One advantage of this method 
arises from the fact that the electron concentration, 
N, and the electron collision frequency, v, two funda- 
mental quantities of an ionized gas, can be varied 
independently over a wide range. When sprays of 
alkali salt solutions are introduced into the flame, 
partial thermal ionization of the alkali atoms occurs, 
and the electron concentration WN is a function of the 
salt concentration in the solutions. If the free electrons 
are in thermal equilibrium with the flame gases, their 
energy distribution will be Maxwellian. Furthermore, 
the electron collision frequency v can be varied by 
burning the flame in a closed vessel under variable 
pressure. 

A general theory of the electric conductivity of an 
ionized gas at high frequencies has first been given by 
Margenau.* More recently, this theory has been 
extended to the case where the ionized gas is placed in a 
constant, homogeneous magnetic field.4 Such quantities 
as the complex refractive index and the reflection 
coefficient can easily be derived from the complex 
electric conductivity, which seems most suitable to 
describe the electromagnetic properties of ionized 

* This research was supported in part by the U. S. Air Force 
through the Air Force Office of Scientific Research of the Air 
Research and Development Command and by the California 
Research Corporation ; and in part by the Office of Naval Research. 

1T. M. Sugden, Discussions Faraday Soc. 19, 68 (1955). 
(Further references are given in this and the two subsequent 
papers and in the discussions in the same volume.) 

2K. E. Shuler and J. Weber, J. Chem. Phys. 22, 491 (1954). 

3H. Margenau, Phys. Rev. 69, 508 (1946). 

‘L. G. H. Huxley, Proc. Phys. Soc. (London) B64, 844 (1951); 
R. Jancel and T. Kahan, J. phys. radium 14, 533 (1953); W. P. 
Allis, “Motions of ions and electrons” in Handbuch der Physik 
(Springer-Verlag, Berlin, 1956), Vol. 21; Kelly, Margenau, and 
Brown, Phys. Rev. 108, 1367 (1957). See also: L. Mower and 
R. F. Whitmer, Sylvania Electric Products, Inc., Mountain View, 
California, Technical Reports No. MPL-1, No. MPL-4, No. 
MPL-M1 (unpublished) ; J. Schneider and F. W. Hofmann, Duke 
Microwave Report No. 25 (unpublished). 


gases. In this work, only the electronic part of the 
conductivity will be considered, since the contribution 
of the heavy ions is negligible on account of their mass. 
The concentration of charged particles in the flames 
investigated in this work is very low compared with the 
number of neutral gas molecules. Therefore electron- 
electron and electron-ion collisions may be neglected 
and only encounters between electrons and _ neutral 
gas molecules need be considered. Furthermore, it will 
be assumed that these collisions are elastic. 

In the presence of a magnetic field the electric 
conductivity is described by an antisymmetric tensor. 
In order to obtain its components, it is customary to 
determine the electron velocity distribution function 
under the influence of a weak, alternating electric field 
by solving the Boltzmann transport equation.4 Taking 
the magnetic field H parallel to the z axis, the result is 


4dr e° 7” v+tw Ofo 
i. Mites, . maaan PAPE RES ~ —dv, 
3 mZy (vtiw)*+w2 dv 


4r er” We Ofe 
3 mYo (vtiw)*+w? dv 


where e and m are the electronic charge and mass, 
respectively, v is the electron-molecule collision fre- 
quency, w the circular frequency of the electric field, 
and w,=eH/mc is the cyclotron frequency. The distri- 
bution function in the absence of the electric field, fo, 
is assumed to be isotropic, i.e., to depend only on the 
magnitude »v of the electron velocity. In the absence 
of a magnetic field, i.e., for w-=0, the electric conduc- 
tivity is a scalar: 


4dr er? 1 dOfo 
c= — -f ——1°—d), 
3 m/y v+tiw dv 


For the special case that the electron-molecule collision 
frequency is independent of the electron velocity 1 


v, 
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Eqs. (1) and (2) simplify to 
Ne v+iw 
m (v+iw)2+w2 


Orz 


Ne We 


m (v+iw)? +02 
(4) 


since Jy°® fadv= N/4x, where N is the number of free 
electrons per cc. 
DISCUSSION 
Case A: H=0 
In the following, the velocity distribution function fo 
is assumed to be Maxwellian: 


fo(v)=N(m/2nkT)? exp(—mv*/2kT), (5) 


where & is Boltzmann’s constant and T the absolute 
temperature of the electron gas. Now the electric 
conductivity in the absence of a magnetic field, as 
given by Eq. (2), may be written in the form 


8 Ne 1 
¢=— f uw‘ exp(—wu*)du, (6) 
3m m v(u)+iw 


0 


where « is dimensionless and equal to (m/2kT)!v. The 
main difficulty in evaluating the integral in Eq. (6) 
arises from the velocity dependence of the electron 
collision frequency v. If Ny, N2:-- are the numbers per 
cc of neutral particles of type 1, 2:-- and Qi, Qe::: 
their cross sections for collisions with the electrons and 
v the root mean square (rms) of the electron velocity, v 
is given by 

v=0(N\Qi +N 202+ ---). (7) 


The collision frequency y is related to the mean free 
path A of the electron by v=7/X. For flame temperatures 
of 1000° to 3000° the mean electron energy is 0.13 ev to 
0.39 ev. Unfortunately the present knowledge of 
electron-molecule cross sections is rather incomplete in 
this energy range.°:® 

For a rough estimation of the electron cross section, 
one can assume that the electron will be appreciably 
scattered if its kinetic energy mv*/2 is of the order of 
the interaction energy W between the electron and the 
molecule, i.e., for Wo»mv*/2. If W(r) is known as a 
function of the distance r between the two colliding 
particles, the distance ro which fulfills the above 
condition can be calculated, giving the cross section 


®R. Kollath, in Handbuch der Physik (Springer-Verlag, Berlin, 
1958), Vol. 34, Fig. 7, p. 10. 

®H. H. Landolt and R. Bérnstein, Zahlenwerte und Funktionen 
aus Physik, Chemie, Astronomie (Springer-Verlag, Berlin, 1950), 
sixth edition, Vol. I, Part I, p. 374. 
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Fic. 1. Dispersion of the real part of the electric conductivity for 
velocity-dependent electron collision frequencies v. 


The effect of the velocity dependence of the cross 
section Q on the high-frequency conductivity will be 
investigated by calculating the real part o’ of the 
conductivity for the three cases: (i) Q=const, (ii) 
Q«1/v, and (iii) Q«1/v'. The first case has been 
treated by Margenau.* Since 1/A=NQ, the mean free 
path of the electron is constant, i.e., »« v. The second 
case, Q« 1/2, yields a constant collision frequency, and 
the conductivity reduces to the simple expressions given 
by Eqs. (3) and (4). This case corresponds to an 
electron-molecule interaction energy W (r) « 1/r*, which 
holds for the electrostatic energy between an electron 
and a neutral, nonpolar molecule. Finally, the case 
Q« 1/v*, i.e., vx 1/v* corresponds to collisions between 
electrons and ions, where W (r) « 1/r. 

Figure 1 shows the high-frequency behavior of the 
real part o’ of the electronic conductivity for the three 
cases discussed above. The quantity o’/a9 is plotted 
against the logarithm of w/w;, where w; is the frequency 
at which o’ has dropped to one half of its static value 
ay. The curve corresponding to Q«1/v4, i.e., vx 1/0', 
was obtained from Eq. (6) by graphical integration. 
If vy is constant, the dispersion of o’ corresponds to a 
Debye relaxation process with a relaxation time 1/v. If, 
however, v is a function of the electron velocity, the 
dispersion of o’ can be interpreted as a superposition of 
Debye terms with a continuous distribution of relaxa- 
tion times. As shown by the general theory of relaxation 
processes’ this results always in dispersion curves with 
smaller slopes. The relative deviation of the other 
conductivity dispersion curves from the Debye curve 
is small as long as w/v<1, but becomes significant for 
higher frequencies. 

Optical Constants 

The complex index of refraction n=n’+ in" is related 

to the complex electric conductivity o=0'’+i0" by 

n= (1—i4e/w)!. (8) 
Ihe contribution of the neutral gas molecules to the 
refractive index is very small and has been neglected. 


7H. Frohlich, Theory of Dielectrics (Clarendon Press, Oxford, 
1949). 
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w>/w* 


Fic. 2. Refractive index n’ of an ionized gas as a function of the 
electron density in units w,*/w* at 24 kMc/sec. The parameter is 
the inverse collision frequency in units w/v, assuming pv to be 
independent of the electron velocity. 


The real and the imaginary components of » are 
n’ = (1/v2){((1+8)?+a7}!+14+,}}, 
n” = (1/v2){[ (14+8)?+a? ]}}—1—B}}, 


where a=41o'/w and B=41o"’/w. If the collision fre- 
quency is much smaller than the microwave frequency, 
n”’ approaches zero and n’ simplifies to the well-known 


(9) 


expression 

n’=(1— (40e?N/ma*) }!. (10) 
At fixed frequency w, the refractive index decreases 
with increasing electron concentration NV and becomes 
zero for the plasma frequency w,=(4re?N/m)}. At 
even higher concentrations N, the refractive index is 
imaginary, i.e., an electromagnetic wave undergoes 
total reflection. Figure 2 shows how this behavior is 
modified by taking into account the collisions of the 
electrons. In this case, m’ never reaches zero. Figure 3 
gives the dependence of the absolute value R of the 
reflection coefficient on the electron concentration for 
normal incidence on a boundary between two semi- 
infinite media. R is related to n’ and n” by 


(n’—1)?+n’”? 
. (n'+1)2+n!”2 


(11) 


Neglecting the electron collisions, i.e., for w/y= ~, the 
wave undergoes total reflection for electron concen- 
trations exceeding the critical value w,. For small 
values of w/v and (w,/w)? the reflection coefficient 
becomes negligibly small. A layer of ionized gas whose 
thickness greatly exceeds the wavelength is then 
capable of absorbing the incident wave almost com- 
pletely. It approaches the properties of a black body for 
this frequency. 

The attenuation 8, in db, of the intensity of an 
electromagnetic wave is related to the imaginary part 
n”’ of the refractive index by 

B= 10(logie) (2w/c)n’d, (12) 


where d is the path length. For sufficiently small 
electron concentrations JN, i.e., for small o’ and 0’, Eq. 


HOFMANN 
(9) yields in first order 


2ro’ le Nee yv 
—=— - (13) 


, 
w w m v*+o 


and the attenuation @ is a linear function of the electron 
concentration. 


Case B: H¥0 


For the following it will be assumed that the electron- 
molecule collision frequency is independent of the 
electron velocity. In this case, separation of the electric 
conductivity o,,, as given by Eq. (3), into its real and 
imaginary parts yields 


Ve y v 
2m\v?+(wtw,)? v+(w—w,)* 


(14) 
wtw, 


—( W— , ) 
A 

Orz nfteaes a eexge + aii ~ 
2m\v?+(wtw,)? v?+(w—w,)? 


It should be noted that these equations show a close 
similarity to formulas given by Van Vleck and Weiss- 
kopf* and by Frohlich,’ which describe the transition 
between relaxation absorption and resonance absorp- 
tion. In the absence of a magnetic field, Eqs. (14) 
represent a relaxation-type dispersion of the electric 
conductivity with a single relaxation time 1/v, corre- 
sponding to a continuous decrease of the real part o’ 
with increasing frequency. In the presence of a magnetic 
field, however, the absorption may have resonance 
character. Cyclotron resonance will occur near w=w, 
=eH/mce if an electron is able to make at least one 
revolution in the magnetic field before colliding with 
another particle, i.e., for w/y>1. As the collision 
frequency is further decreased, the cyclotron line 
becomes rapidly sharper (Fig. 4). 

Taking the magnetic field as the independent variable, 








Fic. 3. Reflection coefficient R of an ionized gas as a function 
of the electron density in units w,?/w? at 24 kMc/sec. The 
parameter is the inverse collision frequency in units w/v, assuming 
v to be independent of the electron velocity. 


*J. H. Van Vleck and V. F. Weisskopf, Revs. Modern Phys. 
17, 227 (1945). 
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one obtains from Eq. (14) 


» 


f o22dH=4hnecN. 
0 


(15) 


The integral absorption, i.e., the area under any curve 
in Fig. 4, is therefore a function of the electron concen- 
tration alone. Equation (15) is also valid if the collision 
frequency v is dependent on the electron velocity since 
the order of integration over » and H may be inter- 
changed. The collision frequency v may be obtained 
from the shape of the absorption line. For sufficiently 
sharp lines the relative half-width can be derived from 
Eq. (14) as 


AH/H=2v/w, (16) 


where Ho++AH/2 are the values of the magnetic field 


at which the conductivity o,,’ has dropped to one half. 


of its maximum value. This simple method of obtaining 
v from the shape of the resonance curve only holds 
exactly if v is velocity independent. However, Kelly, 
Margenau, and Brown‘ found that the resonance lines 
for the cases yx«v and y«v" almost coincide with the 
line for which v is constant. 


EXPERIMENTS AND RESULTS 
Case A: H=0 


Experimental evidence for the theoretical conclusions 
concerning the velocity dependence of the electron- 
molecule collision frequency v was obtained from 
microwave attenuation measurements on an acetylene- 
air flame containing alkali vapors as electron source. 
These measurements form part of a broader research 
project’ dealing with the intensity-density relationship 
of the spectral lines which are emitted by alkali vapors 
added to a flame. Attenuation data were obtained at 
seven wavelengths ranging from 12 mm to 3 mm, 
permitting the construction of a dispersion curve of the 
real part o’ of the electric conductivity. 








Fic. 4. Cyclotron resonance for various collision frequencies in 
units w/v. The real part o,,’ of the conductivity in arbitrary units 
is plotted against the magnetic field in units w,/w. The frequency 
w and the electron concentration N are constant. 

® This investigation, by Dr. Hedwig Kohn and the authors, 
will be published elsewhere. 
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TABLE I. Dispersion of the electric conductivity 
of an acetylene air flame.* 


Conductivity o’ 
(108 sec™) 


Frequency Attenuation 8 
(kMc/sec) (db) 


= 
o 


1.44 
1.23 
1.08 
0.91 
0.64 
0.46 
0.33 


23.10 
29.51 
36.76 
43.50 
61.16 
69.88 
92.96 


B2 Gm Qs OD 5 
We bo if Ge ie into 


® The o’ values were calculated from Eqs. (12) and (13). 


A Lundegardh-type acetylene-air burner producing 
a homogeneous sheet of flame gases of about 8 mm 
thickness was used. The blue zone of primary reaction 
was 2.5 mm high. Free electrons were produced by 
thermal ionization of alkalis which were added to the 
flame as fine sprays of aqueous salt solutions. A descrip- 
tion of the burner and the atomizer system was given 
by Hinnov and Kohn.’ Microwave radiation for 
measurements at 12-mm, 10-mm, and 8-mm wavelength 
was generated by the Raytheon klystrons 2K33, 
QK290, and QK291, respectively. For shorter wave- 
lengths these tubes were used with frequency multipliers 
and detectors of the type described by King and 
Gordy.'' The flame was placed between two K-band 
wave-guide horns, 30 mm apart, one leading to the 
detector, the other from the klystron or the frequency 
multiplier. The direction of microwave propagation was 
perpendicular to the burner slot, with the wave-guide 
axis located 8 mm above the top of the burner. 

After the salt spray was introduced into the flame 
the power received by the detector dropped from the 
value /, corresponding to the “clean” flame, to P. The 
attenuation in db is B= 10 logio(Po/P). Equations (12) 
and (13) indicate that the attenuation 8 and the real 
part o’ of the electric conductivity are proportional if 
the electron concentration J is sufficiently low. 

Measurements of 8 were carried out with widely 
varied concentrations of alkalis. The results obtained 
with a 0.25-molar NaCl solution are given in Table I. 

Assuming that the electron collision frequency vy is 
independent of the electron velocity, o’ is obtained 


from Eq. (4) 
aw” 
a” of (+ ; ), 
yp 


where t9= Ne*/mv. The values of a9 and v which give 
the best fit to the experimental data are 


(17) 


oo=13.1X108 sec, 
v= 26X10" sec". 


Figure 5 shows that a Debye curve, as obtained with 


10 EF, Hinnov and H. Kohn, J. Opt. Soc. Am. 47, 156 (1957). 
1 W. C. King and W. Gordy, Phys. Rev. 93, 407 (1954). 
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Fic. 5. Dispersion of the real part of the electric conductivity of an 
acetylene-air flame. o’/ao is plotted against log (w/v). 


these parameters from Eq. (17), is in fair agreement 
with the experimental points. 

The electron-molecule cross section () is related to the 
collision frequency v by Eq. (7): Q=v/vNo where »v 
= (3kT/m)* is the mean (rms) electron velocity and No 
the number of neutral gas molecules per cc. The tem- 
perature of the flame, as obtained by Hinnov and Kohn" 
from photoelectric line reversal measurements, was 
2480°K. Thus 


O=rre=26X10-"* cm’, 
ry= 2.9 10-8 cm. 


The composition of the flame gases at 2480°K has been 
calculated by Hinnov and Kohn,” the principal 
constituents and their partial pressures being No, 0.72; 
COz, 0.12; HO, 0.10; and CO, 0.05. The experimentally 
determined electron-molecule cross section must be 
interpreted as a weighted average of these molecular 
constituents and possibly of minor constituents with 
large cross sections. The experimental average collision 
radius ro is considerably larger than the van der Waals 
radii of the above molecules,: defined for molecule- 
molecule collisions, which are of the order of 1.5 10~° 
cm, Such a result can be expected in view of the directly 
measured electron-molecule cross sections at electron 
energies below 1 ev.*:® 

From microwave measurements at wavelengths in 
the range 10 cm to 0.8 cm, Belcher and Sugden” 
obtained an electron collision frequency of 8.8X10"° 
sec for a coalgas-air flame at 2200°K. Subsequent 
investigations by Sugden and coworkers! and by 
Shuler and Weber’ with different flames (hydrogen-air, 
hydrogen-oxygen, acetylene-air) make use of this value. 
No satisfactory explanation can be offered for the 
discrepancy between the collision frequencies obtained 
by Belcher and Sugden and in this work. 


Case B: H¥0 


Ingram! suggested that cyclotron resonance could be 
used as a sensitive method of measuring electron 


2H. Belcher and T. 
A201, 480 (1950). 


M. Sugden, Proc. Roy. Soc. (London) 
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concentrations. It was noted by Sugden' that such a 
resonance cannot be observed at atmospheric pressure 
and at 8-mm wavelength but that the method is 
promising for low-pressure flames, due to the lowered 
collision frequency. Cyclotron resonance in such a flame 
has been detected by the authors." 

The design of a low-pressure burner for premixed 
acetylene and air, or oxygen, was facilitated by the 
work of Wolfhard who investigated the stability 
conditions for flames under reduced pressure. The 
low-pressure vessel used in the present experiments was 
a Pyrex cylinder of 41-mm inner diameter, fitting 
between the pole faces of the electromagnet. It was 
cooled outside by jets of compressed air. Acetylene-air 
mixtures burning on Pyrex tubes of 8-mm_ inner 
diameter yielded stable flames at pressures ranging 
from about 200 mm Hg to 30 mm Hé. At lower 
pressures, stable flames can only be maintained on still 
wider burner tubes. The geometrical conditions imposed 
by the magnet, however, limited the diameter of the 
tubes. Therefore, a gas mixture of higher burning 
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Fic. 6. Cyclotron resonance observed in an acetylene-air flame at a 
frequency of 24.2 kMc/sec under various pressures. 


velocity, acetylene-oxygen, was used to obtain stable 
flames in the range from 25 mm Hg to 6 mm Hg, with 
burner tubes of 13-mm and 19-mm inner diameter. The 


pumping speed available precluded flames under 
pressures lower than 6 mm Hg. 

Acetylene was introduced into the burner from the 
side after passing a needle valve. A small orifice in the 
bottom end of the burner tube admitted the air or 
oxygen. The usual method of adding alkali to a flame 
by operating an atomizer with one of the gases which 
form the combustible mixture fails at low pressure. 
This difficulty was overcome by atomizing the salt 
solution with air or oxygen into a flask at atmospheric 
pressure, trapping out all except the smallest droplets. 
The remaining fine mist was passed through a wide, 
open ended tube with a side branch connected to the 
air orifice of the burner tube. The diameter of the 
orifice was so chosen that the pressure drop from 


18 J. Schneider and F. W. Hofmann, Phys. Rev. Letters 1, 408 
(1958). 
44H. G. Wolfhard, Z. tech. Physik 24, 206 (1943). 
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atmospheric to the desired flame gas pressure admitted 
just the amount of air or oxygen required to give stable 
flame conditions. By this design, only a small part of 
the mist from the atomizer entered the burner tube 
with the air or oxygen. For salt concentrations higher 
than 0.1 molar this technique was not entirely satis- 
factory due to frequent clogging of the suction hole. 
The flame was ignited by a discharge between two 
steel wire points connected to a Tesla coil. 

The rectangular waveguide horns were lined up with 
their axes perpendicular to the static magnetic field. 
The microwave was polarized in the vertical direction, 
i.e., perpendicular to the static magnetic field and to the 
direction of propagation. The microwave had to pass 
through the air-cooled Pyrex wall of the vessel before 
and after traversing the flame gases. The magnetic 
field could be electronically swept over a range of 3000 
gauss in about 20 seconds. 
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Fic. 7. Copy of recorder traces of cyclotron resonance observed 
in an acetylene-oxygen flame at 23.2 kMc/sec under a pressure of 
7.5mm Hg. The total field sweep is 2600 gauss, the line width 460 
gauss. The weaker line was obtained from a clean flame without 


added alkali. 


As Fig. 6 shows, the first indication of a cyclotron 
resonance appears at a pressure near 100 mm Hg. The 
resonance line becomes rapidly sharper as the pressure 
is further decreased. The free electrons originated from 
a 1-molar KCI solution; no resonance was observed 
from the “clean” flame. The geometrical limitations 
mentioned above required the use of oxygen instead 
of air in order to work at still lower pressures. The two 
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lines shown in Fig. 7 were obtained at a pressure of 7.5 
mm Hg, the weaker one without added alkali, the 
stronger with a 1-molar KCl solution. At this low 
pressure the reaction zone was very extended and came 
close to the level of the microwave beam. Since the 
recombination rate is small at low pressures, free 
electrons originating from the reaction zone can be 
expected in a concentration sufficiently high to be 
detected by their cyclotron resonance. 

The microwave frequency was 23.2 kMc/sec and the 
resonance lines have their common center at the 
magnetic field H given by the cyclotron resonance 
condition w.=eH/mc. Both lines have very nearly the 
same half-width, v7z., 460 gauss. The recorder traces 
give the transmission, i.e., the ratio P/ Py of the incident 
to the transmitted microwave power. In order to 
calculate the electron collision frequency v and the 
electron concentration V from the line width and the 
total absorption corresponding to Eqs. (16) and (15), 
the ordinate scale in Fig. 7 has to be taken in units of 
10 logio(Po/P), i.e., in db, since this quantity is propor- 
tional to V. Assuming a velocity-independent collision 
frequency and using Eq. (16), the value »>=0.37X 10" 
sec! results. The collision frequency deduced from the 
dispersion of the electric conductivity in the acetylene- 
air flame was 26X10" sec~'. Considering the pressure 
ratio of 760 mm to 7.5 mm, the collision frequency 
obtained for the low-pressure flame appears reasonable. 
Using graphical integration, Eqs. (12), (13), and (15) 
gave for the electron concentration N of the ‘‘clean” 
flame 0.7X 10" cm~ and for the flame with added alkali 
vapor 1.210" cm~*. The layer of flame gases traversed 
by the microwave was about 35 mm thick. The sharpest 
cyclotron resonance line was obtained at a pressure of 
6.0 mm Hg and at a frequency of 30.2 kMc/sec. The 
line had its center at 10 700 gauss and had a half-width 
of 400 gauss. 
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The quantum theory of the third virial coefficient C is discussed. ‘Three types of intermolecular pair forces 
must be distinguished. (1) No bound or low-lying two- and/or three-body states exist. The first four terms of 
the low-temperature expansion of Cpx are obtained. They depend on the scattering length, the effective range, 
and a third length which cannot be inferred from scattering data. The limitations of the applicability of such 
expansions are discussed, both for He‘ and He’, by means of a comparison of the corresponding expansion for 
the second virial coefficient B with detailed numerical results known for specific potentials. (2) Existence of a 
near zero energy level both for the two- and the three-body system. It is shown how in this case the actual 
potentials may be replaced by suitably matched boundary conditions on the two- and the three-body wave 
functions near the respective coordinate origins. It is first explained how the method applies to B. Then the 
leading term of C is explicitly determined. (3) Existence of strongly bound two- and three-body states. An 
approximate expression for C is given by treating the single atoms and the binary and ternary compounds as 


a system of three ideal gases in chemical equilibrium. 


I. INTRODUCTION 
HE virial coefficients B(T), C(T), --- are defined 
by the Kamerlingh Onnes virial expansion: 
B(T) C(T) 
a aepeorems atde | 


ine (1) 
y? 


py =Rr] 1+ 


for the equation of state of a dilute gas. It is well known 
that in the classical theory, that is for high temperatures, 
the virial coefficients can be found explicitly in terms of 
the intermolecular forces. These expressions are simplest 
and most familiar when (a) the forces are additive and 
(b) the two-particle force is central, and these properties 
will also be assumed throughout the present work. For a 
discussion of the classical theory for special intermolecu- 
lar potentials we refer to the review by Kihara.’ 

In the quantum theory, that is for sufficiently low 
temperatures, the picture is very much less complete. 
There exist explicit expressions for the first quantum 
mechanical corrections to the classical results,’ but only 
for the second virial coefficient B(7) is an exact expres- 
sion known by means of which one can discuss the entire 
temperature range.* We will come back to this in Sec. III 
but it may be well to point out already here that this 
expression relates B(T) to the discrete energy levels of 
the two-body system and to the phase shifts of the two- 
body continuum wave functions. The continuum part 
can thus be found in principle from scattering experi- 
ments. 

In recent times the quantum theory of the nonideal 
gas has advanced considerably by the work of Lee, 
Yang, and their collaborators.4°> The methods these 

1 T. Kihara, Revs. Modern Phys. 25, 831 (1953) ; 27, 412 (1955). 

2 See reference 1, Secs. 14-16. 

3 E. Beth and G. E. Uhlenbeck, Physica, 3, 729 (1936); 4, 915 
(1937). See also B. Kahn, dissertation, Utrecht, 1938 (unpub 
lished), Chap. IV. 

*K. Huang and C. N.jYang, Phys. Rev. 105, 767 (1957); 
Huang, Yang, and Luttinger, Phys. Rev. 105, 776 (1957); T. D. 


authors developed were applied by them mainly to the 
nvestigation of the low-temperature behavior of a dilute 
Bose-Einstein (BE) gas or a dilute Fermi-Dirac (FD) 
gas of hard spheres, but they have a wider validity of 
which the limits at present are still unclear. 

Two aspects of the work of Lee and Yang are of 
particular interest for what follows: First, they showed 
how to relate the so-called cluster functions of a BE or 
an FD gas to the corresponding functions for a 
Boltzmann system (see also Sec. II). A second essential 
feature is their binary expansion method, in which one 
arrives at a formal reduction of the properties of an 
n-body Boltzmann system to the corresponding two- 
body system. A short review of this method, with some 
emphasis on the relation to the classical Ursell expan- 
sion, will be given in Sec. V. We only note here that, 
thus far, the influence of the existence of bound two- 
and/or more-body states on the binary expansion pro- 
cedure has not been clarified. 

The study of the binary expansion method led us to 
ask two questions, the answer to both of which is known 
where B(T) is concerned: To what extent are the higher 
virial coefficients determined by two-body scattering 
data? Is it possible to discuss to some extent in which 
way these coefficients are affected by the existence of 
two- and/or more-body bound states? It is the purpose 
of this paper to analyze these questions specifically for 
the third virial coefficient C(7). 

It turns out that it is essential to distinguish three 
cases depending on the form of the intermolecular 
potential. 

(a) The case of repulsive forces.—Assuming that the 
intermolecular force is purely repulsive, or if in addition 
some attraction is present, that the attractive force is so 
weak that mo two- and/or three-body bound states or 


Lee and C. N. Yang, Phys. Rev. 105, 1119 (1957); Lee, Huang, 
and Yang, Phys. Rev. 106, 1135 (1957). 
5T. D. Lee and C. N. Yang, Phys. Rev. 113, 1165 (1959). 
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low-lying virtual states exist, the method of Lee and 
Yang® can be applied and leads to a low-temperature 
expansion of C(T). In Sec. VI the first four terms of this 
expansion are given; see Eq. (121). To this order the 
characteristic lengths of the two-body system which 
appear successively are: the scattering length a, the 
effective range ro, and a third length d, which cannot be 
inferred from scattering data®; see Eq. (96). 

(8) The case of weak binding.—Here we consider the 
situation when the attractive forces allow just one low- 
lying energy level (either real or virtual) both for the 
two-body and the three-body systems. More precisely, 
we mean by this that the energy levels in question are so 
close to zero that a temperature regime exists in which 
the ratio, binding energy over kT, is much less than one, 
while at the same time the ratio, range of the forces over 
the thermal wavelength A=h(2rmkT)-, is also much 
smaller than one. We shall show in Sec. VII that in this 
case the leading term in C is of the form const XA®, where 
the constant is independent of the precise shape of the 
intermolecular potential and can be determined by re- 
placing the actual potential by a suitable boundary 
condition. The final result is given in Eq. (181). 

(y) The case of strong binding.—In this case we as- 
sume that two- and three-body bound states exist and 
that we are in a range of such low temperatures that 
the ratio of the binding energies to kT is much larger 
than one. Here the method of Lee and Yang® is not 
directly applicable. For this regime of binding, our re- 
sults will be presented in Sec. VIII. 

It is, of course, possible and also sometimes convenient 
to consider the above three cases for the second virial 
coefficient. However, for B(T) all expansions can be 
obtained from the exact expression, whereas, to our 
knowledge, for C(T) one has to start afresh for each of 
the three cases. Since the weak-binding case (where the 
leading term of B is of the form const XA*) seemed of 
special interest to us, we shall give in Sec. IV a new 
derivation of the value of the constant, in which we do 
not start from the exact expression for B(T), but also 
for B treat the problem as one with boundary conditions 
replacing the intermolecular potential. 

The experimental validity of the low-temperature ex- 
pansions of the virial coefficients is very probably quite 
limited. In this connection the isotherms of He‘ and He’ 
are, of course, of special interest. Recently Keller’ has 
made new measurements of the isotherms both for He‘ 
and He? at temperatures below 4°K, and there are also 
recent numerical calculations of B(T) based on the 


6 Lee and Yang have shown that the ground-state energy per 
particle of a dilute BE system of hard spheres with diameter a is 
given by e=4apl1+128(pa*)$/15r#+---]. By means of the 
methods of Sec. VI, it is easy to give a direct proof of the rather 
obvious fact that this formula for ¢ also holds for an arbitrary 
repulsive force, provided one replaces the hard-sphere diameter by 
the scattering length. We have also found that beyond this order, 
terms in the square bracket proportional to pa’ro and to pd* must 
appear. 

7W. E. Keller, Phys. Rev. 97, 1 (1955): Het; 98, 1571 (1955): 
He’. 
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Lennard-Jones (12,6) potential® and on the (exp,6) po- 
tential.’ We will make some comments on these results 
in Sec. III. Here we only state that with regard to the 
third virial coefficient no dependable low-temperature 
data exist so far for He‘, as Keller has pointed out.’ In 
the case of He* the same author gives experimental 
values for C at 3.8° and 3°K. However, as we shall see 
in Sec. VI, the binary expansion result for He’ is already 
rather dubious at these temperatures. The practical 
usefulness, if any, of our results for C(T) remains there- 
fore to be seen, but we believe, at any rate, that the 
considerations which follow may be of some methodical 
interest. 


II. GENERAL PRELIMINARIES 


We recall that the virial coefficients can be expressed 
in terms of the so-called cluster functions 6; through the 
Mayer equations: 


p a) 
—=lim D b,(V,T)s', 
kT Y>* 1=1 


N ~ 
-= lim Dd 1b(V,7T)s', 
Vy 


> [= 


by elimination of z. For large volume’ V the 6,(V,7) 
become independent of V and in the gas region the sum 
and the limit in (2) can be interchanged. Calling 
b,=limd,(V) (we will always suppress the argument 7), 
one obtains 


'=—(—2b:b,+-46:"), ete. 


b,' 


(3) 


The 6,(V) are defined in terms of the trace of the /-body 
cluster operator U’; which in turn is expressed in terms 
of operators W,, defined by 


W,=exp(—BH™), B=1/kT, (4) 


where H‘” is the n-body Hamiltonian. One has 
U;(1)=W,(1), 
U'2(1,2) =W2(1,2)—-Wi(1)Wi(2), 
U'3(1,2,3) =W3(1,2,3) —W2(1,2)W1(3) 
—W,(2,3)Wi(1) —W2(3,1) W1(2) 
+2W1(1)Wi(2)Wi(3) ; 


then 


V1!b.(V)=Tr(U)). (6) 

All these definitions and relations hold irrespective of 
the statistics. The statistics enters only in the choice of 

8de Boer, van Kranendonk, and Compaan, Physica 16, 545 
(1950) : He*; J. E. and M. F. Kilpatrick, J. Chem. Phys. 19, 1930 
(1951): He*; Kilpatrick, Keller, Hammel, and Metropolis, Phys. 
Rev. 94, 1103 (1954): He® and He‘. 

® Kilpatrick, Keller, and Hammel, Phys. Rev. 97, 9 (1955): He? 
and Het. 
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the /-particle states in the volume V (with prescribed 
boundary conditions on the surface of V) with respect to 
which the matrix elements of W; and U’; are formed. We 
have: 


(1) Boltzmann statistics, 
(1’---N’|Wy|1---N) 
=Divi(l’---N yA (1--- 


2) BE statistics, 


»V) exp(—BE;™?) ; 


(1'---N’|WyB|1--- 


xX vb vil’---NWAGA---, 


i,symm 


N)=N! 


N) exp(—BE;™), (8) 


(3) FD statistics: same as Eq. (8) but with a summation 
over antisymmetric states. 

Of course, the operator Wy itself does not depend on 
the symmetry properties of the y’s. However, it is con- 
venient to hang a label BE or FD on Wy and likewise on 
U,. Without labels the corresponding symbols shall 
always refer to the Boltzmann case. The arguments 

, N of the y’s in Eqs. (7), (8) refer to the coordi- 
nates and, where necessary, to the spins of the V 
particles. It may be recalled that Eqs. (2)-(6) hold true 
for arbitrary spin. 

It has been observed by Lee and Yang* that Wy® 
and WyF” can be expressed in terms of the correspond- 
ing Boltzmann matrix elements Wy, as follows: 


(1!- ++ ,N’| WyBFl1---N) 
=> p PUl',-+:, 
+ N’|WyF?|1---N) 
= > pr P'epd1',- ie 
where P’ is any one of the V! operators that permute the 
variables 1’, ’ ep =+1(—1) if the permutation 


of the normal order is even (odd). Thus one has a 
scheme to go from U®¥ to U which goes via the sequence 


N’|Wyl1,---,N), (9) 


N'|Wy|1,---,V), (10) 


, 


UBE—, WBEWU, (11) 


and similarly for FD. It turns out that the relation (11) 
between U8 and U can be expressed most simply by 
means of quantities U* defined as follows: 

1,2,---l) 
=>'p P;( aj,°* 


For example, one finds from Eqs. (9) and (12) 


(@1,@2,°**,a7\U,* 


*,a1 U, 1,---J/). 


(1"|U,B¥| 1) = (1"|u,5| 1) = (1/019), 

= (1’ 2’ U25} 1,2) 

Mt ty | 1)(1"|U14| 2) 
HD+ aA U»| 1,2) 
+ (2'|Uy|1)(1"|U;]2), 


(1/2’| UB| 1,2) 


1’,2’| 
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(1'2'3'| U,B®| 123) 
(1/2"3! |g! 123) + (1/3"| W495] 12) (2"| Uy) 3) 
+ (2'3’| We S| 12) (1"| Us| 3)+ (2'3’|U24| 13) 
X (1’| Us| 2)+ (1/2’| W285 13) (3’| Ui] 2) 
+ (1/3"| Uy] 23) (2"| Us| 1) + (12 |W] 23) 
X (3"| Us| 1) + (2"| U4] 1) (3"| U2) (1"| U4) 3) 


+ (3’|Us{1)(1"| Ui 2)(2’|Ui| 3). (13) 


A corresponding procedure can also be worked out for 
the FD case.5 

We will adopt units for which #=1 and the mass of 
the particle m=}; the thermal wavelength d is then 
(4r8)!. With these units 


HO =— Yat EG, 


i<j 


(16) 


where ®;; is the (central) two-body potential. 


III. REVIEW OF THE QUANTUM THEORY OF B(T) 


From Eqs. (4) and (6), one finds 


1 \ 
(Wi)=—, (17) 


1 
b,=lim— Tr 
V 3 


1 
ee exp(—BE,)—& exp(—BE,)], (18) 


where E;, E, are the energy states of the two- 
particle system, enclosed in V, with and without 
interaction, respectively. By separating the different 
angular momenta and the possible discrete states from 
the continuum states, Eq. (18) can be transformed into 


24 « 


3 1=0 


a 


B.=> erga f dr 


0 


xf dk exp(— 28k") [RiP (r) — Rx, *(r)], (20) 
0 


where e€,, are the binding energies of the possible states 
for given /, and Rzi(r), Rx. (r) are the radial wave 
functions, with and without interaction, for the relative 
motion of the two-body system. The normalization of 
these radial functions is so chosen that for r— 


Rii— sinlkr—j$lr+6,(k) J, 


, 21 
Ri = (rkr /2)4F 143(kr) a sin(kr— slr). ( 


In Eq. (20) the integral over r can be carried out, and 
from Eggs. (3), (17), and (18) we obtain the final formula, 
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always for Boltzmann statistics: 


B=—2NM YD (21+1)B,, 


l=0 


(22) 
Bi=h 


n 


1 si d6, 
dip f dk— exp(— 28k’). 
Tv 0 dk 


The generalization to BE or FD statistics is straight- 
forward and also the influence of an intrinsic spin s of 
the particles is easily taken into account. One obtains 


s+1 s 
Bpr“ =——-Bgpu+——Bpp, 
2s+1 2s+1 


s+1 s 
Byp“ =——Byp +——B az, 
2s+1 2s+1 


where Bgx and Brp refer to zero spin and are given by 


Bge=—2!NN[§+2 DY (2/+-1)B1], 


l even 


Byp=—2)NM[T—3+ DO (2/+1)B1), 


l odd 


with B; given in Eq. (22). 

Since in this paper we are mainly interested in the 
very-low-temperature behavior of B(T), and since we 
always will have the application to He* and He’ in 
mind, the equations can be simplified by considering 
only S states, at most one discrete state and s=0 for 
BE (He'), s=3 for FD (He’*). Then 


Bur=—2!NA‘[E+2Bo], 


Brp = —2)NdA¥L—7Zeot3Bo], 
(25) 


1 ¢* 
Bo= e*+ By ; By a f exp( = 2Bk?). 


T“0 


To account for the differences in the mass of He*® and 
He! we have introduced in (25) two thermal wave- 
lengths \ and );. It is understood that the quantities ¢ 
and 6 should be labeled correspondingly. 

The most recent measurements of B(T) for He* and 
He! at temperatures below 4°K are due to Keller.” The 
theoretical discussion, which was started by de Boer," 
assumes an empirical potential ®(7) with parameters 
adapted so as to represent the high-temperature be- 
havior of B(T). For instance, de Boer used the Lennard- 
Jones potential, 


&(r) = 4n{_ (a/r)"— (0 /r)®], 


with parameters n/k= 10.2°K, o=2.56 A, but also other 
forms of the potential have been used. For a recent 


(26) 


10 See the contribution of J. de Boer and R. B. Bird, in Hirsch- 
felder, Curtiss, and Bird, Molecular Theory of Gases (John Wiley 
and Sons, Inc., New York, 1954). 
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review of this work we refer to the report of de Boer" at 
the Kamerlingh Onnes Conference. We note that the 
numerical calculations based on potentials like (26) 
show that even at 1°K the D-state contributions in (22) 
are already appreciable. Since the lowest temperature 
for which B has been measured is 1.5°K, the validity of 
Eq. (25) and of the expansions for the three regimes of 
binding defined in the introduction is extremely limited. 
Nevertheless, these expansions may perhaps be useful as 
a check on numerical calculations. 


(w) The Case of Repulsive Forces 


Now the bound state term in By is absent, while for 6 
we may use the expansion” 


1 
k cot6= ——+}3rok?+O(k'), 
a 


(27) 


where a is the scattering length and ro the effective 
range. This leads to 


an 
p= 2 - +“ o%a~In)+00-9)], (28) 
Xr 3 


which when inserted into Eq. (25) gives the low- 
temperature expansions for the B’s. Note that only in 
the BE case the term ~1/\* has meaning since D-states 
give an O(A~*) contribution. For the FD case one must 
stop at the first term in Eq. (28) unless the P-wave 
contribution is taken into account. Only for He’ it 
seems certain that no discrete state exists, so that the 
expansion (28) might be tried. From 6(&), computed 
numerically® with the use of Eq. (16), it can be esti- 
mated" that for He’, a;,2:—6.4 A, which leads to 


53.5 170 
B(He') = (+—-= +cons ) cm®/mole. (29) 
; i 


Thus for T— 0, B(He*) should go to + ©. B(He*) has 
been measured’ at temperatures ranging from 3.8 to 
1.5°K and all experimental values found in this interval 
are negative. Numerical computations of B(He*), pub- 
lished both for Lennard Jones potentials* and for 
exp-six potentials,’ go down to 0.3°K where B(He') is 
still negative. However, Keller has communicated to us 
unpublished numerical results obtained in collaboration 
with J. E. Kilpatrick and E. F. Hammel for B(He’) at 
(0.1 and 0.2°K from which it is seen that at ~0.1°K the 
B(He'), for either type of potential, is still negative but 
begins to exhibit an upturn which presumably leads to 
positive values for B(He’) at still lower temperatures. 

It may further be noted that if one uses the first two 
terms of Eq. (29) only, one would get negative values 


1 J. de Boer, Physica 24, 90 (1958). 

12 See for instance J. Blatt and V. Weisskopf, Theoretical Nuclear 
Physics (John Wiley and Sons, Inc., New York, 1952), p. 62. 

13 J. de Boer (private communication). 
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for B(He*) from 7~0.1°K on upward. However, 
de Boer has pointed out to us" that from temperatures as 
low as ~0.05°K on up the P-states contributions be- 
come quite important, so that the two term S-wave 
Eq. (29) does not have much meaning beyond that 
point. In that connection it is also interesting to quote a 
further unpublished result due to de Boer: using the 
potential (26) he finds that for wave numbers up to 
~0.2 A the two-term formula (27) gives a reasonable 
account of the behavior of 6 provided one takes 
ro=22.6 A. 

The large values of a and 17 clearly show that for 
temperatures of, say, 1°K on up the expansion of 
B(He’) of the type (27)—(29) must be very slowly, if at 
all, convergent. The scattering objects are so big that 
the regime of practical usefulness of the scattering 
length and effective range concepts is extremely limited. 
It will moreover become clear from the discussion of the 
weak-binding case, to which we turn next, that for He* 
the notion of scattering length is in fact meaningless for 
all practical purposes. 


(6) The Weak-Binding (WB) Case 


As was stated in the introduction, this regime is 
defined by the simultaneous conditions, 


(30) 


BeXK1, o/AXI1, 


where ¢ is the absolute value of the bound state, or the 
energy of the low-lying virtual state, whatever the case 
may be, and where @ is a measure for the range of the 
forces. In this case there is a well-known argument? 
which allows us to put 


Be}, (31) 
and which runs as follows: for a level close to zero, the 
corresponding wave function develops for very nearly a 
quarter wavelength up to the range of the forces. On the 
other hand, the phase shift 6 starts from zero or x for 
k=O if the level is virtual or real. Thus if we now 
entirely neglect the range of the forces, we may in first 
instance replace dé/dk in Eq. (25) by +2/2 at k=0, 
where the plus (minus) sign corresponds to the virtual 
(real) case. Of course, the term e** in By is present only 
for the real case. Then Eq. (31) follows immediately. 
Substituting Eq. (31) into Eq. (25), one gets in the WB 
limit 

(32) 


Bpr=—9N2d/2!, Brn YS—3Nd,5/27”. 


It is possible to refine this result somewhat by using an 
argument similar to the one leading to Eq. (27). One 
finds in the WB limit 


« 


2 


- 
a(8)="s4(8)— Flim f dr(1—R,7(r)) +--+, (33) 
2 k-0 J) 


where S,() is the unit step function going up (down) in 
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the virtual (real) case. Thus the correction to the phase 
jump of 2/2 clearly depends on the force law. 

The WB case seems to be applicable to He‘. All 
numerical calculations®* based on empirical potentials 
have shown that, if a discrete level exists at all, €/k is 
less than 0.05°K. In fact, on the basis of the present 
available data one cannot decide whether the level close 
to zero is real or virtual. Since for He*, \&8.7/T! A, and 
since the range of the forces is of the order of 5 A, there 
is a small range of temperatures below say 0.5°K, for 
which both inequalities (30) are fulfilled. 

For Het Eq. (32) gives Bar=—625/T! cm*/mole. 
From the published numerical tables,‘ one finds at 
0.3°K B(He*)T!—445. From the unpublished results 
of Keller ef al. mentioned previously, one finds B(He*) T? 
=—466 and —454 at 0.1 and 0.2°K, respectively. 
Using Eq. (23) with the Lennard-Jones potential (16), 
one gets 6(k) = $4—1.34ke, which at 0.3°K reduces the 
theoretical value —625 for BggT? to —540. We quote 
these numbers not from the point of view of getting 
quantitive agreement, but rather to emphasize that for 
He* the WB limit seems a considerably better leading 
approximation than the ideal Bose gas, for which 
B(He*)T? would approach the value — 69.5. 

If He* has an S-state close to zero, then the same 
cannot be true for He’. This is also clearly seen from the 
S-phase behavior of He* computed by de Boer ef al.? 
This phase rises more slowly with increasing k than the 
one of He‘ and never reaches 7/2. 


(y) The Case of Strong Binding 


In this case Be>>1 and therefore the low-temperature 
behavior of B will be dominated by the bound-state 
contribution. It has been pointed out® that this ap- 
proximate expression for B can also be derived directly 
by considering the total system to be a state of chemical 
equilibrium between “atoms” and “binary molecules.”’ 
Since neither for He’ nor for He‘ is this case applicable, 
we will not make any further comments here. However, 
the strong-binding treatment may be of relevance for 
other particles, like for example the heavier noble gases, 
where, for suitable temperatures, it may be better than 
either the repulsive or the WB method. 

In concluding this section we would like to express our 
sincere appreciation to Dr. W. E. Keller and to Dr. J. 
de Boer. Their communications of some unpublished 
results has been of great help to us. 


iV. NEW DERIVATION OF THE WB LIMIT FOR B 


Since in the WB limit the range of the forces is 
neglected in first approximation, the result of Eq. (31) 
clearly only depends on the properties of the wave 
function outside the interaction region. In this section 
4 See the last of references 8 and 9. 

16Tt is a bit surprising that the numerical values even at the 
lowest temperatures do not approach closer to the theoretical 
value. This is perhaps an indication of the sensitivity of the 
numerical calculations at these temperatures. 





FHIRD VIRIAL 
we show how to obtain the WB limit by replacing the 
actual two-particle problem which involves a potential 
by a suitable boundary-value problem.’® 

In order to state the problem in this way we return to 
the expression (18) for b). In the limit V-— « the 
eigenfunctions corresponding to E,‘ are denoted by 
¢,‘»(R,r), i=2 or 0, where R, r are the center-of-mass 
and the relative coordinates, respectively. The ¢,‘° are 
supposed to be an orthonormal set. Define 
P‘(R®,r°| R,r,8) 

= Pon gn'?*(R 2’), (R,r) exp(—BE,“”) 

with i= 2 or 0. The formal symbol >-,, stands, of course, 
for a summation over possible discrete states and a 
multiple integral over the continuum wave numbers. 
Put 


(34) 


P=P®— po, (35) 


Then, from Eq. (18) 


1 
be=lim err far dr P(R,r| R,1,8). (36) 


There is an apparant contradiction in Eq. (36): On the 
one hand, the limit V= still has to be taken; on the 
other hand, the ¢,, entering in the definition of P already 
refer to infinite volume. Still, the interpretation of Eq. 
(36) is quite obvious: Only for infinite volume is the 
separation of center-of-mass and relative motion strictly 
possible. As we shall see in a moment, this separation 
reduces the R-integration simply to const /dR and this 
integral has then to be interpreted as V. All subsequent 
integrations are V-independent. The purpose of this 
device is merely to bypass the rather irrelevant question 
of the inseparability of R and r for finite volume. 

From Eq. (34) it follows that the P“ satisfy the re- 
spective Bloch equations 


OP /AB= (SAr+2A4,)P° —P(r) P, 
aP© (3Art+24,)P, 


(37) 


0g (38) 


whereas from the completeness of the ¢, we have 


P‘ (R°r°! R,r,0) =6(R—R°)6(r—r5). (39) 


It remains to specify boundary conditions. With 
respect to R the answer is simply that there are none. As 
moreover the equations for the P‘” as well as the initial 
conditions are separable in R and r, we have 


expl — (R- Ro)?/ 26 . , 
saci so - —O (ro| 1,8), 


po: 


wane (40) 
(278)! 
where the cofactor of Q‘” is the fundamental solution of 
the diffusion equation 
dF /dB= SArF. 
16 We are indebted to Professor Marc Kac for a private com- 


munication in which he pointed out to us the connection between 
the present formulation of the problem and diffusion theory. 
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Doing the R-integration in the sense explained above 
we get 


2b.= (2m) far Q(r/| 1,8), 
(41) 


0=Q?—. 


Next we decompose the 0‘ with respect to states with 
angular momentum /, and we assume that the contribu- 
tions to 0 from />0 are “free,” that is, equal to the 
corresponding ones for Q so that Q of Eq. (41) 
becomes — 


Qo= Qo" —QO, (42) 


where the subscript 0 refers to the S-state part. In 
principle we introduce here an error, but one which is 
negligible for 8 —> »(T— 0), the limiting case we are 
interested in. The Qo‘ depend only on the respective 
magnitudes ro, r of ro, r. Put 

go” (ro| 7,8 


Oo' * (ro! r,B) = =e 
4rrr, 


(43) 


It follows from Eqs. (37)—(40) that 

Igo / OB = 2(0*qo/dr*) —P(r) qo, (44) 
Ago /OB= 2(A qo / dr’), (45) 
while 


g'” (ro| 7,0) =6(ro—1). (46) 


From Eqs. (41) and (43) we obtain 
2b, = (278) 1 fdrLas (rr) — a0 (18) (47) 


Except for the S-wave approximation, this expression is 
still exact. In fact from the general definition (34) it 
follows that 


go (ro| 7,8) — qo (ro r,B) 


— 
RirdRDe+= f dk exp(— 2k") 
To 


XL Re (ro) Ri(r) — Re (ro) Re (vr) J, (48) 
where we assume that there is only one discrete state of 
energy —e and with wave function R(r). Inserting (48) 
into (47) gives b2=2!A~*By; see Eqs. (19) and (20). 

At this stage we specifically turn to the WB limit and 
argue as follows: Let the interaction © be zero for r>c. 
Then if there exists an energy level, either real or virtual, 
very close to zero, the derivative of the corresponding 
wave functions must almost vanish for r=. Now go is 
proportional to an integral over the relative wave 
number k of all S-states specified by & where, according 
to Eq. (48), each state k has the weight exp(— 28k’). As 
for 8— © the main contribution comes from the region 
near k=O we are therefore led, in the WB limit, to 
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substitute for Eq. (44) the new equation 


dgo /OB= 2 (qo / Ar’). (49) 


Finally, as in the WB limit a is neglected, we shall adjoin 
to (49) the boundary condition obtained by letting 
o—0: 


(dgo/8r) ,.0= 0. (50) 
It remains to specify the boundary condition for Eq. 
(45). Since the choice of polar coordinates makes r=0 a 
singular point, we must require 


(51) 
The solution of the two diffusion problems (45), (49) 


with respective boundary conditions (51), (50) and 
with common initial condition (46) are 


go (r=0)=0. 


go (ro | rp) = (848) (a_+ea, )y 
qo (r0|7,8) = (848)*(a_—a,), 
a,=exp[ — (r21r0)*/8, ]. 
Hence 


qo= go” —go = 2(8x8)- la, ° (53) 


It follows that the integrand of the r-integral in Eq. (47) 
is (4rr*)—go(r| 78). Note how essential the cancelation of 
a_ is in obtaining go from Eq. (52): a term in go pro- 
portional to a—_ would have produced a contribution that 
would diverge for V — ©. Thus we have now verified 
that the limit in Eq. (18) exists and the final answer is 


bo=v2/(2d3), (54) 


which is equivalent to Eq. (31). 

The present procedure of treating the WB limit by 
means of a set of diffusion equations with specified 
initial and boundary conditions will serve as a muster 
for the treatment of the corresponding problem for the 
third virial coefficient, see Sec. VII. 

Finally it may be good to note here that also in the 
repulsive case the quantity Bo, in the limit T — 0, again 
depends only on the behavior of the wave function 
outside the range of interaction. This can be seen as 
follows. Bo [see Eq. (20) ] can be written as 


x 


By=2f dk exp(— 2Bk*) (1,°"*+-/;'"), 


0 


t= f dr Ri'*?(r) —R,*(r) ], 


0 (55) 


zx 


rom f dr Ri2(r)—Re'**(r) ], 


R,* =sin(kr+64). 


Observe that /,°“* is an improper integral. Let us give it 
a precise meaning by inserting a factor e~*” in the 
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integrand and letting a— 0 after integration. This 
gives 

Jt(k) = sin26/4k. (56) 
Now consider /'" and Jt near k=0 which is the relevant 
region for the low-temperature behavior of By. We have 


1/dé 
ims——(—) ; (57) 
kao 2\dk/ y 


lim/"= f dr lim[Ri2(r) — Ry(r) ]=0, (58) 
k=0 ° k=0 


where in Eq. (58) we have legitimately interchanged the 
r-integration and the limit operation. Equation (57) is 
valid for 6(k=0)=nm where n is the number of bound 
states. Thus we find that when T — 0 the contributions 
to B come entirely from the outer region. It is easily 
seen that an expansion of /°* near k=0 yields correctly 
the first and only the first term of Eq. (28). Thus, from 
the term ~~ in Eq. (28) on, the inner region is being 
explored as is also obvious from the definition of ro: 
1 
—a’ryo=2 lim —J"(k). 


k=0 2 


(59) 


V. THE BINARY EXPANSION METHOD 


Lee and Yang' have shown how to express the cluster 
operators U; in terms of certain two-body operators. In 
this binary expansion procedure one conveniently makes 
use of a representation by graphs. We shall here give the 
results in the form of a set of recipes which especially 
emphasize that the graphs in question may be con- 
sidered as “blown-up” versions of the Ursell graphs of 
classical theory, in a sense now to be described. 

First let us recall how the Ursell graphs are defined. 
Since in the classical theory the trace operation becomes 
an integration over phase space, Eq. (6) becomes, in our 
units, 


1 
(2m)! 


where U’;‘ is expressed in W,,° as before, see Eq. (5). Put 


V1!bi°(V) = fees apde drs (60) 


W,°=exp(—BH\™*)=e-6T» TT (1+ f,;;), 
i>j=1 


(61) 
fis=exp(—B%,;)—1, 
where 7,,=)>- p,’ is the kinetic energy. Then it turns out 
that U;° is given by” 
Us= LUG), 
(G) 


UG) =e~ATt II fii, 


(G) 


(62) 


(63) 


17 Tt follows from the definition of U,° that the p-integrations in 
Eq. (60) can trivially be done. In fact, one usually defines U;¢ 
without the factor exp(—87)). For the present it is convenient to 
use the definition just given for the purpose of a comparison with 
quantum theory. 





THIRD VIRIAL 
where G is a connected graph of / labeled points. To a 

line of G between the points i and 7 one associates the 

factor f;;. The summation in Eq. (62) goes over all such 

graphs. For example, for /=3 the graphs are those 

drawn in Fig. 1 and we have 


Us= €FTS( fio fost fos fait forfiot firfes fai). 


Let us now turn to the U;, that is, the quantum case 
with Boltzmann statistics. As a first example we take 
U;. By following the Lee-Yang procedure it can be seen 
that this operator can again be represented as the sum 
of four operators, to each of which corresponds one of 
the Ursell graphs of Fig. 1. In detail the procedure is as 
follows. 

Draw one of these Ursell graphs, for example Fig. 
1(b). Then draw lines through the vertices 1, 2, 3 
perpendicular to the plane of the graph which in the 
example yields two intersecting planes. Then proceed by 
the following set of recipes. 

(1) Starting from the bottom, draw a block in one of 
the planes. Example: see Fig. 2(a) where the shaded 
area between 1 and 3 represents a block. 

(2) Then draw a block in the other plane starting 
from the top of the previous block. A graph which has 


(64) 


Fic. 1. Classical Ursell graphs for /=3. 


at least one block in each plane will be called a con- 
nected quantum graph. 

(3) Thus Fig. 2(a) represents a connected quantum 
graph of two blocks. There are two of those two-block 
graphs as one might alternatively have started with the 
lower block in the (1,2)-plane. Figure 2(b) also repre- 
sents a connected quantum graph, where now an addi- 
tional block has been drawn, again starting upward 
from the previous block. Again there are two three- 
block graphs. Continue to build such graphs with higher 
numbers of blocks V». 

(4) To the Ursell graph of Fig. 1(b) we associate the 
infinite sum of all connected quantum graphs where the 
summation goes over 2<.V,< «. This infinite sum we 
call the Ursell quantum graph. For each NV, we get two 
summands corresponding to the two ways in which the 
blocks can be arranged, as indicated above for N,=2. 

(5) Proceed in the same way for each of the graphs 
of Fig. 1. One further example is given in Fig. 3 where 
one of the six connected quantum graphs for V,=3 (the 
minimal number in this case) is drawn corresponding to 
Fig. 1(d). 

(6) To the operator U3; we associate the sum of the 
four Ursell quantum graphs. 

We proceed likewise for general U,: first draw the 
associated Ursell graphs, then draw lines upward per- 
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Fic. 2. Two examples of connected quantum graphs corresponding 
to the Ursell graph of Fig. 1(b). 


pendicular to their planes. In each such figure put in 
blocks in such a way that (1) one starts from the 
bottom; (2) one builds the (7+1)th block starting from 
the top of the mth block; (3) if the mth block is in the 
plane of the particles (7,7), then the (n+1)th must be 
in a different plane; (4) for each V, one distinguishes the 
orders in which the blocks are built up; (5) one associ- 
ates to an Ursell graph an Ursell quantum graph by 
summing over all Vy; (6) one associates to U; the sum 
of all Ursell quantum graphs so constructed. 

Suppose that by building up the blocks, we have a 
particular quantum graph with &th block in the (7j) 
plane. To this block we associate the operator 


(65) 


C(8x; ij) = B(Bx; 1j) exp(—Be LV’ fp’), 
n=l 


where B is the binary operator introduced by Lee and 
Yang: 


B(8.,1)) = —®;; expl—Bi(p2+p7+.;) |. (66) 


The prime on the summation sign in Eq. (65) means 
that ni, 7; 8% is an auxiliary parameter. 

To the sequence of blocks of a given connected 
quantum graph we associate an ordered product of C’s 
such that the sequence of blocks from bottom to top is 
represented by the corresponding product of C’s from 
right to left. Next we associate to a connected quantum 
graph of » blocks (n>/—1), the operator 


f. fas - dB, expl— (8— > Bi)T 1] 


MC(By; tnJnJC(Bn 1; ty -yJn-1) a ‘C(B1; t1,J1), (67) 


Fic. 3. Example of a connected 
quantum graph corresponding to 
the Ursell graph of Fig. 1(d). 
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where the integration domain of the 8, is restricted by 


(68) 


We are thus led to associate to each Ursell graph G the 
operator 


N 
U (G) é Sf + f diy : -dBn exp(T, > °,) 
k=1 


XC(By3injn)+C(Bi3 41,71), (69) 
where the round summation S means: (1) summation 
over all numbers (7,7) of blocks between particles 7 and 
j from n(i,j)=1 to ©; V=)0;,; (i,j); (2) for given 
n(i,7) one also sums over all allowed permutations of the 
blocks. Remember that some permutations are for- 
bidden as one can never have two C’s as nearest neigh- 
bors which refer to the same point pair. The number 
N(n(i,7)) of connected quantum graphs for given (7,7), 
or in other words the number of allowed permutations 
is computed in Appendix I. The fact that we consider 
one specific Ursell graph G of / points is implicitly 
dictated by the choice of point pairs (7,,7,) in Eq. (69). 
Finally we have 


U, z UG), (70) 
(G 

which is the quantum analog of the classical rela- 

tion (62). 

Note the following special cases. For /=1 there 
is but one Ursell graph consisting of one point so 
U’;=exp(—87),). For /=2, the Ursell graph is just one 
link between points 1 and 2. Thus the Ursell quantum 
graph is just one one-block graph and 


a 
Us( 1,2 =€ ame f dp, ei T2\ —Pj.)e7 Pt! T2+?i2) (71) 


0 


This equation is very instructive for a comparison with 
classical theory. In fact, Eq. (69) must also be valid if 
we ignore the noncommutativity of kinetic and po- 
tential energies, that is to say in the classical limit. 
Proceeding in this way with Eq. (71), we get 


=e FT2f,», (72) 
in accordance with Eqs. (62), (63) for /=2. See also 
Appendix I. From /=3 on, every Ursell quantum graph 
consists of an infinite number of terms. 

Equation (69) as it stands is nothing more nor less 
than a formal operator identity which relates the /-body 
cluster operator U,(G) to sums of products of the two- 
body operators B of Eq. (66). It is this Eq. (69) which 
forms the starting point for the binary expansion 
computation of such quantities as the 6;. We collect 
here a few general formulas which are constantly needed 
for such calculations. 
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To obtain the general matrix element of a C-operator 
we need, according to Eq. (65) : first the matrix elements 
of exp(—p*), where p” is the kinetic energy of one 
particle. We have, in coordinate space (for V— ~) 

(r, exp(—fp*) | T2) 


=(r,| Uy r2)=d~* exp[ — (1—1e)?/48 J. (73) 


Secondly we need the matrix elements of B(@,7k). Ac- 
cording to'* Eqs. (66) and (5), 


B(B,ik) = 0U'2(B,ik)/O8+ (p2+ p72) U2(B,ik). 
Hence the matrix elements of U; are required. With 


R=}(n+n), 


(74) 
r=YFr,—fo, (75) 
we have, again for V— ~ 


(ry jt’ Us 11,82) 
= (278)~! exp[ —1/28(R—R’)? Kr'|u/r), (76) 
where the relative motion part (r’ | «/r) is given by 


(r’ | a) r)= (2x*rr')—! & (214-1) (8) 


x| 1 Dn Rallr)Rarlr’ ea 


+f dk exp(—28k?){ Ri i(r)Reilr’) 


) 


= Rui) Ruim(e (77) 


The continuum wave functions R,;(r) and Rx; (r) are 
defined as in Sec. III; the discrete radial functions R,,; 
are normalized to unity. 

From Eq. (76) it follows that in the momentum 


representation 

(qi’,q2” | U2 | q1,42)=6(Q—Q’)(qi’,qe’ | 421,42), (78) 
where 

/ / 
(qi’,q2" | 2 41,42) 


expl —$6(Q—Q’)? |x (27) of facie 


xXe- ifa’r’—ar)(p! u'r), 


(79) 


Q=ata, a=2(d—a). 


With the help of the matrix elements of C, the general 
Eqs. (69) and (70) lead to expressions for the 8; in the 
form of an infinite series. About the convergence of this 
series nothing is known at present. Since the expansion 
goes in some sense in the number of blocks or binary 
kernels, its usefulness clearly depends on whether a 

18 See also reference 5. In the further use of Eq. (74) we will 
always understand that the operator identity U2(0,ik)=0 holds 
true in all representations. Note that this identity is not always 
valid for singular potentials! However, in this paper we will always 
have regular potentials. 
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successive increase of the number of blocks or binary 
kernels gives contributions that fall off sufficiently 
rapidly. From Eq. (77) it is clear that if bound states are 
present, grave convergence difficulties may arise’ in the 


temperature regime where Be,.>1. Therefore till now. 


the expansion has only been used in the repulsive case, 
but even here the convergence question is open. It is 
noteworthy that in the classical limit the series for 5, 
converges whatever the potential is; see Appendix I. 


VI. C(T) AT LOW TEMPERATURES FOR 
THE REPULSIVE CASE 


We recall that for any statistics C is expressible in 
terms of the corresponding 6’s by Eq. (3). In this section 
we shall be mainly concerned with the BE case; at the 
end we shall make a brief comment on Crp. 

Thus we must find 6,2", /=1, 2, 3. From Eq. (17) we 
have 6,BE=6,=d-. Next we recall that at low tem- 
peratures b.8¥ is given by 


b.BE=2)\-[24 2B, ], 


as was seen in connection with Eq. (25). As explained in 
Sec. III we may use the expansion (28) in the repulsive 
case, so that 
2a 2a’ 
b.BE= ; 3 a? a + 


a (80) 
> r3 


(a—3ro) +O(A) 
Next we turn to 638” for which we have, from Eqs. (6) 
and (15), 


b;BE=bs ¢ 
2 1 


lim— Tr(2| U,| 1)(3! U,|2)(11 0,3) 
3! ‘ 


(81) 


BEL, BEL 4, 4, BE. 


b39) BE= 
A 33 # 
2 1 
=— lim— Tr[_ (12) U2! 13)+(21) U2) 13) 
3! V 


+ (12) Us! 31)+(21! Uo! 31) )(3/U 83) 


1 1 


lim ~ Tr(123 W;5) 123). (S4) 


3! 
In order to get the ideal gas contribution (82), we have 
used Eq. (73). In the expression (83) some simplifica- 
tions have been made which follow from the definition 
(12) and the symmetry of the trace operation. 
We first treat Eq. (83) in more detail. From Eqs. (73) 
and (76), we have 


2) 


b3yBE=— facie ule’)+ (ru) —r’)+(—rluir’) 
6 

3 

(r—r’)*?}, (85) 


+(—r\a|—r) ] exp| - 
83 


19 The existence of many-body bound states will give rise to 
additional complications. 
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which is still rigorous. Now just as we went to the S- 
wave approximation in discussing 52, we must do like- 
wise for (r| |r’), given by Eq. (77). In this way we get, 
after integrating over angles, 


29/2 eA ee. 
b31)BF=— ff irir exp] - rr] 
3a! c 0 8B : 
3 
exp} ~ +r] 
8B ; 


xf dk exp(— 28k*)n(k,r,r'), 
0 

nkyr,r’) = Ri (rn) Ri (')— Re (r) Re (r’). (86) 

We treat » by a similar method as used in connection 

with Eq. (55). Put 


N=MNout tin, (88) 


Nout = Ry6**) (r) Ry (r’') — Re (v7) RA (r’), (89) 


nin= Rx (r)Re(r’) — Ry (rv) Ry (r’), (90) 


with R,“* =sin(kr+-46), as in Sec. IV. Thus 
cosk(r+r’)+coté sink(r+r’) 
Nout(k,r,r’) x“ nj 

1+ cot 


—kasink(r+r’)+k?a? cosk(r+r’) 


+k¥a?(a—}ro) sink(r+r')+---. (91) 
Here we have once more used the expansion (27) which 
is again broken off at O(k*) because beyond this order 
the D-wave contributions must also be taken into ac- 
count. Inserting Eq. (91) into Eq. (86), we find for the 


contribution of nout to b3)B¥, 


= (92) 
236 


We must now find the contribution from nin. As the 
integrand of Eq. (86) is symmetrical in r and r’, we 
may write this contribution as 


29 2 —h x 3 
| [ inde’ \exp ——(r—r')? 
o *90 838 


aa. - 
expe =— v)* | [ dk exp( — 2Bk’) 
838 J 


0 


X{Ri(N+R O(N VER) — RO (r’)}. (93) 
Because of the last factor the r’-integration is restricted 
to the range of the forces. Since for low temperatures the 
main contribution of the &-integral comes from small k, 
and since for small & and small 7’ both R; and R,“** are 
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proportional to k, we may put 


Ri (r')— Ri” (1 \~— ke (r’), (94) 


where ¢(r’) tends rapidly to zero for r'— «. The r- 
integration, on the other hand still extends over the full 
range. However, it can be seen that the contribution 
coming from the r-region inside the range is of order 
(range)*-A~* which is negligible in our approximation. 
Furthermore, for r beyond the force range it is readily 
seen that, to our approximation, R,(r)+R, *(r) 
™~2 sinkr. One may also approximate the factor in 
square brackets of Eq. (93) by 


(3rr’/28) exp(—3r?/88). 


The &- and r-integrations can now be performed and one 
obtains for the contribution of nin to 63:18”: 


2'rd*/3X°, (95) 


where, according to Eq. (94), 


d’ ” 1 
-{ dr vr lim-[ Ry (r) — Ry“? (r) J. (96) 
6 0 k=O 


For the special case of a hard sphere potential, our 
scattering length a is equal to the diameter of the sphere. 
Furthermore, in this case ro= 2a/3, while it is seen from 


Eq. (96) that d=a. Hence 


52a’ 
, (hard spheres), 


2'a 2a? 
bap? ta —-——— 


) ee, a 


(97) 


which can be checked by a direct calculation using the 
exact expression for (r| |r’); see Appendix IT. 

We now come to 63,2)”. It is here that three-body 
effects begin to play a role; it is also here that we need 
the binary expansion for the first time. It is convenient 
to evaluate the necessary traces in momentum space. 
Since we only ask for 5;8¥ up to the order (characteristic 
length)? A~, we shall need, besides the expansion of LU’; 
in blocks, the expansion of a block or binary operator in 
terms of the characteristic lengths. As a preparation we 
collect first the matrix elements of B(8,7k) in momentum 
space and up to the second order in these lengths 
which is as far as we shall need them here. 

Using the same notations as in Eq. (79), we put 

(qi’q2’ | B| qu,q2)=6(Q’—Q)(qr’,q2"| 6! qi,2), (98) 
and expand 
(qi’,42" | b| 1,42) 
= (qi'q2' | 5" | q,42)+(ay',a2' | 6© |qu,d2)+---. 


From Eqs. (74) and (79) we find, using the first two 
terms in the expansion of (r|ur’), exactly as in the 
discussion of Eq. (86), 


(99) 


qu’, qe’ b | qi,q2)= a expl —8(qi°+q2”) ], 


T 


(100) 
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(qu, qe’ | 6 | qu,qz) 


i" 
=—{expl—8(a.’+ 2’) J} 
i 


(101) 


X [2gM {q(28)*} — (28)? exp(28q) ], 


g=3la—ae, M(a)= [expat 


) 


Thus, up to this order (and not any further), the general 
expansion of the binary operator is identical with the 
special case of hard spheres,’ always provided that one 
identifies sphere diameter and scattering length. 

According to the definition (12), 53;2)8® consists of six 
terms one of which is the Boltzmann 3, 


1 1 
bs =— lim— TrU3. 
3! V 


(102) 


We shall calculate 4; first. From the general prescription 
of constructing connected quantum graphs, the minimal 
number of blocks involved in the graphs which make up 
U’; is equal to two. This minimal case is just the one 
drawn in Fig. 2(a). As we need 6; up to order a*A~*, it is 
clear that all the graphs we need are: (a) the one of 
Fig. 2(a) with the binary kernel developed up to at 
most a?; (8) the graph of Fig. 2(b), with B everywhere 
approximated by its term ~a; (y) the graph of Fig. 3, 
with B treated as in case (8). The results are as follows. 

Case (a).—Whenever, as in the graph of Fig. 2(a), we 
have only one block between each pair of lines it 
is readily seen that only the diagonal elements 
(q:,42/6\qi,Q2) enter the trace calculation. Observe 
further that there are six graphs of the type of Fig. 2(a), 
since there are three Ursell graphs of this type, in each 
of which we can order the blocks in two ways. Thus the 
contribution to 6; can be written as 


6 
— f dqidqzdq; expl—8(qr+9:°+4;") ] f f dp dB» 


3!(2)* 
X explBi(gr-t gz”) +B2(qo?+ qs") J 


X (q2,qs|6(82) | q2,43)(41,42|6(81)| quqe), (103) 


where 


BitBeSB. 


We get two kinds of contributions to 63: one «a?, ob- 
tained by replacing in (103) both 0’s by 6 as given by 
Eq. (100). It is easily seen that this contributes an 
amount 


2a2/n? (104) 


to 63. Secondly we can, in two ways, replace one 6 by 
b, the other by 6°. These two choices give equal 
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contributions, the sum of which can be written as 


3 


8 
feats: expl—8(q1°+-q2°4+ wif dB2(8—B») 


4nsl2 
X [29gM (q(282)*) — (282)~! exp(2B2q") J, 


where g=|qi—q2|/2. Introducing again Q and q of 
Eq. (79), this becomes 


(105) 


—2ig’ B 
oe f dB2(8—B2)1(B,82), 
a 0 ' 


(106) 


where 


1(3,8)= [ q’dq exp(— 28q*){ 2gM[q(262)* ] 
0 


m*(282—8) 


— (282)—! exp(262q")} = (107) 


1682!(8—B.)! 


It is then readily verified that the contribution <a‘ to 
b; becomes 


2)ra3/)8, (108) 


Case (8).—Again there are six equivalent contribu- 
tions of the type of Fig. 2(b). Each of the three blocks is 
approximated by 6°”. We get 


6 (= if c 
———_[ — dqidqzdq; expL —8(qr+q2?+q;°) | 
31(2r)3\ x? ) 


x fff aeda.ia, f ap £12(81,P)g12(82,p), (109) 


where 
£:;(8,p) =expl—28(p?— (qit+q;)p+q.q,) ], 


and 8:+62+6;< 8. Integrating first over p, then over 
the g;, and finally over the 6’s, the result is 


(110) 


— (23a?) /d8, 


(111) 


Case (y).—Here the integral to be considered is 


6 —a\' 
- (- ) fecacasta: expl —8(qr?+q2?+4;") ] 


31(2n)\ 2 


xf ff assasass fap £12(81,P)g13(B2,p). (112) 


Doing the integrals in the same order as before, the 
contribution is 


— m(23a*)/3d°, (113) 


This concludes the calculation of 5; to our order, and we 
must now turn to the other terms in 63;2)8 ©. The various 
terms of U;% can be represented by the same connected 
quantum graphs used for U;. However, while for U; the 
labels at the top of the lines must be the same as those 
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at the bottom, for U;* one must sum over all permuta- 
tions of the labels at the top for given labels at the 
bottom. We shall again consider separately the three 
cases (a), (B), (y). 

Case (a).—To the order considered, (ij| | kl) is sym- 
metrical both in (7,7) and in (&,/). From this it is easily 
seen that four of the six permutations give the same 
result as for the Boltzmann case, while the remaining 
two permutations are equal to each other and are each 
given by 


6 
— )3 J cacasta: expl —8(q2+92?+q;") | 


31(2n)' 
xf fasas: exp + (8:+82) (qi2+42") ] 


X (qu, q2| 5(B2) | qi +qe— qs, qs) 


X(qitqo— qs, qs|5(81)| qu, qe). (114) 


Thus, although no integration over virtual momenta is 
involved, we nevertheless meet in (114) the occurrence 
of off-diagonal elements of 5, due to three-body exchange 
effects. 

The further evaluation of (114) becomes particularly 
simple by introducing the following linear combination 
of the q’s, characteristic for three-body problems: 


qit+qe—2q;= 24, 
q—q@=Q, (115) 
Git qo+qs= 3p. 


Introducing these into (114) it is easily seen that to 
order a’, each of the two permutations represented by 
(114) gives again the contribution (104). Thus the 
a?-term of b3¢9)BE is 


12a2/d°, (116) 


There are two a*-contributions from (114): The one 
with the lower block replaced by 6, the upper one by 
b” gives 


—a' ff 
237/283 


while the one with the upper block replaced by 6", the 


lower by 6° gives 
fj dB dB» T\ 1B+-Bo, Bo). 


The evaluation of these two expressions with the help 
of Eq. (107) gives the same value for both, namely 
ma*/2*®, We did not succeed in finding a simple reason 
to show that these two expressions should be equal. 
Combining this last result with the one stated in 
expression (108), we therefore see that the graph of 


dB dB» 
(8+ 382) 


T( 1B- 4B2, Bi), 


— 2a 


m?!2( 38) 
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lig. 2(a) gives a contribution to b3;2)8© which is equal to 
£ £ | 


2'(10ma*)/d°*. (117) 


Case (8).—By following the prescription given above, 
it is readily seen that the contribution to b3;2)8¥ is ob- 
tained from (109) by replacing in that integral 
£12(81,P)g12(B2,p) by 


x £:;(B1,P)212(B2,p). 


ix~j=1 


Comparing the integrals (109) and (112), it is clear that 
one obtains in this way twice the contribution (111) 
plus four times the contribution (113). Thus the graph 
of Fig. 2(b) contributes 


— 7mr(2'a®)/3d°. 


(118) 


Case (y).—By the same method as used for the 
previous graph the reader will verify that one again 
obtains the result (118). Hence from (116), (117), and 
(118) we have 


12a? ~(—) 
a é 
> 3 rs 


From this result and from Eqs. (82), (92), and (95) we 


(119) 


finally get 


2bar 


(2024+ 3a°rg— 160) | (120) 


24n! 


Using also Eq. (80), the low-temperature expansion of 
the third virial coefficient is therefore 


Cae= vel ( 


m(2)} 
4 (226a'— 33a°ro—16d*) }. (121) 
123 


We remind that this is as far as one can expand 
without taking D-wave contributions into account. 

For the FD case (spin s) Lee and Yang‘ have shown 
for the hard sphere gas that 


NAS pel 2 a’ 
: ( - tet} (122) 
(2s+1)PL\8 3! ? 


It is obvious from the above arguments that this ex- 
pression is also valid in the general repulsive case with 
a again denoting the scattering length. Here we cannot 
expand further without taking P-waves into account. 
As stated in Sec. III, only for He* might the repulsive 
case perhaps have some applicability. In this case Eq. 


( ep" 


AND G. 
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(122) becomes 
1V2d4%[ — 0.003 + 2 (a4/d4)? ]. 


Clearly the ideal gas term is quite negligible and so one 
would expect that at very low temperatures C would be 
positive and proportional to 7°. 

Keller’ gives values for C(He*) at 3.8° and 3°K which 
are positive; their ratio approximately corresponds to a 
7-? dependence and the same order of magnitude as 
follows from ay~6.4A (see Sec. III). However, as 
already noted in Sec. III, at these temperatures the 
validity of expansions like (123) is dubious. 


(123) 


VII. Cag IN THE WB LIMIT 


In the treatment of C, the notion of weak binding has 
reference to the properties both of two-body and of 
three-body systems. We discuss these two aspects 
separately, 

(a) The two-body aspect.—Here the WB limit will be 
defined exactly as was done in Sec. IV. This has two 
consequences inasfar as C is concerned: first, Cpr de- 
pends on 6.8", see Eq. (3). According to Eqs. (3) and 
(32), we have in the present limit 


bBE=9/2ipi, (124) 


Secondly, our WB definition for the two-body system 
enables us to give an expression for the part }3:1)8* of 
b;BE; see Eq. (81). [Of course b3:0)8* is again given by 
Eq. (82). ] In the spirit of the WB limit we assume that 
there exists at most one bound two-body S-state. 
Correspondingly we must modify the expression (86) 
for b31)8* and it is readily seen that we now get 


29 2 k’ 
=— f fra exp( - vr) 
3mr\i J « 8B 
3 a 
-exp(- arty) x | —R(r)R(r')er 
8B 2 


+f dk exp(—258°y( br}, (125) 


where the notations are as in Eqs. (87) and (48). From 
the latter equation we see that the quantity in curly 
brackets is equal to (2/m){qo (r|r’,8)—qo (r|r’,8)}. It 
was shown in Sec. IV that the go‘” are given by Eq. (52). 
Substituting all this information into Eq. (125), we find 


bs BE= (-- 3 
3) 3r/ 3 


(6) The three-body aspect.—It was noted in Sec. VI 
that in the remaining part 63:28” of b;8© three-body 
effects become important. As was done in that section, 
we first concentrate on the Boltzmann part b; of b3,2)8¥, 
given by Eq. (102). Our procedure will now be quite 
similar to that of Sec. IV: Corresponding to each term 


(126) 
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of U; expressed in the W’s [see Eq. (5) ], we shall again 
introduce a P-function. 

First a few definitions. The coordinates of the three 
particles are r,, k=1, 2, 3. The eigenfunctions for the 
state m of the Hamiltonian H [see Eq. (16) ] will be 
denoted by ¢, (r;) and the eigenvalues by Z,. If only 
one pair interaction ®;, is present, as in the mixed 
terms W2(jk)W1(z) of Eq. (5), the corresponding eigen- 
functions and eigenvalues will be called ¢,°, E,°:® 
where i, j, k=1, 2, 3 cyclically. Finally ¢,, Z, will 
denote the corresponding quantities in the absence of all 
interaction. All eigenfunctions shall refer to the limit of 
infinite volume. 

We now define the P-functions : 


P®(r,°| 14,8) 
=> on* (rb n™ (ti) exp(—BE,), 
Peo (r,°| r,,8) 
=>" b,° i) */ r,)b n° °(r,) exp( —BE,,® ), 
P, (r,°| r,,8) 
=> on *( r.)b n (re) exp(—BE,), 


in terms of which 


3= lh ferdrarl Po (r;| 1:8) 


base |g 


— P20 (¢, 1;8)-+2P(r;| r8)]. (130) 
i=l 


Insofar as the limit V = © is concerned, we shall proceed 
presently in a manner similar to that discussed after 
Eq. (36). The P™ satisfy the respective Bloch equations 

dP /dB=[X A; - PO JP, (131) 
where we have used the convenient shorthand 


p) = Ok ®;;, 


i>) 


o%=0, (132) 


p2.0 = 5x, 


Furthermore, for all P‘* the initial condition 


P (r9| 15,0) =] 5(1:— 1’) (133) 


holds true. 
Next we define the following three-body coordinates : 
R= 4(ritret+rs), 
r= ¥\— fo, (134) 
[= _ 5 (m+ ro). 
We shall also need the combinations 
2—I3= —3T—0, 
~}(1e+1s)=}r— Jp, 
¢' = fs k1=— dI+0, 
” 3 1 
4 


0 =ro—3}(r3+r1) = —! —30. 
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7 
Fic. 4. The three-body variables of Eqs. (134), (135). 


The various r, @ variables are displayed in Fig. 4. The 
momenta (K,k,x) conjugate to (R,r,o) are expressed in 
terms of the momenta k, conjugate to r; in the following 
way: 

K= ki+k.+k;, 

k=3(ki—k,), 

K= 4 (2k;—k,—k.). 
Therefore, in obvious notation, 


> «+ Ay=44en+2A,+3A,. (137) 


Equation (133) may be written as 


P (r°| r;,0)=5(R—R°)5(r—1°)5(o— 0°). (138) 


We can now immediately separate off the center-of- 
mass motion. Proceeding similarly to the transition 
from Eq. (36) to Eq. (41) one finds 

3} . 
[anie O(r,0| r,0,8), (139) 
3!X3 
where 


OV 0,00] r,0,8) ais Faas ( T0,00| r,0,0) 


— z QO a | r,00| r,0,0) 


i=l 


+20 (10,00| r,0,8). (140) 
The QO satisfy 


00 /d8=[24,4+34,—8 (1,0) JO, (141) 


with the common initial condition 


O™ (r9,00] r,o,8) =§(r— r)5(o— 00). (142) 


The angular momentum operator L (referring to the 
relative motion) is given by 


L«L,-+L,. 


and commutes, of course, with the operator on the 
right-hand side of Eq. (141), for all (a). Thus we can 
decompose each 0 with respect to angular momentum: 


(143) 


@] a) — 2: OL’. 


L=0 


(144) 
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The S-state part Qo of OQ can be written as 


Qo = 1 Qo, 
=O 


where, according to Eq. (143), 


L700, ho = L7Qo, po? = 1(l+1 )Oo, mad ( 146) 


Observe that, depending on the ®@, the individual 
Qo, may or may not be coupled to each other by 
Eq. (141). 

The formalism developed from Eq. (127) on is general 
and rigorous. We now turn to the definition of the WB 
limit for the three-body part of the problem and to the 
treatment of the Q-equations in this special case. 

So far the WB limit has been specified by the two 
relations (30), where € is the absolute value of the two- 
body bound state or the energy of the two-body virtual 
state, whatever the case may be. We shall now in 
addition assume that, under these circumstances, the 
three-body system as well has a level close to zero with 
energy €;, Where €; may either be a binding energy or a 
virtual level energy; and that, simultaneously with 
Eq. (30), we can also satisfy 


(147) 


Bel. 
If the two-body system has a level € near zero, it is 
clear that, with the additivity of forces always assumed 
in this paper, the corresponding three-body system will 
be bound more strongly. It seems physically plausible, 
however, that when e is very close to zero, €; will not be 
far from zero either. 

The treatment of the Q@ in the WB limit, now fully 
defined, proceeds in two steps: 

(1) Only the S-state part Qo‘ of the various Qs 
are considered to be different for different a. The 
corresponding neglect of the differences in the Q,, 
L>1 for various a is entirely reasonable in the extreme 
low-temperature regime we are interested in, as long as 
the forces are not too strong. In this situation the Q,‘”- 
terms for L>1 cancel each other in Eq. (140) so that 
Eq. (139) may be written as 


33 
drdo Vo(r,0| r,0,8), 
3!A3 


where (yp is the algebraic sum of the S-state parts of the 
Q@ in Eq. (140). However, in the case of S-states, 
Oo (T0,@0| 1,0,8) depends only on the respective magni- 
tudes r, p of r and @ and on the angle @ between these 
vectors; likewise for the dependence on the ro and 
variables. Put 


(148) 


Oo - Oo ( 70,P0,20| r,p,2,8) 


1 


a ——qo'* 
Sx? rr oppo 


’(10,p0,20 | r,p,2,3), ( 149) 
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where s=cos0, z9=cos@o. Then 


—f if if dzqo(r,p,2|7,p,2,8), (150) 
“32 


where, according to Eq. (140), 
go= go —>; go +290. 
All go satisfy the initial condition 

go” (ro,p0,20 | r,p,2,0)=6 (r—r0)6 (p—po)6(z aes Z0), 
as is seen by projecting out the S-wave part of the 
right-hand side of Eq. (142). 

(2) The potentials &® and 6°.” are replaced by ap- 
propriate boundary conditions and all terms O(¢/)) 
[see Eq. (30) ] are neglected. Thus if we put”® 
(153) 


(149) that 


Go’ = > 1 Pr(z)go, i (7,0), 


it follows from Eqs. (141), (144), (145), and 


Ogo, 1” (r,p) (- ——) 
= 2 -_-- 
0g dr’ “di 


37a (+1) 
(ZY coed. 059 
2 


dp” p” 

Here the q’s for different / appear not to be coupled to 
each other. As follows from the remark after Eq. (146), 
such couplings may nevertheless appear due to the 
nature of the boundary conditions which now are going 
to be substituted for the potentials. We next proceed to 
the specification of these conditions. 

Although ultimately we shall employ the boundary 
conditions only in the limit where the range o of the pair 
interaction is neglected, it is nevertheless necessary first 
to state these conditions for finite . In this case the six- 
dimensional phase space region v of common interaction 
of all three particles (for fixed but arbitrary center of 
mass) can be visualized as in Fig. 5. Here the two circles 
with center 1 and 2, respectively, and with radius ¢ 
denote a plane cross section of the interaction spheres 
centered on particles 1 and 2. The distance 12 is equal 
to r, the variable p is measured from the point 0, see 
Eq. (134); and the angle @ is measured as indicated in 


Fic. 5. Region of com- 
mon interaction of three 
particles. 


20(P;(z) is the /th Legendre polynomial. 





THIRD VIRIAL 
the figure. As long as r<o, the particles 1 and 2 are 
within each others’ force range and as long as particle 3 
is anywhere inside the overlap A PBQ of the two spheres 
(we shall call this region of overlap “‘the lens”) then, 
always for r<o, all three particles are in common 
interaction. v is obtained by integrating the lens volume 
for given r with respect to dr, with O0<r<co. (One finds 
v=5n’o°/6.) 

Note that the surface of v consists of three parts: 
(1) The “r-part,” s(r). This is reached when r=o, and 
each inner point of the special lens r=o is a surface 
point. 

s(r): O0<0<4r; O<p< ov3. (155) 


T= Cs 
(2) The r’-part, s(r’). For r<o, any point on the surface 
part APB of the lens is a surface point of v. The distance 
P2 is just equal to o. Thus, using also Eq. (135), 
O<0< 3m; 

0<p< (o2—192)!, 


s(r’): r=; 0<2r/e<1; 


(156) 
(3) The r’’-part, s(r’’). For r<o, any point on the sur- 
face part AQB of the lens is a surface point of v. The 
distance (1 is equal to r’’; see Eq. (135). 
pu SOK 4; 
O<p< (o?—}r’)}. 


sir"): re’ =e; 0<2r/e<1; 
(157) 


These three surface parts do not overlap (they are each 
equal to 5x°¢°/3). The total surface is 


s=s(r)+s(r’)+s(r”’). 


For any a, the solution of the diffusion equation (154) 
is completely determined if boundary conditions on s 
(and at ~) are specified. We first state the conditions 
for g®. 

In the WB limit the 3-body system has an energy 
level, real or virtual, close to zero. According to Eq. 
(154), the corresponding function go,o will spill out of 
v with a normal derivative which will be close to zero 
everywhere on s. We shall assume”! that the same prop- 
erty holds for go,;°, />0. Proceeding in analogy with 
the treatment of the two-body problem of Sec. IV, we 
shall therefore require that the normal derivative of 


vanish on s, that is to say 
ago Ago’ Oqo 3 
| % ( ) ‘i ar sa ili 
or s(r) or’ s(r’) or” ote} 


21 Since there is an energy level close to zero, the corresponding 
qo, « will be nearly flat for r > »~, p— ~, for any /. However, it 
is clear that for large / (and perhaps already for />1) this flatness 
does not extend toward the boundary of v. Thus the assumption of 
vanishing derivative of go, : on the boundary of » is quite sensible 
for 1=0, but gets worse and worse for increasing /. 

On the other hand, it will be seen from what follows that in the 
limit o=0 the precise form of the boundary condition on qo, 1, />0 
is immaterial, as long as the replacement of the potentials by 
boundary conditions is done in the same way for the three-body 
problem described by go‘ as for the three associated two-body 
problems described by the go:*). In fact if one were to require 
qo, i =0 on the boundary of », for all />0 and all @ (which is 
perhaps more plausible) the final answer would remain the same, 
always in the limit o=0. 


(158) 
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Here we must re-express the variables 7’, r’’ in terms of 
r, p, 8. A simple geometrical consideration shows that 


Eq. (159) is equivalent to 
Ogo” 
(—) “ 
or s(r) 


Ogo sina Oqo 
cosa—— — —— —— ) =() 
Op p 00 atest) 


dgo sina dgo 
cosa --+—— ) 0, 
Op p88 F ary 


where 


cosa= (a?+p?—49*)/2ep, sina=(r/2c) sind. (161) 


go” is now completely determined by Eqs. (152-154) 
and (160,161). As regards the latter two, we shall 
actually only wish to apply them for o=0. In this limit 
we now show that 
2 21+1 
go” = pi ——-P (2)P 1(20)Gi(ro| 7,8)T 1(po! p,8), 


l=o 2 


(162) 


where 


Gi(ro} 7,8) 


(rr) f dk exp(— 2Bk*) RE (Rr)Ei(Rro), 


I’: (po p,(3) 
x 


(ops) f dk exp(—38x?/2)xni(xp)ni(kpo). 


0 


The £), ; are defined as follows: 


£=Juyslkr), m=Juy(kp), 1>0; (165) 


while, for /=0, 


go” case: fo=J_4(kr), n= mj 4(kp). (166) 


The expression (162) clearly satisfies the Eq. (154). It 
also satisfies the initial condition (152). We have in fact 


(167) 


Gil(ro|r,0)=6(r—ro);  Ti(po!p,0)=5(p—po), 


independently of / (Fourier-Bessel identity). Insert this 
in Eq. (162); then Eq. (152) follows from the com- 
pleteness of the @:. 

Now we turn to Eq. (160) for c=0. There the first 
relation is satisfied because,2? for 1>0, (r&,)’~r! for 
r — 0, while for /=0 we have (coskr)’,.0=0. The second 
and third relation couple the various /-parts to each 
other, but only for finite 7. For c=0 Eqs. (162-166) 
would in fact not satisfy all boundary conditions. How- 

2Tn this paragraph a prime will denote differentiation with 
respect to r or to p, whatever the case may be. 





266 PAIS 
ever, for ¢=0 one easily sees that all is well: First, the 
/>0O terms are all right because, for p +0, (p'n1)/~p' 
and p~'n.~p'. Secondly, the /=0 terms do not depend on 
6 so that the relations in question are again satisfied as 
(p'no)’=0 at p=0. 

Next we turn to the quantities go” and consider first 
go”. According to the definitions (132) only the par- 
ticles (1,2) are here in interaction while particle 3 is free. 
The boundary conditions appropriate to the WB limit 
therefore now have reference to the two-body system 
(1,2). Here the part s(r) of s is in a special position, as 
s(r) denotes the boundary of the (1,2) interaction, 
wherever 3 may be. We shall therefore require analo- 
gously to Sec. IV that 

(Ago? /Ar) ¢r) =0. (168) 
The parts s(r’), s(r’’) contract, like s(r), to the (r,p) 
origin for ¢ > 0. Due to the choice of coordinates the 
origin is a singular point, and we must require 


(qo” 3 )s(r’) = (go?® Jer’) =9, (163) 


just as we used Eq. (51) in the discussion of be. It is 
readily verified that, always for o— 0, go°:® is also 
given by Eqs. (162-165), but (166) must now be re- 
placed by 


go?'® case: fo=J_3(kr),  no= 


Also for go?” and go?” one of the three parts of s is 
2 : ° be t , - d ™ nfo 
in aspecial position, namely s(r’) and s(r”’), respectively ; 
see Eq. (135). By the same reasoning as for go®:®, we 
have 
(Ago?? / Or’) or) = (Ogo?”/ Or”) 4) =0, 
(go®™) r= (qa® eer =0, (171) 
(go?) ocr) = (Go?) ar) =. 
The solutions are once more given by Eqs. (162-165) 
while (166) now becomes 
£o= J, (kr), no= tf i (kp) for 0<0< $n, 
=J;(xp) for 3r<O0<m. (172) 


Ji (kr), no=Jy(xp) for 0<0<}r, 
J_4(xp) for 3r<0<m. (173) 


go*” case: 
go?” case: & 


The 6-intervals specified in Eqs. (172-173) follow’ from 
the detailed definitions (156-157) of s(r’) and s(r’’). 
Clearly while for « — 0 the r and p regions entering in 
the definition of s tend to zero, @ will continue to run 
from 0 to x. It is essentially this 6-dependence of the 
boundary conditions which makes it hard to formulate 
these conditions from the start with o=0. 
Finally, it will be clear that for go'° 
(go), =0 (174) 


is the proper boundary condition, so that also go is 


*3 Wherever in the definition of ¢’s and n’s no explicit specifica 
tion of the @-interval is made, it is always understood that 
O0<O0<r. 
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given by Eqs. (162-165) while 
fo=J,(kr), No 

We now have the answer for the quantity go defined 
by Eq. (151). A great simplification occurs because all 
go have the same />0 part. Note that this is an 
automatic consequence of taking the limit o=0. For 
o0, things are much more complex. Thus all />0 parts 
cancel in Eq. (151) and we get from Eqs. (162-175), 
after integrating over k and x and over z: 


T 
sn f 
1 
=44—-Q, ~~ A + +a ong 


( (r—19)? (r+r0)? 
a+4 =] €Xp ~~) sen(- —~)| 
88 88 


(p+ po)” oe 
—— ) (177) 
68 


(9 


go” case: J,(xp). (175) 


1 
dzq(r0,pc,20 | 7,p,2,8) 


(176) 


where the a,+ term stems from go, the a+ terms from 
the g®:” and the a__ term from qo. Hence finally, 
from Eq. (150), 

b3=34/12d°. (178) 

At this stage we would like to make one general com- 
ment on the procedure followed in this section. Let us 
return for a moment to Eq. (130) for 63. The 9-dimen- 
sional integration domain in that equation consists of 
the following parts: first a region ~o°V corresponding 
to the domain of phase space where all three particles 
interact. This domain is the common intersection of 
three “tubes” with volume ~o*V? where each ‘“‘tube” 
corresponds to a phase space domain in which a pair of 
particles is within the range o while the remaining 
particle is free. Finally, there is the domain ~ V* where 
all particles are outside each other’s range. Each P‘, 
when integrated separately, yields a result that tends to 
infinity as V*. Here one factor V is trivially accounted 
for by the center-of-mass motion. There still remains an 
individual divergence ~ V*, however. This divergence 
finds its reflection in the fact that if in Eq. (176) we put 
r=fo, p=po, and then integrate an individual a sepa- 
rately, the result diverges like V'. The fact that we find 
a V'—rather than a V*—behavior is due to the circum- 
stance that we have been able to restrict our problem 
first to the consideration of L=0 states only, see Eq. 
(148), and thereupon to /=0 only, see the remarks after 
Eq. (175). 

It will therefore be clear, and this is the point we wish 
to emphasize particularly, that the finite result (178), 
due to cancelations of the singularities ~V! and 
~V? of the integration over the individual a’s of Eq. 
(176) has been obtained by means of a proper matching 
of three-body to two-body boundary conditions. That 63 
may not depend on V is, of course, nothing but the 
cluster property of U’;. Whenever in a many-body 
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problem potentials are replaced by suitable boundary 
conditions, this question of a matching of the various 
conditions must necessarily arise. 

We now must go from b; to bg2)8®. In the WB limit 
the result is simply 


bs 2) BF = 6b3= 33/2A°. (179) 


The proof goes as follows. From the definitions (84) of 
bs2)8® and (12) of U;%, one readily sees that for each of 
the six terms of TrU;*% one can define corresponding 
functions P®, P®, P which always satisfy Eqs. 
(131-132). Also in all six cases the sequence P“) —~Q™ — 
go” is the same as for the normal permutation to which 
b; corresponds. Again the boundary conditions are 
identical to those previously given, for all six instances. 
Each of the six terms has its own characteristic initial 
condition, however. Indeed, the right-hand side of Eq. 
(142) reads as follows [see also Eq. (135) ]: 


ES): 
(2 43): 
(234)* 


EPETe 


5(r—10)6(o— 00), 
5(r+10)6(e— 0), 
5(r’— 10')6(0’— 00), 
5(r’+ 10’ )5(0’— oy’), 
ie Lal 


6(r’— 1y"")6(0”” — 0”), 


6(r/+ ry’ )5(0” — 00"). 


(180) 


Here (1 23), (2 13), etc. denote the permutations that 
label the individual terms of Tr(1 2 3|U;5|1 23). The 
first line of Eq. (180) corresponds to the case of b; 
previously treated. As to the second line, the only 
difference is that now in Eq. (162) the contributions for 
odd / enter with opposite sign. Thus in combining the 
(1 23) and (2 1 3) terms the terms odd in / cancel, as is 
characteristic for a BE system. We could confine our- 
selves previously to the contributions /=0, however, so 
that (2 1 3) contributes as much as (1 2 3) does. Finally, 
since b3,2)8¥ is additively composed of the six contribu- 
tions corresponding to all permutations, the (r’,p’)- 
and (r’’,p’’)-pairs of Eq. (180) contribute as much as the 
(r,p)-pair does. 

Using Eqs. (3), (82), (124), (126), and (179) we find 
for the third virial coefficient for a BE gas, in the WB 
limit, 

| {* a 
Cae= NA° ——-—_+ 
8 3 3r 


=9.4X 105/T* cm®/mole. (181) 


Hence if the WB limit is applicable to He‘, the third 
virial coefficient should be large and positive at tem- 
peratures of, say, below 1°K. We have made no estimate 
of how potential-dependent terms would correct the 
answer (181). 


VIII. C(T) FOR THE CASE OF STRONG BINDING 


From the definition of strong binding, given in Sec. I, 
it follows that this regime has no applicability for He. 
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The main interest of this section is therefore a methodical 
one. We are now in a situation in which the binary 
expansion method is not applicable, see Sec. V. The 
method to be considered here is a generalization of the 
chemical equilibrium approach which has also been 
used? for the second virial coefficient in the presence of a 
strongly bound two-body state. 

Let us call the atoms of the gas YX, and their binary 
and ternary bound systems XY» and X3, with binding 
energies €: and €3, respectively. We shall assume that 
there exists only one such two-body and one three-body 
bound state, each with unit weight. The extension of 
what follows to more bound states will be obvious. We 
shall furthermore assume that the particles X, satisfy 
BE statistics; the extension to the FD case will also be 
straightforward. 

In the strong-binding approach we consider the gas as 
a mixture of V; particles of kind XY; in chemical equi- 
librium. If in addition we assume that the three BE 
gases Y, are ideal, the equation of state of the system is 


pV 
kT 


(182) 


Here 6,.\;, y:V?2 are the second and third virial coeffi- 
cients, respectively, of the gas of kind 7. Although the 
gases are ideal there do, of course, exist nonvanishing 
virial coefficients due to their BE character. As the gases 


are supposed to be interacting only via the equilibrium 
reactions 


Ae = Xot+ X15 >~Xit+X1t+X); (183) 
there are no terms ~.V ,V; (i# 7) present in Eq. (182). 
The .V, can be found from the BE-distribution 


V | 1 P 
8x? lA, ! n 


(with e=0). Here A,=exp(@u,), where yu, is the 
chemical potential of Y,,. Chemical equilibrium implies 
that 


(184) 


A,=A,". (185) 


Finally, if .V is the total number of X atoms in the 
system, then 
NyH2N2+3N3=N. (186) 


From Eq. (184) we can find 4, in terms of .V, and then 
from Eqs. (185), (186) the .V, can be expressed as 
functions of .V. Developing in both stages up to terms 
, we find 

Ny=N—2aN?+ (8a?—3b+ 2c) N3, 

Vo=aN?— (40? +c)N3, 

N3=bN?, 


79 
~ V-? 


where 


a=2!n%e82/V, b= 3IN8e/V2, c=ad*/(2IV). (188) 
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It will be seen that if we insert Eqs. (187), (188) into 
Eq. (182), and again expand the right-hand side of that 
equation up to O(V~*), the terms ~8;, y; with i>1 
must be dropped. From Eqs. (25) and (121) it follows 
that 
(189) 


Bi=d/2), y:=d6(}—2/3!). 


Thus upon rearrangement in powers of V~, 


. 


pv BC 
= 1+—+ +] 
kT V Vv 


(190) 


where 
B= — Nd 2!e82+-1/2!'], 
C= 2N°A[ 2e8 2+ 166° 2— 38¢8e3-4 (51-— 1/3!) ]. 


(191) 
(192) 
The “nonexponential”’ terms of Eqs. (191), (192) are of 
course the ideal BE contributions. Note that these last 
two equations could also have been obtained from Eq. 
(3), where the Mayer 6’s are taken to be 
b, ny . bo=X 42 Poh 2ieher 1, 


by=d-[ 3-24 Bhs], 


(193) 


corresponding to the neglect of all contributions but the 
ideal and discrete ones. We further observe: 


(1) If we had taken for 8, the ideal contribution [ see 
Eq. (189) ] plus the two-body continuum state terms, 
we would have arrived at the exact expression for Bgr 
in which the bound-state term appears by the separate 
equilibrium argument. 

(2) One might perhaps try to estimate the effect of 
the nonideality of the BE gases, inasfar as their mutual 
interaction is concerned, by including in Eq. (182) 
terms like 6,2V,V.V~, which are present in the general 
virial expansion for nonideal mixtures. From Eq. (187) 
it is seen that the term just mentioned has a O(V~*) part 
which contributes to C. The physical effect here con- 
sidered is the scattering of VY, on X» and the leading 
order of contribution to C is 

ay 


~ — eben 6 V2, 
A 


(194) 


where dy, is the scattering length for (X,,X»2)-scattering. 

(3) One might perhaps also try to include in y, 
besides the ideal gas term, the complete continuum part 
of the three-body BE interaction as treated by binary 
expansion which gives a leading term in C 


~a?/d?; (195) 


see Eq. (121). In addition terms will appear ~a*\~e*®, 
etc. 

However, the remarks in connection with the ex- 
pressions (194), (195) are only of a heuristic character. 
A systematic simultaneous treatment of bound-state 
and continuum contributions needs a further thorough 
investigation, 
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APPENDIX I. FURTHER REMARKS ABOUT U,(G) 


U’,(G) is given by Eq. (69) with the constraint (68) 
on the integration variables 8. We can formally replace 
this constraint by an auxiliary integration 


1 ebt n ~o 
UG) =e*t:— | —dt fof dB,:+-dBy 
AS) 5 


2ri 


Xexpl(T:—)d Bx JC(Bw)-+-C(B:),  (A-1) 
where the path of the newly introduced /-integration is 
from —ix to +7 in the ¢-plane and to the right of all 
singularities (in /) of the integrand. 

Equation (A.1) can conveniently be used to find the 
number N(v(7j)) defined after Eq. (69). The procedure 
is to go to the classical limit where l’,(G) reduces to 
U',°(G), as exemplified for /=2 by the transition from 
Eq. (71) to Eq. (72). With the help of the definition of 
U’,°(G), see Eq. (63), and of Eq. (A.1) one thus arrives 
at the identity 


fi ii fizis et fim im 


x 


= > 


x (1(71,71),° . *N(im,jm)) 


1 
— Diy jy MCA, ID 

— j | , As 

ri t A=1 L/+- iy jy 
where the point pairs labeling the /’s are characteristic 
for the Ursell graph under consideration. Observe that 
in the classical limit we may replace the operation S 
defined after Eq. (69) by the summation >> of Eq. (A.2) 
with a weight x. This is so because in this limit, where 
the order of the C-factors in Eq. (A.1) becomes irrele- 
vant, each of the allowed permutations of C-factors 
must contribute equally. Thus the number (n(i7)) is 
equal to the absolute value of x. To find x we use the 
definition (61) of f;; and also the identity 


m 


I [exp(—Bx,)—-1] 


1 (—1)* 1 
= fa | +(~1)"*7. (~ty* 
Qn d dM I+x) 


1 1 
x © ——+ - --+——_ | (A.3) 
A>wl+ay+X, ltayt---+tan 





THIRD VIRIAL 


From Eqs. (A.2) and (A.3) one finds, after some 
rearrangement, 


x (11,* ++ tm) -{ dz e~* JJ Lny(s), (A.4) 
A hel 


where L,‘” is an associated Laguerre polynomial.” 
Examples: x(1,1,1)=—6; x(2,1,1)=6; x(2,2,2)=30. 
Thus the corresponding N values are 6, 6, 30 as can be 
verified by drawing the quantum graphs in question. 

We could also have obtained the number % directly 
by purely combinatorial methods. Thus the above 
argument also provides proof of the convergence to b,° 
of the binary expansion series for 5; in the classical limit. 

Finally, we note that the expression (A.1) is also 
suited to give an alternative formal expression for the 
trace in momentum space of U’;(G). It follows from Eqs. 
(65) and (A.1) that 


TrU ((G) 


1 et 
= J dq: + -dqy e879 K— fa : 
f -= 


2ri 
X(q| Dalivky) q'X<q’ D (in-ikw 1) q’’): *¢ 


xg DY! Da (iski! q), (A.5) 


where *, gi) and 


Q= |g °° 
(q' | Da (tk) | 9”) 


| L 
= Coif dg eF! Ti(q) ‘) B(B,ik) 


Xexp{-—BLT iq") —9q?"’— qx" }} ‘”). (A.6) 


Here 7,(qg) denotes the c-number kinetic energy of / 
particles with momenta (q:,:+-,g.). We now make use 
of Eq. (74) and integrate the 0U,/d8-term by parts. The 
integrated term gives no contribution at 8=0 as U2(0) 
=(0 and no contribution at B= « as Re(t) may be taken 
arbitrarily large and positive. In this way one finds, 
with the help of the definition of Us, 

(q’|D,(tk)|q’’) 

1 ! 


= — (4 Ps i ” ‘ia. e : BF z ‘). 
t+H intT(q")—gi?—gi'?—Tq)| 7 


*4 The following definition is used: 
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This expression and the corresponding form of TrU;(G) 
may perhaps be of interest for a comparison between 
various formal expansion techniques currently used for 
many-body problems. 


APPENDIX II. 63:2 FOR HARD SPHERE GAS 


For hard spheres the relative motion matrix (r| |r’) 
[see Eq. (77) ] becomes, in the S-wave approximation,° 
1 
| -, / 
(r| «| 1’) =——(,r’), 
2hrArr’ 


arrr 
( eae [a] 
a |- an —— If, 
88 88 ; 

r> 4, 


—(r—r’)? 
~exp| —— | 
88 


otherwise. 


r'>a, 





E (r+r’)? 
exp 


Inserting this in Eq. (85), we get 


8 
——G/(a), 
3n5 


BE— 
bsayP*= 


where 
is 
G(a)= Jf evar exo - (+r) | 
L 88 : 
- 3 
exp| = (rr | eo. 
88 


The expansion in powers of @ is much facilitated by 
noting that 


0G 4 
-=2-!,—- f 
Oa B 0 


t=43(r+r’)—a, 


D 


fg 
dt t? exp| -—-— (+a) 
28 26 


from which one immediately obtains 


(0G/0a) g-o= 3d/2}, 
(0°G/da*) a=0— ; - 


(08G/da*) g~o= —159/23X. 
The first three terms of the Taylor expansion of 638” 
as given by Eq. (A.8) immediately gives Eq. (97).*® 

26 },BE yp to order a* has previously been obtained by Huang, 
Yang, and Luttinger with the help of the pseudopotential method ; 
see reference 4. See also T. D. Lee and C. N. Yang, Phys. Rev. 116, 
25 (1959). 
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The ratio of the superconducting to normal surface resistance of polycrystalline tin has been measured 
at seven frequencies between 17 kMc/sec and 77 kMc/sec and at temperatures from 1.5°K to 3.0°K. These 
data plus those of other investigators have been compared with the predictions of two theories: the first 
a calculation made by Serber (unpublished) based on the London two-fluid model of superconductivity 
and the Reuter-Sondheimer theory of the anomalous skin effect, and the second a calculation based on the 
Bardeen-Cooper-Schrieffer theory as developed by Bardeen and Mattis. 

Agreement between experimental and theoretical results is only fair in the case of the two-fluid theory. 


rhe best values of the relevant parameters, Fermi velocity 9 
> 10 cm. A value of » of approximately 108 cm/sec would 


respectively, (1.25+0.3) X 107 cm/sec and 107% 


and mean free path /, were found to be, 


be expected for tin. The surface resistance ratio from the Bardeen-Cooper-Schrieffer theory has been 
calculated only for the extreme anomalous limit and the calculation therefore should not apply too accurately 
for tin. However, a curve of the right general shape is obtained and further calculations more appropriate 
to tin should improve the agreement between theory and experiment 


I. INTRODUCTION 
os of the essential features of superconductivity 
is 


s the vanishing of the dc resistance at the 
temperature. If, the 
resistance of a superconductor is investigated at very 
high frequencies (in the infrared region), experiment! * 
that the resistance remains constant as the 
temperature is lowered below the transition. Therefore, 


transition however, surface 


shows 


it would be expected that somewhere in the range of 
frequencies between zero and the infrared there must 
be a gradual change between these two limiting condi- 
tions. This expectation was first verified by London? in 
1940, using a frequency of 1.46 kMc/sec. Subsequently, 


many measurements® !® of the superconducting surface 
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resistance have been made in the conventional micro- 
wave region, where the surface resistance is large 
enough to be readily measurable. 

In such investigations, it has become customary to 
make use of the ratio, r=R/Ry, where R is the resist- 
ance at any temperature in the superconducting state 
and Ry is the resistance in the normal state just above 
the transition. These microwave researches show that 
at any given temperature in the superconducting range, 
r increases with increasing frequency. A precise knowl- 
edge of the frequency dependence of r is useful in 
testing the validity of theories of superconductivity 
and as a measure of the parameters, such as mean free 
path / of electrons and Fermi velocity 2, which may 
appear in such theories. This experiment provides data 
to find the frequency dependence of r and to determine 
the parameters v and /. 

It is difficult to find the correct frequency dependence 
of r by the use of data from experiments on different 
specimens because of the large scatter of the results, 
even for measurements made at the same frequency. 
This might be expected since absorption of microwave 
energy takes place in a very small skin depth and hence 
is sensitive to the microscopic smoothness of the 
surface and the degree of strain as well as to the purity 
of the specimen. The value of Ry is also weakly sensitive 
to the size of the magnetic fields used to destroy the 
superconducting state; the results of experiments using 
different magnetic fields may differ by as much as 10%."° 
Further, if a single crystal of anisotropic material is 
used, then microwave absorption can vary by as much 
as a factor of two with orientation of the crystal axes.'°:!7 

Because it was evident that microwave absorption 
measurements were sensitive to the purity and surface 


finish of the specimen investigated, it seemed most 


16K. Fawcett, Phys. Rev. 103, 1582 (1956). 
7 A, B. Pippard, Proc. Roy. Soc. (London) A203, 98 (1950). 
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desirable to make measurements on a single specimen, 
undisturbed throughout the range of frequencies 
investigated. Accordingly, a calorimetric method was 
adopted to determine the absorption. This method has 
the advantage of providing a direct measurement of 
the absorbed microwave energy and of requiring no 
change in the absorbing surface over a wide frequency 
range. The details are given below in the section 
describing the apparatus. 


II. THEORY 


It has been shown'’ that on the basis of any two-fluid 
model of superconductivity,’ R must vary as v*. In 
the normal state at sufficiently high frequencies and 
low temperatures, the mean free path of electrons can 
be greater than the skin depth. In this case, Ohm’s 
law, which assumes a point relationship between the 
electric field and the current, is not valid since the field 
acting on an electron varies significantly over a mean 
free path. Under these conditions, the electric field and 
the current must have a nonlocal relationship. This 
“anomalous skin effect,” first calaculated semiquantita- 
tively by Pippard” and then rigorously by Reuter and 
Sondheimer,” predicts that Ry will vary as v! and be 
independent of temperature. This has been verified 
experimentally by Chambers,” who found that at 
3.6 kMc/sec tin was in the anomalous region at 
temperatures below 8°K. At higher frequencies, the 
anomalous skin effect sets in at higher temperatures. 

Serber (unpublished), using the London two-fluid 
model of superconductivity and the Reuter-Sondheimer 
equation for the normal state under anomalous condi- 
tions, has calculated the surface impedance, Z, of a 
superconductor as 


Sriv fr” 
Z= nani aul 


Cc —2 


ws? (2mv)? 


2 9 


c° c 


—_——K(s) 
4c? (1+2nivr) 


where k=27/\, ws?=4anse?/m, wn?=4rnne?/m, Ns 
=density of superconducting electrons, ny=density of 
normal electrons, m=effective electron mass, e=elec- 
J=electron mean free path, 


tron charge, r=//2, 


v= Fermi velocity, and 
K(s)={2s— (1—s?) nf (1+s)/1—s) ]}s~, 


with s=7kl/(1+2z7ivr). For tin, under the conditions 


18 A. B. Pippard, Proc. Roy. Soc. (London) A203, 195 (1950). 
1 F, London, Superfluids (John Wiley and Sons, Inc., New 
York, 1950), Vol. 1. 
2” A. B. Pippard, Proc. Roy. Soc. (London) A191, 385 (1947). 
1G. E. H. Reuter and E. H. Sondheimer, Proc. Roy. Soc. 
(London) A195, 336 (1948). 
2 R. G. Chambers, Proc. Roy. Soc. (London) A215, 481 (1952). 
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of this experiment, (¢= 7/T.<0.85 and v<78 kMc/sec), 
the value of Z is approximately given by 


Srv = 247?w* yr? 
t=——+——f), (2) 
cws vw 54 
where 
f(b)= (1—2/8*) In(1+6)—1+2/8, 
and 
b=wsl/{c(1+2zrivr)}. 


In the limiting case, |5|>>1, we obtain /(6)=Ind—1. 
However, this condition, |6|/>>1, is unnecessarily 
restrictive since only Re[f(0)] is of interest. If f(d) 
is expressed in real and imaginary parts, it can be seen 
that Re [Ind—1] is a good approximation to Re [f(8) ] 
within a few percent even when |b|=5, which is the 
case at 77 kMc/sec. 

Then from Eq. (2), 

| (3) 


Srv 242*w* vv? 


, = |m ~ 
cus ws! c(1+2zivr) 


aye) 1A? 
{1+ nl (-) 
ja 


VWs 4 


and 


R=Re(Z)=-— 


2] « 


where \=superconducting penetration depth=c/ws. 

In this theory, which can be considered a three- 
parameter two-fluid model, the properties of the 
superconducting electrons are determined by the 
parameter \ and the normal properties by the Fermi 
velocity v and the mean free path /. In the London 
theory X» and v are considered to be related by Ao’ 
= 3h8¢2/32rm?. However, in the following work this 
relationship will not be used since it is known that it 
does not lead to the correct penetration depth. Therefore 
the experimental values of the penetration depth will 
be used. In this connection, there is an uncertainty as 
to whether or not the “normal” electrons in a super- 
conductor can be expected to behave in a manner 
identical to the electrons in a normal metal. Perhaps 
the low value of the Fermi velocity which is obtained is 
related to this uncertainty. 

In the above expressions it is assumed that the 
relaxation times and mean free paths of the normal 
electrons are unaffected by the presence of the super- 
conducting electrons and are therefore practically 
temperature independent. The important parameter 
determining the high-frequency behavior is the ratio 
\/v or Ar/l. This parameter becomes effective when 
wr=wl/v~ 1, (somewhere between 100 — 1000 Mc/sec), 
but the magnitude of the effect in the microwave region 
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depends primarily on the ratio wA/v and is roughly 
independent of 1. 

As is evident from Eq. (4), the frequency dependence 
of the superconducting surface resistance is proportional 
to v* at low frequencies, and then increases less rapidly 
with frequency at higher frequencies because of the 
presence of v in the logarithmic term. The temperature 
dependence of R is primarily determined by the 
ratio w*y/ws*. Much smaller effects are produced by 
the temperature variation of \, /, and v in the logarithmic 
term. In this range the temperature variation of / and 
v are infinitesimally small and the effect produced by 
the variation of is also small. The variation in \ 
with temperature up to the highest temperature used 
in the experiment (¢~0.8) is approximately 30% and 
this variation is too little to sensibly affect the results. 
Therefore it will be assumed that only w’y/ws‘ varies 
with temperature and that the surface resistance R 
can be expressed as a product of temperature-dependent 
and frequency-dependent functions. 

Since the resistance of the normal metal, Ry, is 
proportional to v! and independent of temperature, we 
obtain r= R/Ryv=A(v) ¢(0): 


r= —K'v'{14+-4 Inf (A/))?+ (29vd/2)* Je). (5) 


Thus,” r should be proportional to v' at low frequencies 
(wXv/l), but should deviate from this simple power 
law when the frequency is sufficiently high (w~2//). 

The value of K’ g(t) may be deduced from the Serber 
theory as 60[f/(1—?)?](cm/v*4ane*)', a quantity 
which depends on the electronic mass and charge and 
particularly on the total number of conduction electrons 
per unit volume as well as on the Fermi velocity. It has 
been found experimentally’’ that the temperature 
dependence is more closely g(/)=(1—f)/(1—#)* than 
(‘/(1—f)? and the former function is generally used 
rather than the latter in the computation of A (v) from 
the experimental values of r. 

It is also possible to predict the behavior of the 
superconducting surface resistance ratio from the BCS 
(Bardeen-Cooper-Schrieffer) theory.** Integral expres- 
sions for o;/ay and o2/on (where o;—i02 is the complex 
conductivity in the superconducting state and oy that 
in the normal state) are given in the paper of Mattis 
and Bardeen®® [see Eqs. (3,9) and (3,10) ]. Numerical 
integration of these equations has been carried out by 
Miller** for the extreme anomalous limit (coherence 
distance much larger than the penetration depth). 
This is not a good approximation for tin. The calcula- 
tions are now being extended so they can be used for 


*8 An expression for r having the same form as Eq. (5) at ‘=0 
has been obtained by Maxwell, Marcus, and Slater.’* However, 
at ¢>0, their expression for r is in a form which is difficult to 
apply to the experimental data. 

* Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 
(1957). 

261). C. Mattis and J. Bardeen, Phys. Rev. 111, 412 (1958). 

26 P. B. Miller (private communication). 


NETHERCOT, 


AND BOORSE 


tin, but in the interim it is of some interest to compare 
the presently available theoretical results ‘to the 
experimental even if the theoretical results are not 
expected to apply exactly. The impedance is calculated 
from the expression Z,,s/Z..n =[(01—io2/on) |". 


III. APPARATUS AND EXPERIMENTAL METHOD 


The arrangement of the apparatus in the cryostat is 
shown schematically in Fig. 1. The Pyrex Dewar, D, 
containing liquid nitrogen, surrounds the brass con- 
tainer, C, which, in operation is pumped to a high 
vacuum (pumping tube not shown). The inner containers, 
B and A, both of brass, serve, respectively, as the 
liquid helium reservoir (capacity 1.6 liters) and the 
experimental chamber. 

The temperature of the helium bath is regulated in 
the usual way by pumping (pump tube not shown), 
and the temperature is determined by vapor pressure 
measurements. The vapor pressure tube, /, extends to 
the bottom of the helium bath and is connected outside 
the cryostat to two manometers at room temperature, 
one containing mercury and the other butyl! sebacate. 
The latter manometer was used for pressure measure- 
ments at less than 7 cm of mercury. In both cases, 
temperature corrections to the density of the liquid 
were made. The 1955 Leiden temperature scale was used 
and liquid helium pressure head corrections were made 








Fic. 1. Cryostat: Schematic 
representation of significant 
components showing: (A) ex- 
perimental chamber, (B) helium 
bath chamber, (C) helium 
isolation vacuum chamber, (D) 
Pyrex Dewar vessel, (E) 
support flange, (F) waveguide, 
(G) bend in waveguide, (H) 
helium transfer tube, (J) 
helium vapor pressure tube, 
(J) liquid nitrogen filling tube, 
(K) liquid nitrogen exhaust 
tube, (ZL) carbon resistance 
thermometer. Pump tubes are 
not shown. 
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above the lambda point. In order to maintain a constant 
bath temperature, a manostat, which operated a 
solenoid valve in the helium bath pump line, was 
coupled into the mercury manometer. At pressures 
of less than 7 cm of mercury, the operation of the 
manostat was unsatisfactory and constant temperature 
was maintained by manual adjustment of the valves in 
the helium bath pump line. 

The section of K-band waveguide, F, inside the 
cryostat was made of an 80% copper-20% nickel alloy 
with 0.040-inch wall thickness. This material has low 
thermal conductivity at liquid helium temperatures. 

A drawn layer of silver, 0.001 inch thick, lined the 
inside of the waveguide in order to reduce the dissipation 
of microwave power in the walls. Just above the liquid 
helium bath, the waveguide walls were turned down to a 
thickness of 0.025 inch on the broad sides and 0.015 
inch on the narrow sides over a length of one inch, and 
the silver coating was removed in order to reduce 
still further the heat leak from the liquid nitrogen bath 
to the liquid helium bath. Just above the experimental! 
chamber, the waveguide was bent to one side and then 
back again, as shown at G, so that there was no line-of- 
sight path for thermal radiation from room temperature 
and liquid nitrogen regions to the specimen. Outside 
the cryostat, at room temperature, the copper-nickel 
waveguide was connected to standard waveguide with a 
flange joint. A mica window with lead gaskets provided 
a vacuum seal at this point. Inside the experimental 
chamber the waveguide was terminated by a one inch 
square brass horn (see Fig. 2). Another mica window 
was placed over the end of this horn to prevent any 
“hot” molecules that might be desorbed from the 
walls of the waveguide from reaching the specimen; 
however, there was no vacuum seal at this window. 

The specimen, shown in Fig. 2, was a tin cylinder 
4.25 cm in diameter and 2.50 cm high. The purity of 
the specimen was given by the supplier, Vulcan Detin- 
ning Company, Sewaren, New Jersey, as 99.9995+ %. 
After being cast in glass, the specimen was machined to 
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Fic. 2. Experimental chamber containing tin specimen 
with thermometer and heater. 
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Fic. 3, Schematic diagram of microwave system. 


size, annealed, and the surface was lightly etched. The 
crystallites in the specimen could then be seen, being 
about 2-4 mm in size. The surface was then given a 
very light finishing cut in a lathe. 

The thermometer, a nominal ;'5 watt 39 ohm Allen- 
Bradley carbon resistor, was cemented into a hole in 
an OFHC copper rod, which was then cemented into 
a hole in the specimen. A heater coil of German silver 
wire of diameter 0.0025 inch was wound noninductively 
and cemented to an OFHC copper sleeve, which was 
then cemented into a coaxial hole in the specimen. 
The heater resistance was 152 ohms at room tempera- 
ture and 135 ohms at liquid helium temperatures. 

The specimen was supported by a German silver 
tube of 0.010-inch wall thickness and 3.1 cm long. 
A tin plating approximately 2.5 10~° cm thick (about 
four times the superconducting penetration depth at 
the highest temperatures used in this experiment) 
covered the outer surface of the support tube so that 
any stray radiation in this region would be incident 
upon a surface of the same material as the specimen. 
At the upper end of the tube, a pure tin solder joint was 
made by heating the specimen adjacent to the tube. 
The joint at the lower end of the tube was made with 
ordinary soft solder. Wires from the thermometer and 
heater passed down the inside of the support tube to a 
vacuum tight electrical connector. From this connector, 
they passed through the surrounding helium bath, up 
the helium bath pump tube to another vacuum tight 
electrical connector, and then out of the cryostat to the 
measuring circuits via shielded cables. The spacing 
between the waveguide horn and the specimen was 
approximately 3'y inch. The upper surface of the 
specimen was aligned perpendicular to the axis of the 
horn by eye. Two glass capsules (not shown) packed 
with steel wool were connected to the lid of the experi- 
mental chamber. The steel wool acted as a microwave 
absorber, damping any radiation that leaked out 
between the horn and the specimen. The capsules were 
open to the helium bath and were always filled with 
liquid helium, which carried away any heat developed 
in the steel wool. An electromagnet with a 6.75-inch 
pole gap and 2.75-inch pole face diameter was used to 
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Fic. 4. Schematic diagram of measuring circuits. 


destroy superconductivity. It produced a horizontal 
field of 900 gauss in the region of the specimen. 

A schematic diagram of the microwave system is 
shown in Fig. 3. The gate consisted of a solenoid- 
operated attenuator which could be inserted into a 
slot cut in the broad side of the waveguide. This 
attenuator absorbed approximately 99% of the incident 
power. In order to avoid the possibility of a magnetron 
frequency shift that might occur if the power output 
were varied by changing the operating voltages, the 
magnetrons were operated under fixed stable high 
power conditions. The power reaching the specimen 
was varied by inserting different attenuators in the 
waveguide. These attenuators consisted of waveguide 
sections six inches long painted on the inside with an 
iron powder-lacquer mixture. The thickness of the 
coating determined the attenuation of the section. 
The directional couplers used had a coupling constant 
of 20 db and a directivity of 40 db. Thermistors were 
used to measure microwave power at K-band fre- 
quencies; bolometers were used at the higher fre- 
quencies. A self-balancing direct-reading power meter, 
FXR Machine Works type B830A, was connected to 
the detector being used. 

The thermometer and dc heater measuring circuits 
are shown in Fig. 4. A measuring current of 10 micro- 
amperes was used in the thermometer circuit. Since the 
series resistance in the circuit was always much larger 
than the thermometer resistance, the 10-microampere 
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current did not change significantly with small tempera- 
ture changes. Before a measurement was begun, the 
Leeds and Northrup Wenner potentiometer was set 
slightly off balance. A Liston-Becker dc breaker 
amplifier, model 14, was used to amplify the off-balance 
voltage from the Wenner potentiometer; this provided 
an accurate measurement of the change of thermometer 
resistance. A voltage divider between the amplifier and 
the Wenner potentiometer was required in order to 
avoid overloading the amplifier. In order to eliminate 
pickup from the magnetron pulse generator, it was 
necessary to shield all the measuring circuits and to 
insert filters in the thermometer cables. 

Since the specimen was always slightly warmer than 
the helium bath, the recording potentiometer drifted 
slowly in the cooling direction. When the galvanometer 
indicated that the Wenner potentiometer was in 
balance, the thermometer resistance was recorded and 
the microwave or dc power was turned on for about 
ten seconds. As the specimen warmed, the recording 
potentiometer moved in the warming direction. When 
the power was turned off, the recording potentiometer 
indicated cooling again. A typical heating trace is 
shown in Fig. 5. The temperature rise was found by 
extrapolation of the fore- and after-periods to the 
center of the heating interval and measurement of the 
deflection at that point. The recording potentiometer 
was calibrated by measurement of the deflections 
caused by known off-balance voltages from the Wenner 
potentiometer. 

The switch which was used to operate the waveguide 
gate and dc heater also operated a precision electric 
timer which could be read to 0.01 second. A Leeds and 
Northrup K2 potentiometer was used to measure the 
thermometer current, the heater current, and the 
heater voltage. 

The magnetrons used for generating microwave 
power were all fabricated in the Columbia Radiation 
Laboratory with the single exception of the 34.71-kMc/ 
sec tube, which was a Microwave Associates, Inc. tube, 
type 5789. All the tubes were operated at 500, 1000, or 
2000 pulses per second and a pulse width of 0.3 micro- 
second. A Raytheon type WX 4053A power supply 
and type EX4054B modulator were used to operate 
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Fic. 5. Typical recording potentiometer trace 
for microwave heating. 
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the magnetrons of 34.71 kMc/sec and higher fre- 
quencies, and a General Electric power supply type 
GEI-16067 and Experimental Service Modulator Model 
4, type 1372, were used with the lower frequency 
magnetrons. A small permanent magnet was used to 
operate these lower frequency magnetrons, and an 
electromagnet was used with the higher frequency 
magnetrons. 


IV. RESULTS 


When the specimen absorbs microwave energy, the 
absorption coefficient, a, may be defined as 


a= HAT/pr, (6) 


where H is the heat capacity of the specimen, AT is the 
temperature rise, p is the power incident on the 
specimen, and r is the time of heating. The specific 
heat is known from other experiments’ and AT and 7 
are measured. From the value of Ry obtained by 
Grebenkemper and Hagen,!® values of ay were cal- 
culated at each of the frequencies used in this experiment 
by the anomalous skin effect relation 


dy & R yx vi, 


The values of ay thus obtained were all smaller than the 
corresponding values of @y obtained from Eq. (6), if it 
is assumed that the power incident on the specimen is 
the power measured at the detector. This difference was 
ascribed to the leakage of radiation into the experi- 
mental chamber and its incomplete absorption by the 
steel wool absorbers. Hence, the expression for a must 
be modified to 


a=BHAT/ Pr, (7) 


where P is the power measured at the detector and @ is 
a factor which depends on the frequency. The values of 
6 at the frequencies employed are given in Table I. 

At a fixed temperature and frequency, several 
measurements of P, AT, and 7 were made in the normal 
state, then in the superconducting state, and then 
again in the normal state. During this time, the 
frequency was monitored. If the frequency shifts were 
negligible and if the two groups of normal data agreed, 
it was assumed that 8 had remained constant. Under 


v(kMc/sec) 


34.71 
46.96 
70.84 
77.38 


(1956). 
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Fic. 6. Measured values of r as function of ¢: (1) 16.90 kMc/sec, 
2) 21.91 kMc/sec, (4) 24.01 kMc/sec, (5) 24.01 kMc/sec. 


these circumstances, r may be evaluated as follows: 
y=R Rn=as an= (cAT Pr)s (cAT, Pr) Ny (8) 


where cs and cy are the superconducting and normal 
specific heats, respectively. Hence, 8 does not appear 
in the expression for r. 

The validity of this treatment of the factor, 8, may 
be verified by an examination of the data. The value 
of 8 was greatest at 46.96 kMc/sec. Nevertheless, the 
scatter of the data at this frequency was smaller than at 
any other frequency used in this investigation. Further- 
more, although the values of 8 at 24.01 kMc/sec were 
1.0 and 16 for two different runs on two different days, 
the values of r for these two runs fell on the same curve. 
Hence, it may safely be concluded that the measure- 
ment of r was not measurably affected by the leakage 
radiation. 

The measured values of 7 are shown in Figs. 6 and 7 
as a function of ¢. (The maximum and minimum values 
of r shown at each value of / correspond to the values 
of r obtained using the values of Ry measured before 
and after the measurement of R.) The broken line 
curves in these figures correspond to the straight lines 
obtained in the r vs g(t) graphs described below, except 
that r is here plotted against /. 

Pippard® found that, if at a given frequency r is 
plotted against the empirical function 


gl) ae | F) (1 Z 


a straight line is obtained for /<0.85. This expression 
has been found to hold for all frequencies up to 24 
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Fic. 7. Measured values of r as a function of ¢: (3) 21.91 
kMc/sec, (6) 34.71 kMc/sec, (7) 46.96 kMc/sec, (8) 70.84 
kMc/sec (X4), (9) 77.38 kMc/sec (X 2). 


kMc/sec. Fawcett,'® however, has noted some deviation 
from this relationship at low temperatures at 36 
kMc/sec. In order to analyze the present data, the 
assumption has been made that a straight line is 
obtained at the frequencies and temperatures used in 
this experiment. This was found to be the case within 
experimental error. Accordingly, from Eq. (5), with 
1<0.85, r may be expressed by the relation 


r=A(v)¢(t)+Po. (9) 


Here ro, the residual resistance ratio, is included in 


TABLE IT. Frequency-dependent part of r 
and extrapolated value of ro.* 


»(kMc/sec) A(») ro 


0.0071+0.0014 
0.007 1+0.0006 
0.0054+-0.0022 
0.0097 +0.009 

0.0140+0.0012 
0.0158+-0.0008 
0.0925+0.0023 
0.2301+0.0093 


0.141+0.006 
0.179+0.003 
0.215+0.008 
0.1930.001 
0.241+0.004 
0.301+0.004 
0.457+0.008 
0.358+0.036 


16.90 
21.91 
21.91 
24.01 
34.71 
46.96 
70.84 
77.38 


* Probable errors were computed from the data by the method of least 
squares. 
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order to take account of the anomalous nonvanishing 
resistance observed at =0. A nonvanishing frequency- 
dependent 7» has been observed in all the microwave 
experiments to date. However, since the origin of this 
effect is not understood,.its inclusion as an additive 
constant is a hypothesis, albeit a reasonable one made 
in all the previous experiments. 

Graphs of r vs g(t) have been plotted for all the 
frequencies used and straight lines fitted to the points 
by the method of least squares. A(v) is the slope of 
these lines. 

A typical graph is shown in Fig. 8. The two points 
shown at each value of g(t) correspond to the values of 
r obtained using the values of Ry measured before and 
after the measurement of R. The value of the residual 
resistance ratio, ro, was obtained by extrapolating these 





Fic. 8. Measured values of r as a function of ¢(¢) at 34.71 kMc/sec. 


straight lines to absolute zero. The values of A (v) thus 
obtained are given in Table IT. 

Determination of g(t) requires a knowledge of the 
transition temperature. The heat capacity of tin, 
like that of all pure superconductors, is characterized 
by a large discontinuity at the transition temperature. 
This discontinuity was observed at (3.710-+-0.008)°K, 
which was therefore taken to be the value of T,. 

The values of ro vs v are also shown in Table II. 
The value of ro is fairly constant at the lower frequencies, 
but rises sharply at the higher frequencies. Although it 
is not clear why this variation occurred, such behavior 
has been observed by other investigators. 

In Figs. 9, 10, and 11 the measured values of A (») 
are plotted against yv. Both the present data and the 
results obtained in other laboratories are included. 
In the cases where the previous data were taken on a 
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single-crystal specimen, a direct comparison to the 
present data on a polycrystalline sample cannot be 
made. Therefore, the single-crystal results were averaged 
over all orientations so that they would correspond to 
the results for a random polycrystalline aggregate. 
The data of Fawcett" on the anisotropy of A(v) were 
used for this purpose. 

It should also be mentioned that the point at 
70.84 kMc/sec (which lies high) is suspect since the 
apparent absorption coefficient changed by a factor 
outside the experimental error during the run. The 
reasons for this occurrence were unknown. 
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Fic. 9. A(v), frequency-dependent part of 7, as a function of 
frequency. 0-this experiment; X, +, A-Sturge!® (three different 
averaged single crystals); P-Pippard!? (averaged single crystal) ; 
P’-Pippard'® (polycrystal); G-Grebenkemper™ (polycrystal) ; 
F-Fawcett" (averaged single crystal) ; F’-Fawcett! (polycrystal). 
The theoretical curves shown are calculated from Eq. (5) with 
the Fermi velocity v=1.25X10? cm/sec and various values of 
mean free path, /. 


V. DISCUSSION 


The data of Sturge shows a variation of the surface 
resistance ratio as the four-thirds power of the frequency 
at frequencies below 1.5 kMc/sec. At higher frequencies, 
the points fall below the four-thirds power law line as 
predicted theoretically. Since it is necessary to use 
both high-frequency and low-frequency data to deter- 
mine values of the parameters, v and /, which occur in 
the two-fluid theory, all the data from 0.2 to 77.4 
kMc/sec must be included. Therefore, a single curve is 
drawn through all the points available. Although data 
on different samples are included, it is seen in Figs. 9, 
10, and 11 that all the best data available does lie 
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Fic. 10. A (v), frequency dependent part of r, as a function of 
frequency. The points are identical with those shown"in Fig. (9). 
The theoretical curves shown are calculated from Eq. (5) with 
l= 107 cm and various values of v. 


approximately on a single curve. However, the present 
data seems to fall somewhat lower than that of Sturge. 

Theoretical curves were calculated from Eq. (5) for 
various values of the parameters X, /, and v. It was found, 
for any reasonable value of X (see Table ITT),?4?8-* 
that the best values of / or v were not appreciably 
affected. The value adopted for \ was 5.0X10~® and 
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Fic. 11. A (v), frequency dependent part of 7, as a function of 
frequency. The points are identical with those shown in Fig. 9. 
The solid theoretical curve shown is calculated from the BCS 
theory as given by Mattis and Bardeen.” The dashed curve is 
the same, but multiplied by the factor 2.0. 


28R. G. Chambers, Proc. Cambridge Phil. Soc. 52, 363 (1956). 

* J. M. Lock, Proc. Roy. Soc. (London) A208, 391 (1951). 

%” A. B. Pippard, Proc. Roy. Soc. (London) A191, 399 (1947). 

31 E. Laurmann and D. Shoenberg, Proc. Roy. Soc. (London) 
A198, 560 (1949). 
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TABLE III. Values of Ao for tin quoted in the literature. 








Reference do (cm) Type of specimen 





28 4.3X10~¢ 
29 5.0X 10~¢ 
30 5.0X 10~* 
31 5.2X10~° 
24 5.67X10~° 


Average of single crystals 
Thin films 
Polycrystal 
Average of single crystals 
Calculated 





it was assumed as described previously that \ was 
independent of temperature up to the highest tempera- 
ture used (¢=0.8); the variation in A of perhaps 30% 
over this temperature range is not sufficient to cause 
appreciable errors. Curves were plotted for various 
values of v with / equal to 10- cm and also for various 
values of / with »=1.25X10" cm/sec. If the constant 
K’ in Eq. (5) is considered an adjustable constant, the 
theoretical curves and experimental points when plotted 
on a logarithmic scale can be moved vertically with 
respect to each other. In Figs. 9 and 10 it is seen that 
it is not possible to fit the theoretical and experimental 
points exactly merely by adjustment of the constant K’ 
or by changes in / and v. Therefore, the results do not 
accurately obey the two-fluid model. However, if 2 is 
chosen to be 1.25107 cm/sec and / to be between 
10-* and 10~ cm, the experimental points are all within 
approximately 20% of the theoretical curve. Only this 
value of the parameter v= (1.25+0.3) 10’ cm/sec 
gives a reasonable fit with the data. Since the Fermi 
velocity is expected to be about 10° cm/sec, it is seen 
that either the two-fluid picture of a degenerate gas of 
electrons cannot be taken at its face value or the 
theory is not correct. 

A mean free path of about 10~* cm fits the shape of 
the low-frequency data better, but, if the multiplying 
constant K’ is adjusted to match the present high- 
frequency data, A(v) is then too small at the lowest 
frequencies. A value of / between 10~ and 10~ cm fits 
both the highest and lowest frequency data better, 
but not the intermediate-frequency data. In cyclotron 
resonance investigations on tin® a relaxation time, 7, 
of up to 150X10-" sec was observed at 4°. From the 
relation /=7v, a value of =2X10~ cm is then derived. 
Other values of / in the literature are 10~* cm as given 
by Pippard® and more recently a value of 6.5 10~? cm 
has been reported.™ It should be emphasized that some 
of the difficulty in determining / may arise from the 
artificial joining of data on several specimens. This 
might raise or lower one end of the curve relative to 
the other. However, the value of v is determined 
primarily by the shape of the high-frequency data and 


® Kip, Langenberg, Rosenblum, and Wagoner, Phys. Rev 
108, 494 (1957). 

% A.B. Pippard, Physica 19, 765 (1953). 

* B. N. Aleksandrov and B. I. Verkin, Zhur. Eksptl. i Teoret. 
Fiz. 34, 1655 (1958) [translation: Soviet Phys. JETP 7, 1137 
(1958) J. 
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therefore should be relatively unaffected by such 
difficulties. 

The value of K’ in Eq. (5) is given by theory as 
60(c2m/v*4rne’)! and hence depends on the electronic 
charge and mass, the Fermi velocity, and the density 
of conduction electrons. If the charge and mass of free 
electrons and a Fermi velocity of 1.2510" cm/sec are 
used, the density, », which fits the absolute value of 
A(v) corresponds to 0.25 electrons per tin atom. 
This number seems rather low and casts further doubt 
on the interpretation of the two-fluid model calculation. 

It is also possible to compare the experimental 
results with the results of the BCS theory” as explained 
earlier. Figure 11 shows both the experimental points 
and the surface resistance ratio derived from the values 
of o:/on and o2/on calculated by Miller®® from the 
integral relations of Bardeen and Mattis.”® It is seen 
that the right general shape is predicted, but that the 
absolute value lies below the experimental observations. 
However, this calculation was made for the extreme 
anomalous limit (coherence distance much larger than 
the penetration depth) and this is not a good approxima- 
tion for tin. A preliminary calculation®® for tin has 
shown that r will be increased by a large factor, perhaps 
even 100% or more, above the extreme anomalous 
limit value at the frequency hw~kT,. This modification 
reduces the discrepancy in absolute value and may also 
alter the shape somewhat. 

The BCS theory does not consider anisotropy at 
present and the zone structure of tin is very complicated. 
A(v) and Ry both show very considerable anisotropy. 
A(v) for a single crystal of tin can vary from 0.7 = 1.7 
times that for polycrystalline tin. Therefore, it is not 
clear which experimental value should be compared to 
the theoretical value. However, it appears the two 
will overlap when the revised calculation is available. 
It should be pointed out that this theory involves no 
undetermined parameters while the two-fluid calcula- 
tion really involves three (A//, \/v, and m), the derived 
values of which do not appear very reasonable. There- 
fore, it can be said that the BCS theory describes the 
experimental observations as well or better than the 
two-fluid model calculation. 

The highest frequency used in this experiment was 
77.38 kMc/sec (corresponding to 1.0&7.). At the 
highest temperature. used, 3.0°K, the energy gap 
predicted by the theory of Bardeen, Cooper, and 
Schrieffer* is 2.0kT.. Recent measurements*—** on 
tin indicate that the size of the energy gap is closely 
equal to the predicted value. Hence, these measurements 
were not complicated by the excitation of superconduct- 
ing electrons. 


%® Biondi, Forrester, and Garfunkel, Phys. Rev. 108, 497 (1957). 

86 R, E, Glover and M. Tinkham, Phys. Rev. 104, 844 (1956). 

37 R. E. Glover and M. Tinkham, Phys. Rev. 108, 243 (1957). 

88 P. L. Richards and M. Tinkham, Phys. Rev. Letters 1, 318 
(1958). 
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The results of this experiment therefore indicate that 
the phenomenological two-fluid model of superconduc- 
tivity, upon which Serber’s calculations are based, 
provides a fair description of the high-frequency 
electrical features of superconductivity over the range 
of frequencies investigated. Calculations made from 
the BCS theory for the extreme anomalous limit give a 
curve for A(v) of the right general shape, but low in 
absolute value by about a factor of two. Preliminary 
calculations for the partially anomalous case of tin 
indicate that there will be still better agreement 
between theory and experiment when this calculation 
is complete. 
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Vibrational Spectrum of Vanadium 


D. N. SuncH anp W. A. Bowers 
Physics Department, University of North Carolina, Chapel Hill, North Carolina 


(Received June 1, 1959) 


A theoretical lattice vibration spectrum is calculated for vanadium, in order to compare with the spectrum 
measured by the elastic incoherent scattering of neutrons. The calculated spectrum shows three peaks, the 
upper two of which occur at frequencies agreeing with the frequencies of the two peaks in the experimental 
curve. The third peak is not present in the measured spectrum. The maximum frequency of the calculated 


spectrum is lower by about 15% than the measured value. 


ECENTLY Eisenhauer e¢ al.! have used the in- 
elastic incoherent neutron scattering technique to 
measure the lattice vibration spectrum of vanadium. In 
the absence of any theoretical spectrum calculated spe- 
cifically for vanadium, they confined themselves to 
making qualitative comparisons with the characteristics 
of body-centered lattice vibration spectra as found by 
Montroll and Peaslee? in their general analysis and by 
Fine’ in his work on tungsten. 

We present here the results of some calculations for 
vanadium. Since the single-crystal elastic constants 
have not been measured, we have used the following 
method to obtain them: assuming that the measured 
elastic moduli for polycrystalline material are related to 
the single-crystal constants through Voigt’s average,‘ 
and knowing from the work of Corak e al.° the low- 
temperature value of the Debye temperature, we have 
three equations which can be solved for the three cubic 


1 Eisenhauer, Pelah, Hughes, and Palevsky, Phys. Rev. 109, 
1046 (1958) ; see also A. T. Stewart and B. N. Brockhouse, Revs. 
Modern Phys. 30, 250 (1958). 

2E. W. Montroll and D. C. Peaslee, J. Chem. Phys. 12, 98 
(1944). 

3P. C. Fine, Phys. Rev. 56, 355 (1939). 

4R. F. S. Hearmon, Advances in Physics, edited by N. F. Mott 
(Taylor and Francis, Ltd., London, 1956), Vol. 5, p. 323. We are 
indebted to Dr. H. B. Huntington for sending us values of the 
elastic moduli of vanadium. 

5 Corak, Goodman, Satterthwaite, and Wexler, Phys. Rev. 102, 
656 (1956). 


elastic constants. We find two sets of solutions. To 
choose between them, we note that they correspond to 
anisotropy factors® A which are, respectively, about 3.7 
and 0.32; and since all cubic metals for which data 
exist have values of A greater than unity, we choose 
the first set in preference to the second. Further evi- 
dence for this choice lies in its yielding a maximum fre- 
quency of the spectrum (using the model described 
below) in better agreement with experiment than that 
given by the other. The values of the elastic constants 
found in this way are: 


¢u= 12.3510" dynes/cm’, 
C= 8.7710" dynes/cm’, 
cu= 6.5810" dynes/cm’. 


Since the Cauchy relation ¢j2.=c4 is not satisfied, a 
central force model is inadequate; we therefore use a 
model involving noncentral interactions. For the body- 
centered cubic lattice, the most general model consistent 
with symmetry requirements has two independent 
atomic force constants for the nearest neighbors, two 
for the next nearest, and three for third nearest neigh- 
bors.’? We choose to neglect third and higher neighbors, 


6C. Kittel, Introduction to Solid-State Physics (John Wiley and 
Sons, Inc., New York, 1956), p. 95. 

7G. Leibfried, Handbuch der Physik (Springer-Verlag, Berlin, 
1955), Vol. 7, Part I, p. 152. 
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Fic. 1. Distribution G(v) of lattice vibration frequencies in 
vanadium, in arbitrary units, plotted against frequency » in sec”. 
Dashed curve: experimental curve of Eisenhauer ef al. (reference 


1). Solid histogram: theoretical distribution for the model de- 
scribed in the text. 


treat next neighbor interactions as central (which re- 
duces the two constants to one), and leave the nearest 
noncentral; the three constants remaining may then be 
found from the elastic constants quoted above by ex- 
amining the correspondence between the lattice waves, 
in the acoustic limit, and the elastic waves. We obtain: 


a’’= 9.98X 10 dynes/cm, 
y"’=11.65X 10° dynes/cm, 


a= 8.75X10* dynes/cm. 


Here a” and y” are nearest-neighbor force constants 
and a is the next-nearest constant, in Leibfried’s’ nota- 
tion. If the nearest neighbor interaction had been cen- 
tral, we would have had a’”’=¥y”. 

Using these constants, we have solved the secular 
equation for the lattice vibration frequencies at a 
sample of 8000 points in the basic reciprocal lattice 
cell, using the IBM-650 computer. (The cubic sym- 
metry reduces the number of points actually used to 
440.) The distribution of frequencies so obtained is 
plotted as a histogram in Fig. 1, together with the 
smooth curve drawn by Eisenhauer e/ a/.! through their 
experimental points. The curves have been normalized 
to the same area; because of the uncertainty in the 
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upper end of the experimental curve, we have arbi- 
trarily cut it off at 9X10” sec~ for normalization. 

Several features of the curves are of interest. The 
positions of the two peaks found in the experimental 
work agree quite well with those of the two higher fre- 
quency peaks of our calculated curve. We find, how- 
ever, with our model, a third peak at a lower frequency, 
of which there is only a faint suggestion in the experi- 
mental curve. Evidently a less naive model—possibly 
bringing in third-neighbor interactions, or alternatively 
including the effect of the conduction electrons*— 
would be required to suppress the third peak. There is 
also a discrepancy in the maximum frequency of the 
spectrum: although the experimental value is not very 
well defined, it is evidently at least 15% higher than 
our value. 

Considering (a) the absence of information on the 
temperature dependence of the elastic moduli, so that 
room-temperature values had to be used, (b) the un- 
certainty of the applicability of the Voigt averaging 
procedure, and (c) the simplicity of the model used, 
we believe that the general agreement is satisfactory. 

The computations involved in this research were 
carried out in the Duke University Digital Computing 
Laboratory, which is supported in part by the National 
Science Foundation. We are indebted to Dr. Thomas 
Gallie for his cooperation in making that facility avail- 
able to us, and to Mrs. Sylvia Hubbard for program- 
ming the computations. 

One of us (W. A.B.) is indebted to the University 
Research Council of the Graduate School of the Uni- 
versity of North Carolina for a grant in partial support 
of this work. 


Note added in proof.—Since submitting the foregoing 
work for publication, we have learned that single crys- 
tals of vanadium have been grown at the Ford Motor 
Company Scientific Laboratory. Preliminary measure- 
ments of the elastic constants have been carried out by 
Dr. George Alers, with results rather different from 
those deduced above. In particular, the anisotropy 
factor appears to be in the neighborhood of unity, rather 
than the considerably larger value found in the pre- 
ceding. Furthermore, the Debye temperature deduced 
from the measured elastic constants is in substantial 
disagreement with the experimental value of Corak 
et al. used in the foregoing. 

We are indebted to Dr. Alers for the communication 
of these results in advance of publication. 


8 J. DeLaunay, J. Chem. Phys. 21, 1975 (1953). 
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Optical Absorption of CoO and MnO above and below the Néel Temperature* 


G. W. Pratt, Jr., Lincoln Laboratory, Massachusetts Institute of Technology, Lexington, Massachusetts 
AND 


ROLAND COELHO, Laboratory for Insulation Research, Massachuselts Institute of Technology, Cambridge, Massachusetts 
(Received May 25, 1959) 


The optical absorption of single-crystal CoO and MnO both above and below the Néel temperature is 
reported and interpreted. The absorption spectrum in each case is similar to that found in dilute paramag- 
netic salts of the same ions. Tanabe and Sugano’s strong-field theory was used to interpret the data. In CoO 
the tetragonal distortion of the cubic lattice present in the antiferromagnetic phase was experimentally 
observed. An estimate of the strength of the tetragonal field is given. It is also found that the temperature 
dependence of the absorption coefficient in CoO is in accord with a second order electric dipole-phonon 


transition mechanism, 


INTRODUCTION 


HE oxides of the transition elements belong to a 

special class of materials in that the d-shell is 
being filled starting with the oxides of Ti and continuing 
to the oxides of Cu. In this series we find metals, insu- 
lators, paramagnetics, antiferromagnetics, and ferrites. 
Since the d-shell is incomplete, ordinary band theory 
would predict that the oxides would in general be 
metallic. Indeed TiO is a metal and VO; a metal in the 
paramagnetic state but a semiconductor in the anti- 
ferromagnetic phase. Generally, however, these oxides 
are good insulators. Thus there seem to be cases where 
band theory works and others in which a Heitler- 
London approach is more appropriate. These points 
have been considered by Mott,' Slater,? and Morin.’ 
Aside from the transport properties we of course have 
the antiferromagnetism itself to deal with. As yet there 
is no really good understanding of how the ordered 
ground state is achieved. 

A study of the optical properties of these materials 
can provide new and significant information for a better 
theoretical understanding. In this paper the optical 
transmission of single-crystal MnO and CoO in the 
paramagnetic and antiferromagnetic states is reported. 
Both of these oxides are ionic crystals with the NaCl 
structure. The interpretation is based on crystal field 
theory or ligand field theory as developed by Orgel and 
Tanabe and Sugano! which has so successfully described 
the optical properties of dilute paramagnetic salts. The 
philosophy behind this method is to represent the 
interactions between the paramagnetic ion and its sur- 
roundings by a spin-independent effective potential 
having the symmetry of the environment. One solves for 


the energy levels of the ion as perturbed by the crystal- 


* The work reported in this paper was performed by Lincoln 
Laboratory, a center for research operated by Massachusetts 
Institute of Technology with the joint support of the U. S. Army, 
Navy, and Air Force. 

1N. F. Mott, Proc. Phys. Soc. (London) A62, 416 (1949). 

2 J. C. Slater, Phys. Rev. 82, 538 (1951). 

3 F. J. Morin, Bell System Tech. J. 37, 1047 (1958). 

4L. E. Orgel, J. Chem. Phys. 23, 1004 (1955). 

5 Y, Tanabe and S. Sugano, J. Phys. Soc. (Japan) 9, 753 (1954). 


line field and the optical transitions are thought of as 
occurring between these perturbed states. Actually the 
crystal field must account for Coulomb interactions of 
the paramagnetic ion with the surrounding ions, as well 
as direct and indirect exchange interactions and covalent 
interactions with the neighbors. One of the questions 
that this work seeks to answer is to what extent can 
crystal field theory be applied to these magnetically 
concentrated salts and does it work equally well for the 
paramagnetic and antiferromagnetic states. The experi- 
mental results presented here lead to the conclusion that 
to within a few percent the crystal field approach does 
describe the optical properties in both magnetic phases. 
This result was not entirely unforseen due to the success 
of Kanamori® in his treatment based on this model of 
the susceptibility and anisotropy of CoO and FeO. 
Early optical work by Morin’ also pointed in this 
direction. 

In the next section the experimental details of the 
work are described. Then follows the interpretation of 
the results for CoO and MnO. Finally a few remarks are 
made about the interaction of the ions and the phonons. 


EXPERIMENTAL METHODS AND RESULTS 


These optical transmission experiments were carried 
out with single-crystal MnO and CoO.’ Both crystals 
have the NaCl structure and in each case the samples 
were (100) planes. Thin slices were cut with a diamond 
saw and their thickness further reduced by grinding and 
polishing. The materials being very brittle, it was not 
possible to obtain thin samples of large area. The single 
MnO sample available was approximately 8X 10-? mm 
thick whereas the CoO samples were usually of 3 10~? 
mm thickness. A 10-? mm thick CoO sample was 
prepared and used in an unsuccessful attempt to observe 
the top of what appears to be the fundamental absorp- 
tion edge near 4200 A. 

The samples were cemented with Canada balsam onto 
crystal quartz plates which made good thermal contact 


we Kanamori, Progr. Theoret. Phys. (Kyoto) 17, 177 (1957). 
7F. J. Morin, Phys. Rev. 93, 1195 (1954). 
8’ The CoO sample was kindly supplied by Professor Nagamiya. 
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Fic. 1. Optical absorption of single crystal CoO at 298°K and 
78°K. Ty=293°K. Note change of scale in ordinate at ~0.9 y. 


with the cooling liquid reservoir when in position in the 
optical cryostat. The light beam was focused onto the 
sample with a 2-in. focal length quartz lens mounted 
outside the transmission Dewar which was fitted with 
CaF, windows. Another identical lens was used to keep 
the transmitted beam cylindrical. 

As the absorption is smaller in the near infrared than 
in the visible, it was possible to use thicker and hence 
larger samples. Focusing of the beam and cementing of 
the sample, both serious sources of error in the infrared, 
were thus avoided. The measurements were made with 
standard recording spectrophotometers. A Cary 12M 
was used in the visible and a Beckman DK-2 in the near 
infrared. Both instruments can record directly the 
quantity logio(Z/Jo). In view of the small amount of 
transmitted energy, the slit opening could not be made 
smaller than 0.15 mm at 5000 A. The corresponding 
resolution is of the order of 20 A. The results obtained 
for MnO and CoO are shown in Figs. 1 and 2. The re- 
flection spectrum of CoO in the visible was compared to 
that of aluminum so that a correction for reflection loss 
could be made in the transmission data. However, the 
accuracy of the absorption constant a is not better than 
roughly 25% for several reasons, chief of which is the 
scattering of light in the samples. Of course the point of 
major interest here is only the positions and structure of 
the absorptions. 

Slices of CoO observed with a petrographic micro- 
scope were optically isotropic above the Néel point. 
When the sample was cooled below that point, 291°K, 
optical anisotropy was revealed. This was observed 
under crossed polarizers as a transmission pattern with 
areas of maximum intensity preferentially orientated 
along the 110 directions of the crystals. The pattern was 
unaffected when an external magnetic field of a few 
kilogauss was applied. 


INTERPRETATION 


The observed absorptions in both MnO and CoO can 
be satisfactorily explained as being due to transitions 
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from the ground state of the paramagnetic ion in a cubic 
crystalline field to higher lying Stark levels. The analysis 
of the results is based on the work of Tanabe and 
Sugano® where the strong-field approximation is in- 
voked. The cubic crystal field potential V. does not 
commute with the L? operator of the free ion. If V. 
represents a strong perturbation, the perturbed states 
can not even approximately be labeled in the LS 
representation used for the free ion. However, the per- 
turbed states can all be labeled according to the irre- 
ducible representation of the cubic group for which they 
form a basis. Thus Tanabe and Sugano use the ST 
representation where I’ refers to an irreducible repre- 
sentation of Oj. 

Given a free-ion configuration d", it is first necessary 
to find all of the possible ST states in the cubic field. 
This is done by Tanabe and Sugano as follows. The 
fivefold degenerate d-orbital is split by V. into a lower 
lying threefold degenerate set dy having Ff: symmetry’ 
and a doubly degenerate pair de of symmetry as 
shown in Fig. 3. As is seen from Fig. 3, the strength of 
the cubic field is measured by the parameter Dg. 
Starting from d" in the free ion, one could now construct 
the states ST by combining states of de™dy? with m+ p 
=n in much the same way that one constructs states of 
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Fic. 2. Optical absorption of single crystal MnO at 78°K. 
Ty=120°K. 


* The representations of the cubic group are denoted here by 
A, Ao, E, Fi, F2. In Bethe’s notation they are [';, M2, 13, M4, and 
I's, respectively. 





OPTICAL 


definite angular momentum. There will be matrix com- 
ponents of the Hamiltonian which is H free ion t+ Ve be- 
tween states of the same S and I’. The secular equations 
arising from such matrix components are given by 
Tanabe and Sugano for all of the d" configurations of the 
transition metal ions. These results will now be applied 
to the MnO and CoO cases. In a later section spin- 
orbit coupling, exchange effects, and the effect of crystal 
distortion will be taken up. 


Cott IN A CUBIC FIELD 


The level scheme for a Cot* ion is shown in Fig. 4. All 
of the energy levels of the free ion which arise from a 
fixed number of d electrons can be described by just two 
constants B and C known as the Racah parameters! 
which are related to the Slater integrals for atomic 
spectra by 

B=F.—5F,, 
and 
C=35F,. 


The way in which they enter here is shown in Fig. 4. The 
ground state of the free Co+* is 4F which splits in a cubic 
field into a lowest lying ‘7; threefold spatially degener- 
ate level, next a ‘4/’2 threefold level, and above this there 
is the spatially nondegenerate 4A 2 level. The next state 
above the ‘/ ground level of the free ion is the 4P state 
which becomes a ‘/’; state in the cubic field and mixes 
with the 47; state derived from 4F. 

Only two constants Dg and B are required to fit all the 
quartet (S=#) state energies. These parameters were 
determined in the paramagnetic state at 298°K (the 
Néel temperature of CoO is 293°K) using the 4Fi—‘*F,2 
and 4#,—‘F, transitions. According to Tanabe and 
Sugano the energy of the ‘F level is 2Dqg—15B and the 
energies of the two ‘F, states are the roots of the 2X2 
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Fic. 3. Splitting of the d-orbitals by a cubic crystal field. 


10 G. Racah, Phys. Rev. 62, 438 (1942). 
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with d’ configuration in 
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secular equation given below: 


2Dq—3B—E 6B 
| 6B —8Dq—12B—E 


|=0. 


The separation of the roots of this secular equation was 
taken to correspond to the main absorption of CoO at 
room temperature which occurred at 18 450 cm~. The 
absorption at 7810 cm™ at room temperature should be 
the ground ‘7; to ‘F; transition. With this identification 
the value of Dg was found to be 888 cm™ and B was 
780 cm~. These results place the ground ‘F; to ‘A, 
transition at 16 680 cm™. In Fig. 1 it will be noted that 
at 16130 cm there is an indication of a very weak 
absorption. The relative weakness of this transition can 
be understood as follows. The principal configurations in 
terms of the de and dy orbitals for all of the ST levels of 
interest are given in Fig. 4. The 4A» state comes from the 
configuration deé’dy‘ whereas the ground ‘F; state is 
principally de'dy* with a small admixture of the de‘dy* 
configuration coming from the ‘P level of the free ion. 
Since a transition involving the change of two d-orbitals 
can be expected to be rather weak, the ground to 44, 
absorption can be attributed primarily to the component 
of the upper ‘F; level in the ground state. From the 
secular equation we find for the ground-state wave 
function 


‘F (ground) =0.97 4F (4) +0.25 4F(4P). 


Hence the *F; — ‘A: transition should be roughly 0.06 
as strong as the other two quartet absorptions. 

Before turning to the results at 78°K for CoO we 
consider the role played by the doublet (.S=}) states 
which are shown in Fig. 4. These states in order of in- 
creasing energy separation from the ground state are 
°F, °F 1, ?Fe, 2F1, and 7A,. Their energies are obtained by 
solving the appropriate secular equations given by 
Tanabe and Sugano. If the crystal field theory were to 
hold accurately, it would be possible to describe the 
positions of all these states by the parameters Dg, B, and 
C. Since a transition from the ground state to a doublet 
involves a change in multiplicity, it must proceed via a 
spin-dependent coupling. Therefore, we can expect that 
these transitions will be somewhat weaker than those to 
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Taste I. The first row labeled level denotes the states corresponding to the d’ configuration for Co** in a cubic field. The second and 
third rows give the observed and calculated positions of these levels in cm. The fourth row shows the results of Pappalardo for 
CoBrz-6H,0. The fifth row gives Low’s results for Co++ in MgO. In the lower part of the table the values of the parameters Dg, B, 
and C are given in cm™ for Co** in various environments. 











‘Fs °F 2Fy °F e 4As ‘Fy °F 2A1 


16340 16560 17240 18250-18780 20080-20600 21010 
15540 16570 17755 18 520 21 450 22 610 





7250-8333 13000 
8333 9775 


CoO, 78°K {tps 


16 200 16 490 18 120-18 600 19 745-20 980 21 750-24 375 


CoBr,-6H2O, 20°K 
17 200 


18 700 19 600 20 500 24 600 





Co in MgO 


CoBr2-6H,0 Cryst. 
Co in MgO 


the quartet levels. This makes the experimental de- 
termination of the doublet levels difficult because they 
appear only as shoulders on more intensive absorptions. 
At 298°K the doublet transitions were so faint and 
poorly resolved that no attempt was made to determine 
a value of C. 

The absorption of CoO at 78°K, which is now in the 
antiferromagnetic state, is given in Fig. 1. There has 
been a considerable sharpening of the absorptions and a 
drop in the optical density at all wavelengths. The entire 
spectrum has shifted towards shorter wavelengths. In 
addition it is seen that the main transition 47,;—‘F, has 
become a double peak indicating a splitting of the upper 
‘F, level. CoO is known to undergo a tetragonal dis- 
tortion on becoming antiferromagnetic."” The addition 
to the dominant cubic potential of a crystal field term 
with tetragonal symmetry will cause a splitting of both 
the ‘F; levels and of the *F2 level into two levels each. 
We believe that the appearance of the double peak in 
the 4F\—‘F, transition and the additional structure in 
the ‘F,—‘F, transition found at 78°K is due to this 
tetragonal distortion. This is discussed in more detail 
later in this section. 

The position of the transition from the ground ‘47 
level to the ‘F2 state has shifted from 7813 cm™ to 8333 
cm at 78°K and the center of the absorption associated 
with the upper ‘F; state has moved from 18 450 cm™ to 
18 520 cm™. The values of Dg and B which fit these new 
positions are Dg=942 cm™ and B=751 cm“. Using 
these values the ‘A> level is calculated to lie at 17 757 
cm above the ground state. 

At 78°K a number of shoulders appear in the absorp- 
tion curve, some well defined while others are very vague 
although reproducible. We have determined the value 
of the parameter C which seems to correspond most 
closely to the positions of this additional structure. The 
value found was C=5B in contrast to an estimate by 
Tanabe and Sugano of C=4.6B. In Table I the crystal 
field levels are listed and the observed and predicted 
absorptions neglecting both spin orbit coupling and the 


11H. Rooksby and N. Tombs, Nature 167, 364 (1950). 
2S. Greenwald, Acta Cryst. 6, 396 (1953). 


C 
4.6B 





5B approx. 
4.6B assumed 
; 4.6B assumed 
833 ee 


tetragonal distortion of CoO below the Néel point. 
Leaving aside the upper two doublet states, the agree- 
ment is to within 5%. 

Also listed in Table I are the results of Pappalardo™ 
for CoBr2-6H,0 at 20°K and in solution at room tem- 
perature. The results obtained by Low" for Cot+* in 
MgO are also given as well as a comparison of Dg, B, and 
C for all of these cases including the free Co** ion. The 
similarity in the optical absorption of Co**+ in these 
various environments is evident. Pappalardo found a 
series of 8 absorptions lying between 19 745 cm™ and 
20 980 cm which he assumes are to be identified with 
the upper °F level, and another series of 9 lines from 
21 750 cm™ to 24 375 cm™ which he associates with the 
*4, and still higher ?F; and °F levels. In this work a very 
well-defined absorption was found at 20 080 cm~ which 
is undoubtedly due to the *F; state. The two very weak 
absorptions at 20060 and 21010 cm™ cannot be as- 
signed with any certainty, which makes the agreement 
between theory and experiment at worst within 10% 
and at best within 5%. 

The energy of the doublet states in the antiferromag- 
netic phase cannot be given accurately by crystal field 
theory which assumes that the environment of the ion is 
represented only by an electrostatic potential inde- 
pendent of the spin of the ion. This is true because the 
exchange or superexchange interactions of the Cott 
with its surroundings, which is responsible for the 
antiferromagnetism, are certainly different for a Cot++ 
with spin 3 and a Cot* with spin }. Phenomenologically 
one should perhaps determine Dg, B, and C separately 
for the doublets. 

Finally we take up the splitting observed in the 
‘F, 4F, and ‘F, 4F, transitions. The ground state of Cot* 
in the cubic crystalline field being 47; has a threefold 
orbital degeneracy. According to the Jahn Teller 
theorem this is an unstable situation and the crystal will 
spontaneously distort producing a splitting of the 
orbitally degenerate ground state and a crystal field 
level of lower energy. The deformation is halted because 


3 R. Pappalardo (to be published. 


“ W. Low, Phys. Rev. 109, 256 (1958). 
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of the opposing increase in the elastic energy. Kanamori!® 
has examined a variety of contributions to the mag- 
netoelastic energy in CoO and concludes that the 
mechanism cited above plays the dominant role in the 
deformation. 

In order to have a rough idea of the size of the 
tetragonal crystalline field produced by the deformation, 
spin-orbit coupling was neglected, and following 
Abragam and Pryce'® the tetragonal field was expressed 
by 
H’ (22?—a?— y*) +I! (224—a4— y'+-122°y?— 6y?2?— 6272”). 


Values of H=eH'(r’) and [=el'(r') of 410 cm™ and 428 
cm", respectively were determined from the observed 
spectrum. Using these results, the splittings of the 
orbitally degenerate quartet states were calculated. The 
results are compared with the observed splittings in 
Table II. 

The spin-orbit coupling parameter \ is — 180 cm“ in 
the free Cot* ion. Even allowing for a considerable 
reduction in A for CoO, the effect of the tetragonal 
distortion will be of magnitude comparable to AL-S. 
Therefore, the values of H and J calculated here neg- 
lecting AL-S represent only an upper limit to the 
strength of the tetragonal field. 


Mn*' IN A CUBIC FIELD 


The energy level scheme for Mn** with contiguration 
d® in a cubic crystal field and showing only the excited 
quartet states is given in Fig. 5. The energies of the ‘F; 
and 47, states, to which transitions are indicated in 
Fig. 5, are derived from the solutions of 3X3 secular 


~10Dq—25B+6C—) 
—3Vv2B 
C 


BAY (a! ghee PO) 


—10Dq—17B+6C—d 


‘F,(4F SG AD) (\/6)B 


4B+C 


4E (4D,‘G) 


The solutions of the cubic equations as a function of 
Dq, B, and C were kindly made available by Koster who 
with Heidt and Johnson have studied the optical ab- 


TABLE II. Splittings of the orbitally degenerate quartet states 
in CoO in cm™. 


State ground) 4F; ‘Fy ‘Fy 


1080 
860 


530 
490 


Splitting (obs.) + 
Splitting (calc.) 230 


15 J. Kanamori, Progr. Theoret. Phys. (Kyoto) 17, 197 (1957). 
16 A. Abragam and M. H. L. Pryce, Proc. Roy. Soc. (London) 
A206, 173 (1951). 
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Fic. 5. Energy level scheme for the Mntt+ ion with d5 con- 
figuration in a cubic crystal field. Observed transitions shown by 
arrows. 


equations due to the interaction between states of 4F; or 
F's symmetry which arise from the 4G, 4P, or 4D, and 47 
states of the free ion. The 4 energies are found from a 
2X2 secular equation coming from the 4G and 4D free 
ion levels. The lowest eigenvalue of this 2X 2 equation is 
—25B+5C which turns out to be degenerate with the 
energy of the 4.1; state. All of the secular equations are 
given by Tanabe and Sugano and are reproduced here in 
Eqs. (1), (2), and (3). 


—3v2B G 
—3v2B 
—3v2B 10Dg—25B+6C— 
4B+C 
—( ‘6)B 
10Dg—17B+6C—) 


(\/6)B 


— (\/6)B 


—2v3B 
—21B+5C—) 


—22B+5C— x 
—2v3B 


=(), 


sorption of solutions of manganous perchlorate.'” Since 
there were no experimentally significant changes in the 
absorption of MnO between room temperature and 
78°K, (T'y=120°K), only one determination of Dg, B, 
and C was necessary. Due to the unavoidably thick 
single-crystal sample, 80 microns, only three absorptions 
were observable. Thus our only tests of the validity of 
crystal field theory are to compare the values found here 
for the parameters with those found in a case such as in 
reference 17 where the theory works well and secondly, 
to see whether the general features of the MnO spectrum 
are in accord with theoretical predictions. 


17 Heidt, Koster, and Johnson, J. Am. Chem. Soc. 80, 6471 


(1958). 
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TABLE III. Values of Dg, B, and C for Mn** for the 
indicated circumstances. 


C (em™") 


3210 
3710 
3790 


Dq (cm™) B (em™) 


786 
671 
786 


979 
848 


Single-crystal MnO 
Mn(Cl0,4)2 Aq. 
Mn** free 


Before turning to these comparisons it is to be noted 
that all transitions to the excited states of the d° 
configuration involve a change in multiplicity. This re- 
quires spin-dependent interactions which will break 
down the selection rule AS=0. Spin-orbit and spin-spin 
coupling fulfill this need and one can find a detailed 
discussion of their role in the ground state of Mn++ by 
Watanabe.'* 

The values of the parameters Dg, B, and C which fit 
the three transitions indicated in Fig. 5 are listed in 
Table III and compared there with the results of Heidt, 
Koster, and Johnson and with the B and C values for the 
free Mnt** ion. 

It will be noted that in Fig. 5 the energy separation of 
the ground °A, state and the degenerate 44, and 4# 
states is independent of the strength of the cubic field 
Dq. Furthermore, the *A,;—‘A,, ‘£ transition may be 
seen from Fig. 2 to be unusually sharp. A very plausible 
explanation of this is that fluctuations in the strength of 
the cubic field due to lattice vibrations will not lead to 
line broadening in such a transition but will contribute 
to the line width when the initial and final states have a 
different energy dependence on Dg. The fact that the 
values of Dg, B, and C seem to be reasonable in compari- 
son with other cases and that an expected sharp 
transition occurs in the position indicated by the theory, 
i.e., after the ®4,—‘/F and ®1,—‘F> transitions, bears 
out the validity of crystal field theory for MnO. 


THE ION--PHONON INTERACTION 


In this section we briefly consider the coupling be- 
tween the ions and the lattice and the mechanism 
underlying the optical transitions. In both MnO and 
CoO the paramagnetic ions lie at a center of inversion in 
both the paramagnetic and antiferromagnetic states. 
Also the initial and final crystal field levels in all ob- 
served transitions have even parity. Therefore, direct 
electric dipole transitions are forbidden. Tanabe and 
Sugano compare three possible mechanisms for the 
transitions; magnetic dipole, electric quadrupole, and a 
process first suggested by Van Vleck'*” in which lattice 

18H, Watanabe, Progr. Theoret. Phys. (Kyoto) 18, 405 (1957). 


19 J. H. Van Vleck, J. Phys. Chem. 41, 64 (1937). 
%” J. H. Van Vleck, J. Chem. Phys. 7, 72 (1939). 
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vibrations move the paramagnetic ion from the center 
of inversion symmetry thus admixing states of both 
parities into the crystal field levels. This process is 
shown diagrammatically in Fig. 6. Tanabe and Sugano 
estimate that the electric dipole-phonon process is 
roughly two orders of magnitude more likely than 
the other two mentioned. According to Liehr and 
Ballhausen’s discussion™ of the electric dipole-phonon 
transitions, the absorption coefficient at the absorption 
peak should vary approximately as coth(hv;,/2kT), 
where kv, is the energy of the longitudinal optical 
phonon. This is found to give a good fit to the observed 
temperature dependence of the absorption coefficient 


PHOTON Fic. 6. Van Vleck mechanism 


for electric dipole transitions for 
crystal fields with inversion sym- 
metry. 


(i) 


PHONON 
even ke0 


for the 4/,—‘4/; transition in CoO with fv,=0.1 ev. This 
may be interpreted as a confirmation that the Van Vleck 
mechanism is responsible for the optical transitions in 
CoO. The temperature dependence of the absorption 
coefficient of MnO is not yet complete. 

The excitation of the paramagnetic ions corresponds 
to the Frenkel exciton where the electron and hole are 
tightly bound to each other. Since the excitation can 
move through the lattice, the excited electronic states 
should be described in terms of excitation waves with 
corresponding exciton bands. The coupling to the 
phonons which plays a dominant role in making the 
optical transitions possible will also have the effect of 
allowing transitions from the initial state, which may be 
assumed to have k=0, to any k& value of the exciton 
band. Therefore, the width of the absorption will be at 
least as wide as the exciton band width. On top of these 
considerations we must also consider the spin wave 
spectrum in the antiferromagnetic state. A detailed 
treatment of this interplay of phonons, excitation waves, 
spin waves, and photons will appear in a future pub- 
lication. 


*t A. D. Liehr and C. J. Ballhausen, Phys. Rev. 106, 1161 (1957). 
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New Method for Calculating Wave Functions in Crystals and Molecules* 
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For metals and semiconductors the calculation of crystal wave functions is simplest in a plane wave 
representation. However, in order to obtain rapid convergence it is necessary that the valence electron wave 
functions be made orthogonal to the core wave functions. Herring satisfied this requirement by choosing as 
basis functions ‘‘orthogonalized plane waves.” It is here shown that advantage can be taken of crystal 
symmetry to construct wave functions gq which are best described as the smooth part of symmetrized Bloch 
functions. The wave equation satisfied by ¢q contains an additional term of simple character which corre- 
sponds to the usual complicated orthogonalization terms and has a simple physical interpretation as an 
effective repulsive potential. Qualitative estimates of this potential in analytic form are presented. Several 
examples are worked out which display the cancellation between attractive and repulsive potentials in the 


core region which is responsible for rapid convergence of orthogonalized plane wave calculations for s states; 
the slower convergence of p states is also explained. The formalism developed here can also be regarded as a 
rigorous formulation of the “empirical potential” approach within the one-electron framework ; the present 
results are compared with previous approaches. The method can be applied equally well to the calculation of 
wave functions in molecules. 


1, INTRODUCTION the potential be approximately constant outside the 
atomic region has been well satisfied. 

Calculations using the OPW method have used group 
theory® to reduce the secular equation at symmetry 
points of the Brillouin Zone. The resulting basis func- 
tions are combinations of plane waves transforming ac- 
cording to irreducible representations of the group of 
the wave vector. The most important simplifications 
introduced by our method are a consequence of our 
choosing as basis functions terms resembling such sym- 
metrized combinations of plane waves instead of single 
plane waves; these are /hen orthogonalized to the core 
wave functions. It will be seen that this sequence enables 
us to take maximum advantage of atomic symmetry. 
For this reason in Sec. 2 we restrict our discussion to s 
and p bands of cubic crystals at k=0. From the fact 
that core wave functions and energy levels are nearly 
independent of the position of k in the reduced Brillouin 
Zone it is evident that these restrictions can easily be 
removed; the procedure for doing this is discussed in 
Sec. 4. 

The derivation presented in Sec. 2 introduces basis 
functions ¢q which are best described as the smooth 
part of symmetrized combinations of Bloch functions. 
The wave equation satisfied by ¢. contains an addi- 
tional term which corresponds to the orthogonalization 
terms in the OPW formalism. This term has the form of 
a repulsive potential and depends on the core wave 
functions and the valence wave function in the core 
region. In principle the core wave functions are best 
computed from Hartree-Fock wave functions for free 
atoms but in practice the valence functions, which vary 
slowly in the core region, are quite insensitive to the 
detailed nature of the core potential, so that the core 
functions can be replaced by analytic functions. This 


N 1940 Herring!’ proposed the method of orthogo- 
nalized plane waves which has since proved to be the 
most flexible and powerful means for calculating the 
electronic wave functions of metals? and semicon- 
ductors.’ He observed that if the crystal wave functions 
are expanded in plane waves the boundary conditions at 
the surface of the unit cell are automatically satisfied so 
that if enough plane waves are used very good crystal 
wave functions can be obtained. In order to include the 
radial nodes of the valence wave functions in the core 
region, however, so many plane waves are required as 
to make the method impracticable. For this reason 
Herring suggested orthogonalizing each plane wave to 
all core wave functions, which has the effect of aug- 
menting each plane wave by adding to it a suitable 
linear combination of core orbitals. The resulting wave 
function includes radial nodes and Herring showed that 
rapid convergence would result. 

The principal disadvantage of Herring’s procedure 
was that in orthogonalizing a single plane wave to the 
core functions the spherical symmetry of the core was 
lost. As a consequence the orthogonalization terms that 
appear in the secular equation have a complicated form 
which makes their physical interpretation difficult and 
calculations involving them laborious. Slater* has pre- 
ferred to take advantage of the atomic spherical sym- 
metry by using augmented plane waves. His procedure 
in practice has proved to be at least as laborious as the 
OPW method even when the necessary condition that 

* This research was supported in part by the National Science 
Foundation. 


7 National Science Foundation Postdoctoral Fellow. 
t National Science Foundation Predoctoral Fellow. 


1C. Herring, Phys. Rev. 57, 1169 (1940). 

2 V. Heine, Proc. Roy. Soc. (London) A240, 340 (1957). 

3 F, Herman, Phys. Rev. 88, 1210 (1952) ; 93, 1214 (1954). 
4J. C. Slater, Phys. Rev. 92, 603 (1953). 


circumstance can be used as the basis of a qualitative 
investigation of the nature of the effective potential 
(attractive plus repulsive). The method we have used 
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for doing this and the results that were obtained are 
presented in Sec. 3 as a guide to the qualitative nature of 
the effective potential. We also discuss in Sec. 3 the 
possibility of modifying the repulsive potential slightly 
in such a way as to reproduce the free-atom term values ; 
this might be especially useful for heavy atoms. In this 
respect the results represent a generalization of the 
quantum-defect method of Kuhn and Van Vleck® and 
Brooks and Ham,* which has yielded very good results 
for alkali metals. 

The form of the repulsive potential developed in Sec. 2 
is actually quite general and should be useful in calcu- 
lating wave functions in crystals other than metals or 
semiconductors and in molecules as well. In Sec. 5 we 
discuss briefly one of the many possible other applica- 
tions of the formalism, namely the calculation of wave 
functions of color centers in alkali halides. 


2. THEORY AT k=0 


We shall assume to simplify the derivation that all 
electrons move in the same potential. If necessary the 
derivation could easily be extended to include /-de- 
pendent terms, which might arise if an ‘‘averaged”’ ex- 
change potential were used for different values of / in the 
core region. Further we consider at first only valence 
and conduction band wave functions having s or p 
atomic character in cubic crystals at k=0. These latter 
restrictions will be removed in Sec. 4. We begin by 
imagining that we know the exact crystal wave function 
Wa which transforms according to an irreducible repre- 
sentation of the cubic point group I’. which has s or p 
atomic symmetry.’ Since ¥_ must be orthogonal to the 
core states of similar symmetry, we have 


Va= Pat dn Gn*Ga", (2.1) 


On*= — (Ga, Pa"). (2.2) 
If we had chosen ¢ to be a single plane wave Herring’s! 
results would follow. Our results already show a trivial, 
but important, simplification, which is that valence 
wave functions of, say, s character need be orthogo- 
nalized only to s core functions.* We now seek the wave 
equation satisfied by ga, the “smooth” part of Ya. We 
have 

Hya= Eva, (2.3) 
and substituting (2.1) in (2.3) we find 


H gatdon Gn*(E"—E) Ga"=E ga, (2.4) 
where Ho,"=E"¢,". We now introduce 


Vi%= Qin On"(E"—E) Ga"/ Ga, (2.5) 


5 T. S. Kuhn and J. H. Van Vieck, Phys. Rev. 79, 382 (1950). 

* H. Brooks and F. S. Ham, Phys. Rev. 112, 344 (1958). 

7H. Bethe, Ann. Physik 3, 133 (1929). 

® Here and elsewhere we shall neglect overlap of core orbitals on 
different atoms. If necessary the g." may be chosen orthogonal to 
core orbitals on other atoms. 
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and Eq. (2.4) assumes the desired form: 
(H+V,*) ¢a=Ega- 


So far our discussion has applied equally well to 
molecules or crystals, as our only assumption has been 
that the atomic character of y. is known. We now 
specialize to the case of crystals, and in particular 
metals or semiconductors. Then we can solve Eq. (2.6) 
by expanding ¢, in symmetrized combinations of plane 
waves. 


(2.6) 


~a=Ln ba" |Kn)ey (2.7) 
where | k»)a denotes a sum of plane waves having equiva- 
lent reciprocal lattice wave vectors and transforming 
according to the irreducible representation a. Since ¢a 
represents the “smooth” part of Ya we may expect to 
obtain a convergence about as rapid as that of the 
orthogonalized plane wave method. Furthermore, from 
the form of (2.6) it is clear that substitution of Eq. (2.7) 
leads to a secular equation of the same form as those 
obtained in OPW calculations after the secular de- 
terminant has been factored (reduced by group theory), 
but with the important difference that the unwieldy 
orthogonalization terms have disappeared completely. 

The great utility of the arrangement of terms given in 
Eqs. (2.5) and (2.6) can be seen from a closer investiga- 
tion of Eq. (2.5) which we write more explicitly by 
introducing a@,* from (2.2). Then 

V =) n(E—E")(a,¢a") Pa"/ Pas (2.8) 

and it can be seen that this term has an especially simple 
form because of the atomic character of ¢2"(r). In the 
region where ¢a"(r) is appreciable ¢, may be written as 
the product of a single spherical harmonic and a radial 
function of r. The orthogonality relations for spherical 
harmonics then cause the complete cancellation of all 
angle-dependent terms from (2.8) so that the orthogo- 
nality terms have a much simpler form here than in the 
OPW formalism. In addition if ¢. varies sufficiently 
slowly in the core region compared to ¢a" (which will 
generally be the case) that it can be approximated by a 
constant in this region, then from Eq. (2.8) we see that 
V “is independent of ¢q. In general it will be found that 
the repulsive potential is quite insensitive to gq.9 

We can now be more explicit in our definition of the 
repulsive potential. At the outset we assumed ¢q was 
known. From Eq. (2.8) it is clear that it is sufficient to 
know ¢z, in the region where ¢," is large, i.e., in the core 
region. In metals and semiconductors for valence and 
conduction band wave functions usually only b; and b, 
will be large in (2.7). Then in (2.8) the radial part of ¢. 
may be assumed to vary as 7;(kir). Corrections to this 


® The form of the repulsive potential displayed in Eq. (2.7) is 
very similar to that of the exchange potential which, when written 
in this form, is known" to be less sensitive to g than the exchange 
terms themselves. The situation here is even more favorable since 
¢ may be chosen to have no nodes. 

0 J. C. Slater, Phys. Rev. 81, 385 (1951). 
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approximation are of order (b2/b;)?(ks’—«,*)a®, where a 
is a typical core dimension; this is ordinarily quite small. 
For rough calculations j;(x:r) may be replaced by r'; the 
resulting correction is then of order x,?a’. 

The repulsive potential given in Eq. (2.8) is also 
energy-dependent. In practice one can often guess EF for 
a given state to better than 0.1 ry, and in this case 
choosing this value for Z in (2.8) will leave E only on the 
diagonal of the secular equation obtained by substi- 
tuting (2.7) in (2.6). In practice (E"—£) is of the order 
of 10 ry, so that the error resulting from this approxima- 
tion is also quite small. 

It is easy to show that Eq. (2.6) is exactly equivalent 
to the OPW equations if the exact form of ¢q is used 
in V;: 


E= (¢asR Ga) td n(E—Ea")(an%)?, (2.9) 


(Pa, Pa) =1. (2.10) 


Now substitute the expression for ¢q given by Eq. (2.7). 
The resulting bilinear form in the 8,,’s is exactly the 
same as the one that is obtained in the OPW formalism 
after the forms have been factored into different irre- 
ducible representations. By approximating ¢, and £ in 
V, as described above we obtain a considerable simpli- 
fication of the wave equation with an error that is small. 

It is interesting to note at this point that if a varia- 
tional function is used for the radial part of ¢, then 
Eq. (2.9) represents a convenient starting point for 
calculation of free-atom wave functions and term values. 

Finally from Eq. (2.8) it is clear that the repulsive 
potential is /-dependent. Some care must therefore be 
exercised in extending the results of this section to k¥0 
and in the calculation of effective masses. We postpone 
a discussion of this matter to Sec. 4, and now turn our 
attention to the problem of obtaining qualitative esti- 
mates of the repulsive potential V,. 


3. ANALYTIC AND EMPIRICAL 
APPROXIMATIONS TO V, 


The relative magnitude of the various terms in the 
repulsive potential as well as the convergence properties 
of the method can be investigated by introducing 
analytic expressions for the wave functions in the core 
region. The earliest such analytic expressions were de- 
veloped by Slater."'? More accurate expressions for 
some atoms have since been developed by Léwdin.'*- 
For the present we are interested only in obtaining 
qualitative estimates of the repulsive and attractive 
potentials. Thus we shall use Slater’s simplified analytic 
expressions with the radial part of ga given by 


(3.1) 


where # and A are variational parameters. However it is 


La™ re a 


1 J. C. Slater, Phys. Rev. 36, 57 (1930). 

12 J. C. Slater, Phys. Rev. 42, 33 (1932). 

13P, O. Léwdin, Phys. Rev. 90, 120 (1953). 

4 P, O. Léwdin, Phys. Rev. 94, 1600 (1954). 

15 P.O. Léwdin and K. Appel, Phys. Rev. 103, 1746 (1956). 
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important for our purposes that each ¥. be an eigen- 
function of our potential. Thus we shall assume a 
potential of the form (in atomic units) 


2Z 2(A—Z) 
V(r) = —-—— 


r r 


g—r 
€ ’ 


(3.2) 


where A is the atomic number of the atom in question 
and Z and X are varied to give the correct core and 
valence levels as determined from Hartree calculations 
or x-ray and spectroscopic term values. We have carried 
out calculations for Si with two choices of Z and X to 
study the qualitative behavior of the repulsive potential 
when the attractive potential is changed. 

It may be felt that the Slater form of ¢q is not suffi- 
ciently general to yield accurate wave functions and 
hence accurate repulsive potentials. To check this point 
we have calculated wave functions and energy levels in 
hydrogen using the Slater form (3.1). For the 1s and 2p 
wave functions this is of course exact, but it should be 
noted that for higher states this is one of the worst cases 
that could have been chosen. [The reason is that 
hydrogenic wave functions for higher states of principal 
quantum number » have the form exp(—r/n)g(r) where 
g is a polynomial in r. Our wave function has the form 
>» bur" exp(—r/n) so that the inner oscillations have 
the wrong wavelength. In a screened Coulomb potential 
such as (3.2) the inner oscillations will have more nearly 
the correct wavelength. | In spite of this we find that Ee, 
is correct to within 0.01% (correct repulsive potential) 
and £;, to within 1% (incorrect repulsive potential). 
The details of the calculation, including a comparison of 
¥3. in the Slater form with the hydrogen wave function, 
are given in the Appendix. 


Note added in proof.—Further calculations show that 
although the Slater-Léwdin expressions yield good re- 
sults for atoms, they have only qualitative significance 
for band splittings. The reason is that analytic expres- 
sions fit the tails of the core orbitals poorly, while these 
tails make an important contribution to the low Fourier 
coefficients of the effective potential. A more detailed 
discussion is given in reference 23(a). 


Our first calculation used A = 14, Z=2.9, and A=3.2 
in Eq. (3.2). The resulting eigenvalues are listed in 


TABLE J. Core and valence eigenvalues for Si in Rydbergs. The 
values listed under Cases I and II were derived as described in the 
text, while the core values derived by Woodruff'® are listed in the 
third column. Experimental valence values, as defined in the text, 
are also listed in the third column. 


Woodruff 
134.6 
11.12 
2.14 
8.18 
1.65 


Level Case I Case II 


- 135.6 
— 11.64 
— 2.34 
—7.99 
—1.78 


119.2 
10.93 
2.43 
7.69 
1.90 
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TABLE II. Values of the parameters appearing in Eq. (3.4) for the 
potentials described in Sec. 3. 


Case I 
2s 
1 
29.0 
1.0 


Table I under case I. Core eigenvalues due to Woodruff'® 
are also listed for comparison. 

It is also possible to calculate valence eigenvalues in 
this potential. For monovalent atoms this yields an 
especially straightforward test of the correctness of the 
potential for valence electrons, since these eigenvalues 
can be compared directly with spectroscopic term values. 
If a potential can be found which reproduces the latter 
values sufficiently well, this approach would represent a 
generalization of the quantum-defect method of Kuhn 
and Van Vleck® and Brooks and Ham.* 

For polyvalent atoms a direct comparison with spec- 
troscopic term values is not so easily obtained, since each 
valence electron partially shields the other valence 
electrons from the core. A rough measure of the degree 
of this shielding can be obtained as follows. Each valence 
electron is treated on an equal footing. Then ne,4+-me, 
is set equal to the energy required to remove all the 
valence electrons from the atom. Here » and m are the 
numbers of s and p valence electrons and ¢, and e, the 
lowest s and p term values in the effective potential. The 
required second equation for ¢«, and ¢, is obtained 
setting €,—€, equal to the average s-p term difference of 
the successively ionized atom. The values of e, and e, 
derived in this way from the spectroscopic values are 
also listed in Table I. It can be seen that our potential 
does indeed have about the right shielding. 

The complete core wave functions can be written 


Wnt V im(8,¢) Puilr), ’, (3.3) 
Pr(r)=0;5 Cyrmie bir, (3.4) 


The constants occurring in Eqs. (3.3) and (3.4) are 
listed in Table II. The corresponding constants for 


16 T. O. Woodruff, Phys. Rev. 103, 1159 (1956). 
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valence wave functions in the free atom are also listed. 
The repulsive potentials listed under cases I and II in 
Table III used the free-atom valence wave functions 
listed in Table II. Thus with these constants our atomic 
effective potential for valence electrons in the crystal is 
completely determined. We choose to display its Fourier 


transform, 
2 
yr=— J V (r)e***d5r, 
Qo 


where the integral is extended over all space, and V 
denotes either V. or V,. Here 2o= a*/4 is the volume of 
the unit cell in a silicon crystal, the factor of 2 represents 
the number of atoms per cell, and a is the lattice con- 
stant. If V* is multiplied by the form factor cos(k- +) 
with «=4a(1,1,1), then we have essentially the poten- 
tial which determines the energy bands of silicon. (The 
potential for the crystal is then taken as a superposition 
of the spherically symmetric atomic potentials with a 
neutralizing uniform negative charge 2Z per atom.) 


(3.5) 


TaBLeE III. Fourier transforms of electrostatic and repulsive 
potentials. Here k is measured in units of 27a and V* in 
Rydbergs. The repulsive potentials listed under cases I and II 
were calculated assuming that the radial parts of ¢; were described 
by the functions listed in Table II. The repulsive potentials in the 
last two columns were obtained from Woodruff’s wave functions 
assuming gi~r'!. 


Case I Case II Woodruff* 
Ve Ve Vy Ve Ve ‘i Ve Ve Vy 


—0.662 
—0.336 
—0.275 
—0.217 
—0.083 


0.560 
0.424 
0.363 
0.289 
0.077 


—0.718 
—0.372 


0.240 —0.686 0.542 0.407 
0.183 —0.340 0.438 
0.159 —0.275 0.392 
0.129 —0.215 0.333 
0.036 —0.079 0.144 
0.288 0.580 


0.271 
0.199 
0.170 
0.134 
0.035 
0.319 


0.463 
0.375 
0.334 
0.281 
0.113 
0.528 


* See reference 16. 


The values of V.* and V,* for values of k correspond- 
ing to some of the reciprocal lattice vectors for the 
silicon crystal are listed in Table III. For s states we 
have taken E= —1.1 ry and for p states E= —1.5 ry. 
The resulting potentials are also shown in Fig. 1 for s 
states and in Fig. 2 for p states. 

From these results several interesting conclusions can 
be drawn. First we notice that for large k (which corre- 
sponds to the core region) the repulsive s potential very 
nearly cancels the attractive potential. Thus high 
Fourier coefficients of the effective potential in s states 
are quite small; in particular only V11; is large. In the 
expansion (2.7) usually only },' and perhaps 0,’ will be 
large; a convergent eigenvalue is obtained when » is 
large enough to include all symmetrized combinations of 
plane waves |x,) such that («| V |x) or (ko| V|x,) con- 
tains Vin. 

We see from Fig. 2 that such excellent cancellation 
does not obtain for p states. This is not surprising, for 
the orthogonalization procedure can be regarded as 
another way of including the radial kinetic energy in the 
core region in the calculation. Nothing can be done 
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about the angular kinetic energy, however, and it is not 
surprising that if we add the usual centrifugal term 
representing the angular kinetic energy to the p re- 
pulsive potential the resulting potential, which is shown 
in Fig. 2, resembles the s repulsive potential quite 
closely. The slow convergence of p states in the orthogo- 
nalized plane wave method, which has been discussed 
quite extensively in the literature (e.g., Woodruff"*), is 
therefore intrinsic to the method. 

We have checked these general conclusions by varying 
our parameters in Eq. (3.2) and recalculating new wave 
functions. The results for Z2=3.1, A=13.1, and A\=3.1 
are listed in Tables I, IT, and III as case IT. Finally we 
also list in Table III the results previously obtained by 
Woodruff using trial wave functions of the Léwdin™ 
form but a starting potential derived from core wave 
functions having the form (3.1) with the parameters 
determined by rules due to Slater.” It can be seen that 
the effective potentials in the three cases are qualita- 
tively similar. 














e 
Fic. 1. Fourier transforms of attractive and repulsive s potentials 
in Si as derived in Sec. 3. 


Note added in proof.—Using our formalism, a more 
complete discussion of cancellation effects has been 
given by M. H. Cohen and V. Heine (to be published). 


We now compare our results with the empirical po- 
tentials that have been proposed from time to time to 
represent the repulsive effect of the core. One of the 
earliest was that used by Hellmann" for alkali metals. 
Hellmann’s attractive potential had the form (3.2) 
while his repulsive potential was proportional to the last 
term of (3.2). For alkali metals Z was set equal to 1 and 
d and the coefficient of the screened Coulomb term were 
determined by fitting the lower spectroscopic term 
values of the free atom. Hellmann’s repulsive potential 
thus had the correct form (similar to the core part of the 
attractive potential) but it was /-independent. Calla- 
way'* has shown that a careful radial integration of the 
Hellmann potential leads to values of the parameters 
which correspond to a very strong and short range re- 


17H, Hellmann and W. Kassatotschkin, Acta Physicochim. 
U. RK. S. S. 5, 23 (1936). 
18 J, Callaway, Phys. Rev. 112, 322 (1958). 
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0 





0 3 


I'1G. 2. Fourier transforms of attractive and repulsive p potentials 
in Si as derived in Sec. 3. 


pulsive potential. This unphysical result is a conse- 
quence of the /-independence of the potential; in order 
to weaken the repulsive potential seen by p states 
compared to s states it is necessary to make the poten- 
tial very strong and short range. The resulting wave 
function (which is analogous to our ¢4q) will conse- 
quently no longer be smooth and a plane-wave expan- 
sion, for example, will converge more slowly. Inci- 
dentally it should be noticed that the discrepancy 
discussed by Callaway accounts for the consistently poor 
results obtained by Anton&fk” in similar calculations 
for alkali metals. 

Although the empirical potentials used by Hellmann 
are poor they are demonstrably superior to the ones 
proposed by Gombds” based on the Thomas-Fermi 
method. The best expression for the repulsive potential 
given by Gombas is 

V = (w?/4)p?+1/2r’, 
where the last term represents a spurious angular 
momentum contribution arising from the statisti- 
cal approximations of the theory. In Eq. (3.6) p: 
= {dQ dar? Yn Yni*ni and the potential is of fourth 
degree in core orbitals, whereas expression (2.8) shows 
it should be of second degree. This has the effect of 
overemphasizing the shell structure and in turn this has 
a simple intuitive interpretation (see Fig. 3). Here we 
show 1s and 2s wave functions. The requirement that 
the 2s wave function be orthogonal to the 1s function 
forces the 2s function to have a node near the maximum 
of the 1s function, and Eq. (3.6) has the same effect by 


(3.6) 





Fic. 3. A sketch of 1S 
the effect of orthogo- 
nality on the radial 
parts of atomic wave + 
functions. The node » 0 
in the 2s wave func- * 
tion must occur at 
about the same posi 
tion as the antinode 
of the 1s function. 











19 EF. Antoncik, Czechoslov J. Phys. 4, 439 (1954). 
2” PP, Gombas, Acta Physiol. Acad. Sci. Hung. 3, 127 (1953). 
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sharpening the shell structure. Thus it might be thought 
that Eq. (3.6) would produce a wave function resembling 
our ¢q as defined by (2.1). This appears to be the case 
for some monovalent atoms, but for polyvalent atoms 
the surprising result is obtained that the outer wave 
function is forced inside the inner one. In any event 
there is no point in using (3.6) when the rigorous and 
actually simpler result (2.8) is available. 


4. CALCULATIONS FOR k#0; EFFECTIVE 
MASS FORMALISM 


The expression for the repulsive potential at k=0 
given in Eq. (2.7) apparently depends on the irreducible 
representation a. Actually to a very good approximation 
it depends only on /(a@), the value of / associated with 
core orbitals transforming according to a. For cubic 
groups at k=O these have been determined by group 
theory by Bethe.’ Similar techniques can be used at 
other points of the Brillouin zone possessing sufficiently 
high symmetry; the results for bec lattices have been 
listed by Howarth and Jones.*! 

These results are actually only approximately correct 
even at k=0. Thus at k=O the cubic field actually 
introduces an admixture of g functions into s functions, 
for example. This admixture is certainly negligible at 
k=0, but at points of somewhat lower symmetry such as 
k=za~"(1,1,1) in fec and diamond lattices one finds d 
functions admixed into s functions. We must therefore 
investigate now the form of the repulsive potential when 
a is a combination of several different / values in the 
core region. Our aim is to show that a corresponding 
mixture of the /-dependent repulsive potentials will lead 
to a correct secular equation. 

We assume that within a region of radius R about 
each nucleus the potential is spherically symmetric and 
that ¢a is known in this region. (This can be done by 
iteration.) To simplify the notation we assume that ¢. 
contains only s and p components and that the coordi- 
nate axes can be chosen so that only m=0 spherical 
harmonics occur. We add a superscript R to remind 
ourselves that we are in the core region; then 


yp? - Ca" (r) +> A, Wa"(r) 
n 


1 
s Be bP (0) ¢ar® (nr) +> an'i"(r) |, (4.1) 


i 


An'=— (gar (r)yi"(r)). (4.2) 


By a process similar to that of Sec. 2 we obtain for the 
repulsive potential 


1 
Ve=>D Dd bE" E)a,'P (O)pr"(r) 


n l=) 


1 
2 bP (0) cai®(r). 


l=0 


(4.3) 


fowarth and H. Jones, Proc. Phys. Soc. (London) A65, 
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If we now take matrix elements of V, we obtain 


1 
(ga® Vige®) => Dv b7(E:"—E)(an'), (4.4) 


n l= 


9 rl 


*(var®,I r (4.5) 


Pal"), 
l=) 


where V,' denotes the /-dependent repulsive potential 
appropriate to a single value of /. 

We now wish to find a function of r only, V(r), such 
that 


(Ga,Vr¢Ga)= (¢a,V (7) Ga). (4.6) 


From Eqs. (4.1) and (4.5) this means 


1 
2(Gar®, V(r) gar®)= D bP (gar®,Ve'gar®). (4.7) 


i=0 


It is natural to try to satisfy Eq. (4.7) with 


1 
Vir)= > wV,"(r). (4.8) 


i=) 


Now Eq. (4.7) provides one condition on V(r), while 
(4.8) contains two constants which are under-deter- 
mined. If we demand further that (4.7) hold for arbi- 
trary b; we find that (4.8) in general will not yield a 
solution. The best choice here appears to be obtained if 
we notice that for r in the region of the last shell of the 
core V,"(r)~V,1(r). [The wave functions y,” are similar 
but the energies (,"— £) differ. See Sec. 3..] Then (4.7) 
and (4.8) require that 

(4.9) 


a plausible result which we can use to determine a in 
general. Combining (4.7), (4.8), and (4.9) we find 


2 ae 

Co Ci 
—, w= : oe 
crete 


ce+cr 
cr= b?(¢ai, (VP— V}) gat). 


(4.10) 


oo= 


(4.11) 


Thus only b;¢a:(r) enters in the definition of a, so that 
w, is independent of the normalization used in (4.1). In 
actual calculations 6; can be determined by expanding 
the plane waves in Eq. (2.7) in spherical harmonics. The 
weighting factors calculated from Eq. (4.11) will involve 
essentially the orthogonality coefficients A,; of the 
orthogonalized plane wave formalism.” 

In practice calculations have been carried out only at 
points of high symmetry; at these points the operations 
described above are particularly easy to carry out. 

22 By a similar argument it is easy to show that if the expansion 
of ga contains m#0 spherical harmonics, i.e., 

alt= Dma—1'! BimP1™ (0)e'™* gaim™(r), 


then b;? in (4.11) should be replaced by Dm ——1! Bim?. 
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Perturbation theory can be used to compute bands and 
wave functions at neighboring points in k-space; the 
resulting curvatures at band edges are the effective 
masses. The formal details of such calculations have been 
discussed by many workers, for example, Dresselhaus, 
Kip, and Kittel.” Since our potentials are /-dependent it 
might appear that a basic modification of this formalism 
would be necessary. However, accurate calculations can 
be carried out quite simply by returning to Eq. (2.1) 
and using for a" the analytic expressions discussed in 
Sec. 3. Details of the method with application to Si will 
be published elsewhere.” 


5. OTHER APPLICATIONS 


Applications of the formalism described in Sec. 2 can 
be made to a variety of problems in molecular and solid 
state physics. In this section we will discuss briefly 
several interesting possibilities. 

In simplified calculations of the properties of poly- 
valent metals plane-wave and point-ion approximations 
are often made. The above results suggest that this is a 
fairly good approximation which can be improved by 
including the /-dependence of the effective potential. 

Similar simplifications have been made by Gourary 
and co-workers**~** in the calculation of color centers in 
alkali halides. Again the calculations should be improved 
by including the /-dependence of the effective potential. 


6. CONCLUDING REMARKS 


The earliest methods of calculating wave functions in 
crystals were the tight-binding and plane-wave formal- 
isms. The former represents core functions accurately, 
and the latter represents valence functions accurately in 
metals and semiconductors except in the neighborhood 
of the core. Both the orthogonalized plane wave and 
augmented plane wave formalisms can be regarded as 
attempts to patch together wave functions having the 
correct form both inside and outside the core. Un- 
fortunately both formalisms lead to rather complicated 
calculations, the former because it fails to take maxi- 
mum advantage of atomic symmetry and the latter 
because it fails to utilize the fact that the form of the 
valence wave function in the core is determined almost 
entirely by the requirement that it be orthogonal to the 
core orbitals. We have investigated here the physical 
effect of the core region by expressing the orthogo- 
nalization terms as an effective repulsive potential. This 
leads to some loss in accuracy but as compensation we 
maintain the great simplicity of the tight-binding treat- 
ment of the core regions and the plane-wave treatments 
of the rest of the crystal. This was easily demonstrated 
in Sec. 2 for cubic crystals at k=0. The convergence 


%3 Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 

23a |, Kleinman and J. C. Phillips (to be published). 

* B.S. Gourary and F. J. Adrian, Phys. Rev. 105, 1180 (1957). 
26 B. S. Gourary and P. J. Luke, Phys. Rev. 107, 960 (1957). 
26 B. S. Gourary, Phys. Rev. 112, 337 (1958). 
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features of the formalism were then investigated quali- 
tatively in Sec. 3 and the physical significance of the 
repulsive potential was discussed. In particular it was 
noticed that the simple form of the repulsive potential 
made possible direct comparison with free-atom term 
values, thus offering the possibility of generalizing the 
quantum-defect method to crystals where the potential 
is not spherically symmetric and Coulombic outside 
each core. Finally in Sec. 4 it was noticed that for most 
problems of interest the restriction to k=0 could be 
removed. This was physically obvious since the inter- 
action of valence wave functions with the core could 
only be expected to change for reasons of symmetry, as 
valence-electron wavelengths are long compared to the 
size of the core. 


ACKNOWLEDGMENTS 


One of us (J. C. P.) is deeply grateful to Dr. C. 
Herring for originally arousing his interest in effective 
potentials. We are also grateful to Professor M. H. 
Cohen for several comments. 


APPENDIX 


We list here the wave functions and energies obtained 
for hydrogen according to the methods of Sec. 3. The 


TaBLE IV. Values of parameters appearing in Eq. (3.4) and 
energies for hydrogen. 


1s 2s 2p 


1.000 0.2499 0.2500 
1 1 1 
2.000 0.688 : 0.204 
1.00 1.00 2.00 
1.000 1,000 0.500 


3s j : d ' 3p 


0.1117 0.1111 
1 3 1 2 
i 0.279 0.00052 0.0976 0.00142 
Mm ; 1.00 4.50 2.00 3.90 
b; 1.000 0.387 0.500 0.364 








r 


Fic. 4. A comparison of the 3s wave function for atomic hydro- 


gen, as calculated by the methods of Sec. 3, with the exact wave 


function. 
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energy obtained for the 2s state is 0.2499 ry and for the 
3p state 0.11110, as one would expect from the varia- 
tional principle and the fact that (3.1) is exact for the 
1s and 2 states. The 2s wave function cannot be exact 
if (3.1) is used for each shell, however, and the 3s energy 
can therefore be lower than the exact value; we find the 
value 0.1117 ry. 

The wave functions are described by the parameters 


PHYSICAL REVIEW VOLUME 


AND LL. 


116, 





KLEINMAN 


of Eq. (3.4), and these are listed in Table IV. The 3s 
wave function constructed in this way is compared with 
the corresponding hydrogen wave function in Fig. 4. 

Similar results for hydrogen have been derived by 
Antontik?’ using the Thomas-Fermi expression (3.6) 
derived by Gombas.” 


27 E. Antonéfk, Czechoslov J. Phys. 7, 118 (1957). 
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Magnetic Properties of the Manganese Chromite-Aluminates* 


P. L. EDWARDS 
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The mixed-crystal spinel series MnCr2_,Al ,O, has been synthesized and found to form a single cubic phase 
with a cell edge that is a linear function of the aluminum content. An x-ray study indicates that the series 
is an almost-normal spinel series with the A sites occupied by divalent manganese ions and about 5% of the 


trivalent aluminum ions. 


The magnetization-temperature curves have approximately zero slope at absolute zero and exhibit no 
peaks or compensation points. The saturation moment is 1.16ug for =0.0, increasing to 1.3742 at ¢=0.8, 
and dropping to 1.254, at /=1.0. The reciprocal-susceptibility vs temperature curves have the hyperbolic 
shape characteristic of ferrimagnets. The observed magnetic properties cannot be explained by the Néel 
theory but can be accounted for, at least qualitatively, by the five-parameter Yafet and Kittel theory. 


INTRODUCTION 


N 1948 Néel showed that the magnetic moments of 

a number of magnetic oxides having the spinel 
structure and the chemical formula MV.0, (where M@ 
is a divalent and J is a trivalent ion) can be explained 
in terms of two crystallographically unique sublattices 
A and B.' For the materials he considered, and many 
more studied since then, the interactions of the sub- 
lattices are such as to orient them antiparallel to each 
other, and the observed magnetic moment is the 
moment of one sublattice minus the moment of the 
other. 

Although the Néel theory was very successful in 
many cases, there are theoretical objections to parts of 
the theory. For certain values of the interaction 
parameters, one of the two sublattices would be un- 
saturated, resulting in a nonzero slope of the magneti- 
zation vs temperature curve at absolute zero, which is 
in conflict with the third law of thermodynamics. 
Another objection is that for certain other values, 
which may be quite large, of the interaction parameters 
the material remains paramagnetic at all temperatures. 
This does not seem reasonable, since for strong inter- 
actions one would expect some kind of ordering at low 
temperatures. 

Yafet and Kittel in 1952 published a modification of 


* This paper is based on a thesis submitted to the Graduate 
School of the University of Maryland in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy. 

1L. Néel, Ann. phys. 3, 137 (1948). 


the Néel theory in which the two sublattices were again 
divided, giving four sublattices, A1, A2, By, and Be, and 
which overcame the above difficulties. Those cases 
explainable by the Néel theory are also explainable by 
this theory, and in a similar fashion. One feature of this 
theory is that for those cases in the Néel theory re- 
quiring an unsaturated A sublattice, for example, the 
Yafet and Kittel theory requires nonparallel alignment 
of saturated A, and Ap» sublattices. The Yafet and 
Kittel theory also introduced the interesting possibility 
that magnetic ordering transitions may occur at tem- 
peratures other than that at which the spontaneous 
moment appears. 

The Yafet and Kittel theory has been used by 
several authors to explain observed magnetic effects 
that are not in agreement with the Néel model. Gorter 
has suggested that the saturation magnetization of the 
MnCr204-MnFe2Q, series might be explained in terms 
of angles on the B sublattice.* Lotgering has used the 
theory to explain the magnetization of MnCr.O,4 and 
FeCr.O, and has given approximate values of the 
interaction parameters.‘ The measurements of McGuire, 
Howard, and Smart® show a kink in the susceptibility 
curve of NiCrsO, near 300°K, and later work by 
Volger* shows a specific heat anomaly and that by 


* Y. Yafet and C. Kittel, Phys. Rev. 87, 290 (1952). 

3 E. W. Gorter, Philips Research Repts. 9, 295, 321, 403 (1954). 
‘F. K. Lotgering, Philips Research Repts. 11, 337 (1956). 

5 McGuire, Howard, and Smart, Ceram. Age 60, 22 (1952). 
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Braun* and Delorme® shows a crystallographic dis- 
tortion there as well. These features are characteristic 
of an antiferromagnetic transition, which is one of the 
possible transitions of the Yafet and Kittel theory. 
The excess specific heat, however, is about one-half 
that expected for such a transition, and the distortion 
is greater than would be expected. Corliss and Hastings, 
using neutron diffraction techniques, have found a 
magnetic transition in MnCreO, at about 20°K, some 
30° below the Curie temperature.’ This might be a 
Yafet and Kittel transition. The neutron diffraction 
pattern, however, is quite complex and has not yet 
been completely analyzed. Prince has made a neutron 
diffraction study of CuCr2O,4 from which he concludes 
that Yafet and Kittel angular arrangements occur in 
CuCreO4.8 

This paper reports on an experimental study of the 
magnetic properties of the spinel series MnCreQ,- 
MnAl,0,. This series was chosen for study because 
MnCr.O, has a saturation moment at absolute zero 
which is inconsistent with the Néel theory and which 
had been attributed to Yafet and Kittel angles on the 
B sites by both Gorter and Lotgering. This is a par- 
ticularly useful series for such a study because all 
members are approximately normal (within 5%, as 
will be shown). Thus all of the AA interactions are 
alike, as are all of the BB and all of the 4 B interactions. 
This is not the case in systems which have more than 
one type of magnetic ion on a sublattice. Thus it is 
apparent that this series represents the simplest case, 
at least theoretically, of a spinel with two nonidentica]l 
sublattices and two types of magnetic ions. 


MATERIALS AND APPARATUS 
Preparation of Materials 


The generalized formula for the series is 
MnCr2_-1)Al,Oy. Samples were prepared from com- 
mercial certified chemicals for ‘=0.00, 0.20, 0.40, ---, 
2.0. In order to prepare a sample, the correct pro- 
portions of MnCOs, CreO;, and AleO; were weighed and 
mixed intimately for six hours in an alcohol slurry. The 
products were dried and then baked six hours at 1400°C 
in a helium atmosphere, after which the furnace power 
was turned off and the material cooled in the furnace, 
still with a helium atmosphere. Slow cooling had no 
observable effect on the properties of the samples. 
X-ray spectrometer patterns taken by using filtered 
Cr Ka radiation at a scanning speed of { degree per 
minute showed no lines other than those of the desired 
spinel. 


Cation Distribution 


Bertaut has shown that the 220/400 and 224/400 
intensity ratios are very sensitive to the cation distri- 
®C, Delorme, Compt. rend. 240, 1588 (1955). 
L. M. Corliss and J. M. Hastings (private communication). 
E. Prince, Acta Cryst. 10, 554 (1957). 
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Fic. 1. Ratio of the intensity of the (220) to the (400) line as a 
function of aluminum content. y is the fraction of aluminum ions 
on the A sites. 


bution in spinels but are relatively insensitive to the 
oxygen parameter.® The theoretical 220/400 ratios” are 
shown as lines in Fig. 1 for several values of y, the 
fraction of the aluminum ions on the A sublattice. In 
order to calculate the theoretical ratios, atomic scat- 
tering factors were taken from Jnternationale Tabellen, 
zur Bestimmung von Kristallstrukturen, and the absorp- 
tion edge corrections of Dauben and Templeton" were 
used. The oxygen parameter “ was taken as 0.387. 
Wyckoff gives u=0.390 for MnAl,O4, and by 
Romeijn’s rule’ concerning charge on A sites one 
obtains «=0.387 for MnCr.,04. The parameter u is a 
measure of the deviation of the oxygen ions from cubic 
close packing. 

The experimentally determined ratios are shown as 
dots with vertical lines through them in Fig. 1. The 
vertical lines indicate the probable error due to the 
statistical nature of the x-ray beam. 


’F. Bertaut, Compt. rend. 230, 213 (1950). 

© The generalized chemical formula used for calculating the 
ratio is Mny—y:Aly¢Mny:Alea—y)Cre-1JO«. In this formula the 
chromium ions are assumed to occupy B sites in all members of 
the series since these ions are known to have a strong preference 
for octahedral sites. No temperature factor was used in the 
intensity ratio calculations, and it is felt that the inclusion of the 
appropriate one, if known, would not make a significant difference 
in the results. 

1C, H. Dauben and D. H. Templeton, Acta Cryst. 8, 841 
(1955). 

2 RW. G. Wyckoff, Crystal Structures (Interscience Publishers, 
Inc., New York, 1951), Table VIII B, 2. 

13 F, C. Romeijn, Philips Research Repts. 8, 304, 321 (1953). 
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Fic. 2. Cell edge as a function of aluminum content. The 
crosses at t=0 and ¢=2.0 are Gorter’s values.’ 


In Fig. 1 the theoretical lines for different values of 
y converge to a point for MnCr2,O,. This point corre- 
sponds to the theoretical ratio for the normal spinel 
MnCr.0,. From Corliss and Hastings’ it is known that 
MnCr.0, is normal; consequently, the theoretical and 
experimental points should coincide. That they do not 
must be attributed to a lack of knowledge concerning 
the true values of the atomic scattering factors. There- 
fore, it appears appropriate to shift the experimental 
curve downward until the theoretical and experimental 
points for MnCr.O, coincide. When this is done, the 
data indicate that y is relatively constant throughout 
the series and is probably less than 0.1. 

Figure 2 shows the cell edge as a function of ¢. The 
series may be considered as a solid solution of manga- 
nese chromite and manganese aluminate. From the 
figure the cell edge is seen to vary linearly with ¢. This 
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Fic. 3. Magnetization in cgs units per gram versus temperature for 
manganese chromite. 
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is in agreement with Vegard’s law which states that 
‘the lattice constants of solid solutions are linear func- 
tions of their compositions.” There is an additional 
point of interest here which holds for spinel solutions, 
however, since the cell edge of a spinel varies with its 
percentage normality. Thus, Vegard’s law also implies 
that, for the case of a spinel solid solution where the 
cell edge varies linearly with composition, that the two 
components enter into solution with the same normality 
that they possess as pure materials. Now, since y is 
equal to about 0.05 for manganese aluminate, Fig. 1, 
the linear cell edge variation implies that it has approxi- 
mately this value throughout the series. This is in 
agreement with the results concerning y obtained from 
the intensity ratio considerations and with the assump- 
tion that the chromium ions are on the B sites only. 
Thus the percentage normality of the series is given 
approximately as 100(1—0.05¢) and the series is essen- 
tially a normal one. 
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Fic. 4. Saturation moment mo in Bohr magnetons per formula 
unit at absolute zero for the series MnCro_;Al,Ox,. 


Experimental Apparatus 


The magnetic moments were determined by meas- 
uring the force on a sample in a nonuniform magnetic 
field. The force is given by 


F,=0,m(dH,/dx), () 


where o, is the magnetic moment per gram, m is the 
weight in grams, and dH,/dx is the gradient of the field. 
By means of a glass rod the sample is hung from the 
arm of a chemical balance to the center of a short, thick 
solenoid which produces uniform magnetic fields of up 
to 15 000 oersteds. This is the field for magnetizing the 
sample. Located coaxially with the thick solenoid are 
two coils with fields opposed and so located that the 
resultant field is zero and the gradient is uniform at the 
sample position. Thus, with the weighed sample 
saturated by the solenoid field, the gradient field due 
to the gradient coils known, and the force on the sample 
determined using the balance, the saturation moment 
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can be calculated from Eq. (1). In order to make 
measurements down to liquid helium temperatures, it 
is necessary to locate the sample and balance in an air- 
tight enclosure with external controls and with provision 
for the evacuation of the enclosure and the introduction 
of a helium atmosphere. Temperatures from 4.2°K to 
room temperature were measured using a thermocouple 
of silver containing 0.37 atomic percent gold and gold 
containing 2.1 atomic percent cobalt. 


EXPERIMENTAL RESULTS 


The magnetization per gram o, as a function of 
temperature from 4.2°K to the Curie point was meas- 
ured for values of ¢ from 0.0 to 1.6. The curve o,-T for 
1=0.0 (MnCr.0,) at 6600 oersteds is shown in Fig. 3. 
The o,-T curves for other values of ¢ are similar to the 
one shown. The initial slope of the magnetization curve 
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Fic. 5. Curie temperature as a function of aluminum content. 
The vertical lines indicate estimated uncertainty. 


is approximately zero for all measured values of /, and 
there are no peaks or compensation points. 

The Bohr magneton value is shown as a function of 
tin Fig. 4. The moment per formula unit is 1.16u, for 
t=0 (MnCr,.0,), rising to 1.374, at 0.8, and dropping 
to 1.25u, at 1.0. For higher values of ¢ the samples 
could not be saturated with the available fields so that 
it was not possible to determine the magneton values. 
It was evident, however, that the magneton values 
decreased toward zero as / approached 2.0. 

The Curie temperature as a function of ¢ is shown in 
Fig. 5. For MnCr.O,, the Curie temperature is 53°K. 
The Curie temperature decreases with increased 
aluminum substitution (higher values of ¢). 

Figure 6 shows the reciprocal susceptibility as a 
function of temperature for ‘=0.0, 1.0, and 2.0 from 
the Curie temperature to room temperature. All curves 
have the hyperbolic shape characteristic of ferrimagnets. 
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Fic. 6. Reciprocal suscepti- 
bility in cgs units per gram as 
a function of temperature for 
MnCr.04, MnCrAlOy, and 
MnAl.0O,4. The dashed lines 
indicate the theoretical high- 
temperature slope for spins of 3 
for divalent manganese and } 
for trivalent chromium. 





McGuire" has made microwave resonance measure- 
ments on MnCr.O, and found g.¢¢= 2.1. 


COMPARISON WITH THEORY 
Néel Theory 


Néel’s analysis predicted three possible ground states 
for a ferrimagnet, the state to be assumed depending 
on the relative values of the interaction parameters. 
These states are: (1) both sublattices saturated, (2) 
either the A or the B sublattice saturated and the other 
unsaturated, or (3) both sublattices paramagnetic. For 
state (1) the magnetic moment is a linear function of 
the aluminum substitution as indicated by Curve I in 
Fig. 7, which does not agree with the data at all. For 
state (2), the theory predicts a nonzero slope in the 
magnetization-temperature curves at absolute zero. 
For MnCr20, this slope would be about 35° on the 
curve of Fig. 3, which again is not in agreement with 
experiment. For state (3), the magnetic moment at 
absolute zero is zero, again in disagreement with the 
data. Thus the Néel theory does not explain the mag- 
netic properties of this spinel series. 


Yafet and Kittel Theory 


The molecular fields acting on the sublattices 4,, A», 
B,, and By in the Yafet and Kittel theory are 


ha;= —n{ (a’—a)a;+aA+B], 421,2 
ha;= —n[4(6’—8)b,+A+,6B], 


where a; is the magnetization of the A; sublattice, b, 
is the magnetization of the B, sublattice, and a; +a,.=A 
and b,+b.=B. The five interaction parameters n, na, 


gzzj.Z 


“4 T. R. McGuire (private communication). 
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Fic. 7. Theoretical magnetic moments mo as a function of 
aluminum-substitution parameter ¢ for different sublattice con- 
figurations. See text for discussion. 


na’, nB8, and n§’ are defined by the above equations. 
For a more complete consideration of the Yafet and 
Kittel theory see references 2, 3, and 4. The notation 
used here is based on that of Lotgering.* 

An analysis of the interactions among the sublattices 
indicates that there are seven possible configurations 
of the sublattices. The possible configurations and the 
symbols used to represent them are: (1) a; and a» 
parallel, b, and be parallel, and A and B antiparallel, ¢y, 
(2) a; and ay parallel, b,; at an angle (other than 0° or 
180°) to bo, and A and B antiparallel, |), (3) a; at an 
angle to as, b; and be parallel, A and B antiparallel, (| , 
(4) a; and a» antiparallel, b; and be antiparallel, @ =, 
(5) a; and a antiparallel, B paramagnetic, = *, (6) A 
paramagnetic, b; and be antiparallel, * <=, and (7) A 
and B paramagnetic **. The particular configuration 
that the sublattices assume will depend on the sublattice 
magnetizations, the values of the interaction parame- 
ters, and through the magnetizations on the 
temperature. 

In trying to fit the data to the theory, it is convenient 
to begin by considering the possible configurations of 
MnCr.0, (t=0) at absolute zero (T=0). Since the 
spontaneous moment is finite, the configuration must 
be t¥, |), or (|. The conclusions to be drawn from the 
theory concerning the magnetic properties of the 
series MnCr2_,Al/O, for the assumptions of fy, |), or ¢! 
as the ground configuration of MnCr2O, are presented 
here. It has been assumed that the interaction parame- 
ters, except as will be indicated, are constant. (Appendix 
Ia). The magnetic moment of the Cr*** ion has been 
taken as 3uz and of the Mnt* ion as 5yp. 


Ground State ty for MnCr2O, 


If one assumes that the ground state for the whole 
series is tJ, mo is given by Curve I of Fig. 7, which 


disagrees with the data. On the other hand, if one 
assumes that the ground state for ‘=0 (MnCr.0,) is N, 
the theory leads to the prediction of the state {| for 
higher ¢; that is, for increased aluminum substitution. 
This is essentially the same as the following case. 


Ground State (| for MnCr2O, 


The magnetic moment in Bohr magnetons for this 
configuration is 


mo=4ySp(1—1/a), (4) 


where Sx is the spin for the Cr+** ions, a is defined by 
Eq. (2), and y=(2—2)/2, the fraction of the B sub- 
lattice occupied by Cr*++* ions. Curve II of Fig. 7 is 
the moment as a function of ¢ as predicted by Eq. (4) 
for constant a. A relatively smooth variation of a with 
t will bring Eq. (4) into agreement with experiment. A 
careful consideration of the magnetic data at ‘=0 and 
‘=1 shows that it is not possible to describe the data 
with sets of parameters that are in reasonable agreement 
with each other. For example, a would have to change 
from 1.24 at ¢=0 to 1.73 at t=1, and 6+ 46’ from 0.69 
to 0.04. Now, a and @ are ratios of interaction parame- 
ters and therefore would not be expected to vary so 
much (Appendix Ib). 

For the above molecular field parameters for 
MnCr,.0, the Eskowitz-Wangsness" formula for angular 
configurations gives g.¢-= 1.85, which is in poor agree- 
ment with the experimental value 2.1. 


Ground State |) for MnCroO, 


The magnetic moment for this configuration is 


mo=2S4(1—1/8), (5) 
where S4 is the spin of the Mn** ions and @ is defined 
by Eq. (3). Equation (5) shows that as long as the 
configuration |) exists mo is independent of the sub- 
stitution parameter ¢. This configuration will exist for 
B> ao/ybo, where ao is the saturation moment for one- 
half mole of Mnt** ions and do is that for one mole of 
Cr+++ jons. Given mo= 1.16ug and S4=3 for MnCreOu,, 
8 is 1.30 from Eq. (5). Using this value, the inequality 
is seen to hold up to ¢=0.72, Curve III of Fig. 7. For 
higher values of ¢, the configuration is ‘¥ and the 
moment is given by Curve I of Fig. 7. This configuration 
exists for ¢ up to values such that the inequality 
a> ybo/do is satisfied, above which the moment is given 
by Eq. (4). The experimental moment at /=1 does not 
agree with that of Curve I; consequently, the latter 
inequality must hold. Substituting mo=—1.25uz, y=}, 
and Sg= 3 into Eq. (4), we find that a=0.70. The 
theoretically predicted moment for values of ¢>1 is 
then given by Curve IV. It is thus seen that the pre- 
dicted variation of mo with ¢ based on the assumption 
that the ground state of MnCr.Q, is |) is given by the 


154. Eskowitz and R. K. Wangsness, Phys. Rev. 107, 379 
(1957). 
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curve ABCD of Fig. 7. A better agreement with 
experiment is obtained if 8=1.30(1+0.07/), in which 
case the predicted moment is given by Curve 4ECD 
of Fig. 7. 

The above considerations bring the experimental 
my—t curve into line with the theory. This is only a 
part of the story, however. The theory, if correct, must 
explain not only the moment at absolute zero, but also 
the shapes of the magnetization and _ susceptibility 
curves as a function of temperature and of the sub- 
stitution parameter /. The mathematical calculations 
to determine the five parameters that will do this 
reasonably well will not be considered here; a few of 
the more important considerations will be indicated, 
however. The experimental magnetization-temperature 
curves for the entire series were “normal” type curves 
with approximately zero slope at absolute zero, with 
no maxima as a function of temperature, and with no 
compensation temperatures. The experimental recip- 
rocal-susceptibility curves have the characteristic 
hyperbolic shape of a ferrimagnet without any evidence 
of an antiferromagnetic transition. From the “normal” 
magnetization curves it is concluded that a8~1, which 
will be the case for a=0.77(1—0.071). Taking into 
account the Curie temperature as a function of ¢ and 
the absence of an observable antiferromagnetic tran- 
sition in the susceptibility curves, it is possible to arrive 
at the following approximate values of the molecular 
field parameters: 

a! 8 p’ 
0.20 1.30 0.18 
0.30 1.40 —0.05 


The variation of the parameters with ¢ as indicated 
does not seem unreasonable in view of the change in 
cell edge shown in Fig. 2. The theoretical curves based 
on these parameters, together with the experimental 
data, are shown in Fig. 8 for =0. The Eskowitz- 
Wangsness formula for ger gives 2.13 for MnCr2O,, 
in good agreement with the experimental value of 2.1. 


DISCUSSION AND CONCLUSIONS 


An antiparallel arrangement of saturated A and B 
sublattices cannot explain the observed magnetic 
moments at absolute zero for the manganese chromite- 
aluminate series. The x-ray evidence, together with 
Corliss and Hastings’ neutron diffraction data on 
MnCr.O,, shows that the series is normal within 5%. 
The spins of 3} for the trivalent chromium and $ for the 
divalent manganese are well established and are in 
agreement with the McGuire, Howard, and Smart’s 
susceptibility data (asymptotic slope) on manganese 
chromite and with the susceptibility data reported here. 

Although the Néel theory can explain the moments 
at absolute zero in terms of either unsaturated A or b 
sublattices, this explanation is ruled out by the zero 
slope of the magnetization curve at absolute zero. 
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Fic. 8. Theoretical magnetization-temperature curves and data 
points for manganese chromite. Curve I is the Brillouin function 
for s=4 and is the theoretical curve for angles on the A sites at 
absolute zero. Curve II is the theoretical magnetization in cgs 
units per gram for angles on the B sites at absolute zero. 


The Yafet and Kittei theory can explain the magnetic 
moments at absolute zero and the “normal” shape of 
the magnetization-temperature curves in terms of 
angles on the A sublattice or the B sublattice for 
manganese chromite; however, the assumption of 
angles on the B sublattice is preferred because it leads 
to a more reasonable variation of the molecular-field 
coefficients with aluminum substitution and to agree- 
ment between the theoretical and experimental get for 
manganese chromite at liquid helium temperatures. 

The reciprocal susceptibility-temperature curves 
have the characteristic shape predicted by the Néel 
theory. The absence of observable transition tempera- 
tures in these curves can be understood in terms of the 
Yafet and Kittel theory only if the transitions occur 
in the neighborhood of the Curie temperature so as to 
be obscured. This condition requires finite a’ and f’ so 
that a five-parameter Yafet and Kittel model is required 
rather than the three-parameter model assumed suffi- 
cient by Lotgering. The bending of the manganese- 
aluminate susceptibility curve towards the temperature 
axis is consistent with the spinel’s being inverted a few 
percent as is indicated by the x-ray data. 

The above considerations indicate that the observed 
data for the manganese chromite-aluminate series can 
be explained using the Yafet and Kittel theory assuming 
angles on the B sites for manganese chromite at abso- 
lute zero, finite a’ and #’ and reasonable variations of 
the molecular-field coefficients with the aluminum 
substitution. 
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APPENDIX I 


The molecular field acting on the A; sublattice due 
to the B sublattice is —”B, where n is the molecular 
field coefficient and B is the magnetization of the B 
sublattice. To a first approximation the Heisenberg 
theory gives, for nearest-neighbor interactions, 


n=—2IZ/Ng'us’, 


where J is the exchange integral, g is the Landé g 
factor, uz is the Bohr magneton, Z is the number of 
nearest neighbors that an A ion has on the B sublattice, 
and JN is the number of ions on the B sublattice." 

a. If some nonmagnetic ions are substituted on the 


16 J. H. Van Vleck, J. Chem. Phys. 9, 85 (1941). 
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B sublattice so that the number of magnetic ions is yJ, 
then the average number of magnetic nearest neighbors 
is yZ. Substituting these values for V and Z in the above 
equation shows that does not change with the intro- 
duction of the nonmagnetic ions. This result also holds 
for the field coefficients na, na’, nB, and ng’, and can 
be shown to be independent of the assumption of 
nearest-neighbor interactions. 

b. The substitution of aluminum for chromium may, 
however, influence the value of » through its effect on 
the exchange integral J, which in some cases is believed 
to be extremely sensitive to interatomic distances. 
These distances are decreased by the aluminum 
substitution, as indicated by Fig. 2. It might be 
expected, therefore, that the magnitude of J, and thus 
n, would be sensitive to the amount of aluminum 
substituted, but that a and 8, being ratios of molecular 
field coefficients (na/n and nB/n, respectively), would 
be relatively insensitive. 
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High-Field Effect in Boron-Doped Silicon 


R. D. LARRABEE 
RCA Laboratories, Princeton, New Jersey 
(Received May 18, 1959) 


Two samples of boron-doped silicon were observed to have a linear current-voltage characteristic at liquid 
nitrogen temperature (77°K) up to fields of 10* volts/cm. This result was not expected since saturation of 
drift velocity is expected to occur at these high fields. Indeed, the current-voltage characteristic at 183°K 
did show the saturation effects expected. The experimental data seem to indicate that there is an appreciable 
amount (94°%) of de-ionization of the boron level at 77°K and that the capture cross section of the ionized 
boron levels decreases as the hole drift velocity increases in the applied field. Since the thermal ionization 
rate is substantially independent of field, this implies that the steady-state number of carriers will be in- 


creased at the higher fields. 


WO samples of boron-doped silicon were observed 
to have a linear current-voltage characteristic at 
liquid nitrogen temperature (77°K) up to fields of 104 
volts/cm. This result was not expected since saturation 
of drift velocity is expected to occur at these high fields. 
This paper describes some simple experiments which 
indicate that at low temperatures and high applied 
electric fields, several mechanisms may become opera- 
tive that increase the number of majority carriers in 
the sample. 

The resistivity vs temperature (for very low fields) of 
two boron-doped silicon samples is shown in Fig. 1. 
The initial decrease in resistivity as the temperature is 
decreased below room temperature is attributed to the 
increase in lattice mobility. It will be assumed that this 
power-law relationship of resistivity vs temperature 
would continue to be valid down to 77°K if it were not 
for the fact that at about 170°K one loses an appreci- 
able number of carriers through de-ionization of the 
boron level. Consequently, from the extrapolated lattice 


mobility power-law relationship (straight lines of Fig. 1) 
and from the actual values of resistivity vs temperature 
observed, one can compute the amount of de-ionization 
as a function of temperature. The data so obtained are 
summarized in Fig. 2. Notice that the slope of the 
linear portion of this curve approximates the boron 
level (0.045 ev') quite well. Consequently, it is reason- 
able to assume that this is the explanation of the curves 
of Figs. 1 and 2 and that the boron level is about 94% 
de-ionized at 77°K and substantially fully ionized 
above 170°K. 

At 183°K one observes a reasonable current-voltage 
characteristic which shows signs of saturation at high 
fields. By assuming a doping of 9.510" boron 
impurities/cm® for 15 ohm-cm material at room tem- 
perature? (for S640P), one can compute the drift ve- 
locity as a function of field from the current-voltage 

1W. Kohn, in Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1957), Vol. 5, p. 258, 

2M, B, Prince, Phys, Rev, 93, 1204 (1954), 
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Fic. 1. Sample resistivity vs temperature for two boron-doped 


silicon samples, $1024P and S640P. 


characteristic. The results of such a computation (Fig. 
3) seem quite reasonable and lead to acceptable esti- 
mates of the saturated drift velocity. 

If the same experiment is repeated at 77°K one ob- 
tains an approximately linear drift velocity vs field 
characteristic if it is assumed that the material remains 
94%, de-ionized (see Fig. 3). Since signs of saturation 
are absent and since drift velocities approaching 10° 
cm/sec seem too high, one is led to the conclusion that 
the assumption of constant carrier density at all fields 
is in error. Consequently, it appears that at the higher 
fields one actually has more carriers than was assumed 
in the computations which lead to Fig. 3, and the drift 
velocity can indeed saturate at a lower value than would 
otherwise be indicated. 

We do not believe that these additional carriers at 
high fields are a result of impact ionization of the boron 
level since the effect is gradual and continuous. It is 
felt that the decrease capture cross section of the ionized 
boron levels to hot holes coupled with the substantially 
constant thermal generation rate of holes causes the 
steady state density of holes to increase at the higher 
fields.24 This, of course, would be a slow continuous 
process with increasing field. 


3S. H. Koenig and G. R. 
Solids 2, 268 (1957). 
4K. Seeger, Bull. Am. Phys. Soc. Ser. IT, 3, 112 (1958). 
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Fic. 3. Apparent drift velocity vs electric field for two boron-doped 
silicon samples, $1024P and S640P. 


The tendency of the applied field to lower the effective 
ionization energy of the boron level may also be a 
factor at the higher fields. It is interesting, however, 
that these effects combine to produce an approximately 
linear current voltage characteristic.® 
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5A high-electric-field Hall experiment at 77°K would help 
clarify these ideas. 
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Theoretical expressions have been developed for the frequencies and displacements of the normal modes 
of vibration for two- and three-dimensional alternating diatomic lattices with free boundaries. Only square 
and cubic lattices are considered. Nearest-neighbor Hooke’s law forces having both longitudinal and trans- 
verse components are assumed. The results have been obtained both by a perturbation method in which the 
ratio of the transverse and longitudinal force constants is treated as a small quantity and by a Green’s 
function method. The use of the free boundary condition leads to the existence of surface modes of vibration 
in which the displacement amplitude is relatively large for a light atom on a boundary and decreases roughly 
exponentially toward the interior of the lattice. A band of surface mode frequencies lies in the “forbidden’”’ 


gap between the acoustical and optical branches. 


I. INTRODUCTION 


N understanding of the effects of free surfaces on 

the normal modes of vibration of crystal lattices 
is important in the investigation of such subjects as the 
infrared lattice vibration spectra of crystals and the 
specific heats of very fine powders. In a previous paper! 
it has been shown that one-dimensional diatomic 
lattices with free ends and nearest neighbor Hooke’s 
law interactions may possess one or possibly two 
“surface” modes of vibration, i.e., modes in which the 
displacement amplitudes are relatively large at one or 
both ends of the lattice and decrease roughly exponen- 
tially toward the interior of the lattice. The frequencies 
for these surface modes lie in the “forbidden” gap 
between the acoustical and optical branches. If all the 
atomic masses are made equal so that a monatomic 
lattice results, the surface modes pass over into ordinary 
wave-like modes. 

In the present paper an investigation is given of 
surface modes in finite square and cubic lattices of the 
sodium chloride type using the model discussed by 
Rosenstock and Newell? and by Montroll and Potts.? It 
is assumed that each atom interacts only with its 
nearest neighbors according to a Hooke’s law force. 
This interaction contains both central and noncentral 
components. Instead of the usual cyclic boundary 
condition, the free boundary condition is employed in 
which atoms on the surface are assumed to interact 
only with their nearest neighbors on the interior of the 
lattice and are otherwise free. 


II. THE ROSENSTOCK-NEWELL MODEL 


The equations of motion for the atoms in the Rosen- 
stock-Newell model of the diatomic square lattice with 

* A preliminary account of this work was given at the Chicago 
Meeting of the American Physical Society, March 27-29, 1958 
Bull. Am. Phys. Soc. Ser. IT, 3, 110 (1958) ]. 

'R. F. Wallis, Phys. Rev. 105, 540 (1957). 

* H. B. Rosenstock and G. F. Newell, J. Chem. Phys. 21, 1007 

1953) 

3E. W. Montroll and R. B. Potts, Phys. Rev. 100, 525 (1955); 
102, 72 (1956). 


free boundaries can be written as 


M oh jy, = 7 (Uj, 1 — Ux) (1— by, 1) +0 (Mj—1, e— Ux) (1— 6; 1) 
to (Uj41,n—Ujx) (1—5;, on ) 
+7 (Uj. n41—Ujx) (1— 5x, oN), 


1<j<2N, 1<k<K2N, (fa) 


7 (0;—-1,4—2jx) (1—6;,1) ta (2;,, 1— v;4) (1— 6x 1) 
+o (0;, 741-2) 1— bi, ev) 
+7 (0541, 4— 2x) (1—5;,2n), 
1<¢j<2N, 1<gk<K2N, 


> “4 


Mal je= 


(1b) 


where « and v are the x and y components of the dis- 
placement of an atom from equilibrium and the 
quantities 7 and k are integers specifying the position 
of an atom in the lattice. The mass m, has the value 
m, if j+k is even and the value me if 7+ is odd. The 
quantities o and 7 are the Hooke’s law force constants 
for the central and noncentral interactions, respectively. 
The Kronecker 6’s in Eqs. (1a) and (1b) are introduced 
to take into account the free boundaries at the edges 
j=1, 2N and k=1, 2N. Equations (1a) and (ib) may 
be easily generalized to give the equations of motion for 
the diatomic cubic lattice of the NaCl type with free 
boundaries. 

The Rosenstock-Newell model has a number of 
realistic features. For example, it possesses resistance 
to shear in contrast to a model with only nearest 
neighbor central forces. A great advantage of the 
Rosenstock-Newell model is its mathematical simplicity 
which permits one to carry out a fairly complete 
analysis without excessive labor. On the other hand, the 
Rosenstock-Newell model has a number of drawbacks. 
The equations of motion show an unrealistic lack of 
coupling between the displacements in the x direction 
and those in the y and z directions. The presence of only 
two force constants implies a relationship between the 
three elastic constants ¢1:, ci, and cs, which is not 
necessarily satisfied by real cubic crystals. Furthermore, 
the Rosenstock-Newell model does not possess rota- 
tional invariance. 
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In spite of these difficulties, however, it is felt that an 
investigation of the Rosenstock-Newell model can yield 
qualitatively correct information concerning certain 
types of surface modes of vibration. 


A. Monatomic Simple Square and Simple 
Cubic Lattices 


Exact expressions can be obtained for the normal 
mode frequencies of the Rosenstock-Newell model in 
the monatomic cases. Taking mg=m,=m2.=m in 
Eqs. (1a) and (1b), the normal mode frequencies for 
the monatomic simple square lattice are specified by 


4o —teaghe T 
w*=—{ sin?(¢1/2)-+— sin?(¢2/2) }, 
m o 


(2a) 


where 
i> NT 2N, O<m<2N-1 


O<me<2N—-1. 


(2b) 
¢2=Nnor/2N, (2c) 
The corresponding displacement amplitudes associated 
with the normal modes can be written as 

ujx= U cos(j—4)¢1 cos(k—4) ge exp(iwt), (3a) 


(3b) 
and 


(4a) 
(4b) 


u;,=0, 


vj;n= V cos(j—}) ¢2 cos(k— 4) ¢1 exp (tw), 


where U and V are arbitrary constants. 

One sees from Eqs. (2) that all normal mode fre- 
quencies lie in a band of width 2[ (¢+7)/m }}. It is clear 
from Eqs. (3) and (4) that all normal vibrations are 
wave-like in character and that none have the exponen- 
tial drop-off with distance from the boundary charac- 
teristic of surface modes. This result has been previously 
noted by Kaplan.‘ 

The preceding results can readily be generalized to 
the simple cubic monatomic lattice using the Rosen- 
stock-Newell model. One again finds that all modes are 
wave-like in character and that there are no surface 
modes. 


B. Diatomic Simple Square Lattice 


The problem of finding exact solutions to the equa- 
tions of motion for the finite diatomic simple square and 
simple cubic lattices is considerably more difficult than 
for the monatomic case. So far we have been unable to 
find exact solutions for the finite diatomic lattices and 
have been forced to make use of other methods of 
attack. One method is to treat the ratio r/o as a small 
quantity and use perturbation theory. A second pro- 
cedure is to regard the surface as a “defect” in an 
otherwise perfect lattice and employ the Green’s 
function method of Montroll and Potts® to investigate 


4H. Kaplan, Bull. Am. Phys. Soc. 2, 147 (1957). 
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the localized modes which arise. The perturbation 
treatment has the advantage of being applicable to 
lattices which are finite in all dimensions, but it is valid 
only if r/o is small. The Green’s function method, on the 
other hand, is not restricted to small values of r/o, but 
the calculations can be carried through in detail only if 
the lattice is finite in one dimension and infinite in all 
other dimensions. 


a. Perturbation Theory 


From Eqs. (1a) and (1b) one sees that the motions in 
the x and y directions are not coupled. One can therefore 
restrict one’s efforts to the x direction and obtain the 
motion in the y direction by inspection from that in 
the « direction. 


By making the substitutions 
(5a) 


J+ even 
j+k odd 


uj.= Umy*A jx exp (iat), 


ujp= Um 3A jx exp(iwt), (5b) 


where the Aj, are time-independent amplitudes and U 
is an arbitrary constant, the solution of Eqs. (la) 
becomes equivalent to the diagonalization of a matrix 
M called the dynamical matrix, whose dimensions are 
4N?X4N? and whose eigenvalues are the values of w’. 
The quantities A ;, form the elements of the normalized 
eigenvectors of M. 
The matrix M can be written as 


M=Mot+(r/o)M,, (6) 


where Mo and M, are independent of r/c. The matrix 
My consists of 2VX2N dimensional matrices along the 
main diagonal with all other elements zero. Each 
2NX2N matrix is the matrix which must be diagonal- 
ized to obtain the normal mode frequencies of the linear 
diatomic chain with nearest neighbor Hooke’s law 
interactions. One can verify this by observing that if 
t/a is zero, Eqs. (1a) reduce to the equations of motion 
for 2 independent linear diatomic chains of 2 atoms 
each. exact solutions to the linear diatomic 
chain problem have been given in previous work,' 
the exact eigenvalues and eigenvectors of Mp can be 
written down immediately. 

There are 2V eigenvectors of Mo which correspond 
to surface modes of the 2.V linear diatomic chains. The 
elements for .V of these eigenvectors may be written as 


Since 


A oj-1, 4° (5,q') =cmy)(— 1)?" (my / mez) b 94’, (7a) 


A oj, q°(s,q') = cme! (—1)/(mi/me)bqq, LS ILN, (7b) 


where q’ is an odd integer in the range 1<q’< 2. The 
normalizing constant c is given by 


c= {[myme/(m2—m,) |L1— (my/m2)? J}-3. (7c) 
For the remaining .V eigenvectors, q’ is an even integer 
in the range 1< g’< 2.V and the masses m, and mz should 
be interchanged in Eqs. (7). The eigenvalue of Mo 
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corresponding to each of the 2N surface-mode eigen- 
vectors of Mp is 


w,=a(my+me)/mymo. (8) 


There are also 2V(2N—2) eigenvectors of Mo which 

correspond to wave-like modes. Their elements are 

given by 

A o;-1,9°(¢,9')=e'm {sin(27—1) ¢ 
—axsin(27—2)¢}5oq, (9a) 


A oj, q°(¢,q') =c'm2i{ x sin2jg—sin(2j7—1) g} 6,4, 


1<j<N, (9b) 


c= (2/N){m,[1—2x cos¢ +2? ] 


+m-f1—2x cosgta?]}-. (9c) 


for g’ odd and similar expressions with m,; and mp inter- 
changed for g’ even. The corresponding frequencies are 
given by 


; Mo—m\2 4 
we’ =w,"} 1+] cos?¢+ | ——— } sin’ } (10) 
Mo+-my 


and the quantities x and ¢ are 
(=) 
Mmyw,"— 20 


g=nr/2N, 


(11a) 


and 


(11b) 


where the integer m lies in the range 1<n< N—1 for 
the acoustical branch [lower sign in Eq. (10) } and in 
the range N+1<5$n<2N—1 for the optical branch 
[upper sign in Eq. (10) ]. 

Finally, there are 2.V eigenvectors of Mo correspond- 
ing to translational modes of zero frequency. The 
elements of the eigenvectors are given by 


Aoj-1, o (t,q') = mLN (m+me) 659°, (12a) 


A 9;, q°(t,q') = m5 N (m+ me) [894° (12b) 


for g’ odd and by Eqs. (12) with m; and my interchanged 
for g’ even. 

The eigenvalues of M correct to first order in r/o are 
readily calculated by degenerate perturbation theory. 
Let us first consider the 2N eigenvalues and eigen- 
vectors of Mo which correspond to the surface modes 
with frequency w, given by Eq. (8). The corrected 
eigenvalues obtained by first-order perturbation theory 
can be grouped into several classes. For the first class 
the frequencies are specified by 

w’=w,’+7(G—F cosy), (13a) 
where 
F=4N (m2—m) (mym2)*—/[me2% —m?* J, (13b) 


and 


G=2(m+m.)/[ myme(m,+my») |. (13c) 


FE 
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The values of y are determined by solving the trans- 
cendental equation® 


F/G=cos(N — })y/cos(N+3)y. (14) 
There are N independent values of y arising from 
Eq. (14) which can be chosen to lie in the range 
O<y<-. For each value of y there is a set of displace- 
ments given by 


Ung= Uma >. « A po(s,9') 

Xcos(VN+3—q’)y exp(twl), (15) 
with w given by Eq. (13a), Ap,°(s,g’) by Eqs. (7a) and 
(7b) and ma=m or m2 depending on whether p+¢q is 
even or odd, respectively. 

We note from the form of the A ,,” given by Eqs. (7a) 
and (7b) that light atoms on opposite edges have 
relatively large maximum displacements and that the 
displacements decrease exponentially toward the interior 
of the lattice. Since the largest displacements are 
perpendicular to the edges along which they occur, we 
shall refer to these modes as transverse edge modes. 
Examination of the quantity f1(g’)=cos(V+3—q')y 
in Eq. (15) reveals that fi(q’)=fi(2N+1—q’). Con- 
sequently, we further classify the modes under dis- 
cussion as symmetric transverse edge modes. The dis- 
placements for a typical symmetric transverse edge 
mode are shown in Fig. 1. 

A second class of transverse edge modes has fre- 
quencies given by Eq. (13a), but the values of y are 
determined by the equation 


F/G=sin(N —})y/sin(V+3)y. (16) 
If (F/G)2(N—}4)/(N+3), there are V independent 
values of y satisfying Eq. (16), whereas if (F/G) 
<(N—4)/(N+3), there are only NV—1 independent 
values. For each value of y there is a set of displace- 


s C * O re) e g 

Fic. 1. Displacements for a typical symmetric transverse edge 
mode. The open circles represent the lighter atoms and the solid 
circles the heavier atoms. 


5 See K. F. Herzfeld, J. Chem. Phys. 10, 508 (1942). 
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ments given by 


if _ U 
Upg=Uma* dog A va (5,q') 


Xsin(N+3—q')y exp (iw). 


Letting f2(q’)=sin(V+3—q’)y, we observe that f2(q’) 
=— f.(2N+1—q’). Consequently, the modes specified 
by Eqs. (13a), (16), and (17) will be referred to as 
antisymmetric Rim erse edge modes. 

Another type of surface mode occurring in the 
diatomic square lattice is the corner mode. To first order 
in perturbation theory the frequencies of the corner 
modes are given by 


2=w,?-+-7(G—F coshy). 


(17) 


(18) 
For the symmetric corner mode the value of y is deter- 
mined by the equation 

F/G=cosh(N —4)y/cosh(V+3) (18a) 
and the displacements can be written as 


Upg=Ume aD ro, 1 nq"(S,9 ’) 


Xcosh(V+3— ’)y exp(iwt), 
with w given by Eq. (18). The displacements for a 
typical symmetric corner mode are shown in Fig. 2. 


(18b) 


For the antisymmetric corner mode the value of y is 
determined by 


F/G=sinh(N—3)y/sinh(V+3)y (18c) 


and the displacements can be written as 


par 


» Ang’(s,q’) 
Xsinh(N+3—q’)y exp(iw). 


thpg= Uma 
(18d) 


There is a symmetric corner mode for all physical 
values of F and G provided m,#mpz, but an anti- 
symmetric corner mode exists only if (F/G) <(N—4)/ 
(V+). If the latter condition is not satisfied, the 
antisymmetric corner mode passes over into an anti- 
symmetric transverse edge mode. In the limit V— ~, 


2 
e C e °) e fe) 
Fic. 2. Displacements for a typical symmetric corner mode. The 


open circles represent the lighter atoms and the solid circles the 
heavier atoms. 
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F/G— 0 so that there will be two corner modes for all 
but very small crystals. 

Let us now carry out the first-order perturbation 
calculation using the 2N eigenvectors of Mo specified 
by Eqs. (9) and corresponding to a given value of ¢. 
One obtains a set of V—1 symmetric wave-like modes 
for each value of g with frequencies given by 

P=w’-+7(g—f cosy), (19) 
where w,” is given by Eq. (10), 


4[2-— (x-fa7 ) cosy ] 
a (19a) 





” @uli—Iece+ bende y 1 cosy+a- ) 


and 


2[2—2(x+a- ') cose +a? ad J 
” dite cosg+x? )+-m,(1—2a7} cose} a) 





The values of y are determined by 


f/g=cos(N—})y/cos(N+})y, (19¢) 


and the displacements are given by 


Upq= Um} LwA pa’ (¢,9') 


Xcos(V+3— q')y exp(iwt), (19d) 


where w is given by Eq. (19). 

One also obtains a set of antisymmetric wave-like 
modes for each value of ¢. The frequencies are given by 
Eq. (19) with y values determined by 


(20) 


The displacements are obtained from Eq. (19d) by 
replacing cos(V+3—q’)y by sin(V+3—q’)y. There are 
N—1 antisymmetric wave-like modes for each value 
of ¢ if (f/g)<(N—34)/(N+3) and N modes if (f/g) 
2 (N—4)/(N+3). 

For each value ¢g there is one symmetric surface 
mode and one antisymmetric surface mode, provided 
(f/g) <(N—4)/(N+3), with frequencies given by 


w=w,’+r7(g—f coshy), 


f/g=sin(N—})y/sin(N+3)y. 


(21a) 
and the values of y determined by 


f/g=cosh(N —})y/cosh(N+3)y7 (21b) 


for the symmetric surface wines and by 
$)y/sinh(N+4)y 


for the antisymmetric surface mode. The corresponding 
displacements are obtained from Eq. (19d) by replacing 
the quantity cos(V+}—q’)y by cosh(N+4—q’)y or 
sinh(V+ 3-—q')y for the symmetric and antisymmetric 
surface modes, respectively. Since the largest displace- 
ments occur along two opposite edges and are parallel to 
these edges, we shall refer to these modes as longitudinal 
edge modes. If the condition (f/g)<(N—4)/(N+4) is 
not satisfied, the antisymmetric longitudinal edge mode 
passes over into a wave-like mode. 


f/g=sinh(N— (21c) 
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Fic. 3. Diagram of the squares of the normal mode frequencies 
for a finite diatomic square lattice. The symbols S and A designate 
symmetric and antisymmetric modes, respectively. 


A first-order perturbation calculation has also been 
made using the translational eigenvectors of Mo given 
by Eqs. (12). One obtains a set of wave-like modes but 
no surface modes. 

A diagram of the normal mode frequencies for the 
Rosenstock-Newell model of a diatomic square lattice 
with 8 atoms on an edge is given in Fig. 3 for the cases 
7=0 and 70. It is assumed that (V—}3)/(N+3) is 
greater than both f/g and F/G. This condition is 
generally satisfied unless the crystal is very small. All 
frequencies are doubly degenerate because of the 
independence of the motions in the x and y directions. 
These motions would in general be coupled in a model 
having interactions more complicated than those of the 
Rosenstock-Newell model. The double degeneracy 
would then be resolved. 

Of the modes with frequencies in the optical and 
acoustical branches only those are shown in Fig. 3 
which lie closest to the forbidden gap when r=0. The 
transverse edge mode frequencies lie in the “forbidden” 
gap and form a band of width 27F (in terms of w”). 
From the expression for F given in Eq. (13b), one sees 
that the width approaches zero as Vx. The 
transverse edge modes are alternately symmetric and 
antisymmetric. Split off below the transverse edge mode 
frequencies are the frequencies for the corner modes, 
the symmetric corner mode frequency lying lower than 
the antisymmetric. 

The modes with frequencies in either the acoustical 
or optical branches and which correspond to a given 
value of ¢g yield a band of wave-like mode frequencies 
having a width of 27/ in terms of w*. The longitudinal 
edge mode frequencies are split off below the band of 
wave-like modes with the symmetric mode having the 
lower frequency. 

It may be noted that the first order perturbation 
treatment of the modes with frequencies in the 
acoustical or optical branches is probably not valid 


es 
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unless NV is small or r/o is very small. If V is not small, 
the splittings due to the r/o perturbation may become 
comparable to or greater than the frequency separations 
corresponding to different values of yg. Higher orders of 
perturbation theory would then be required to take into 
account the contributions of modes with different 
values. This difficulty does not, however, occur for 
modes with frequencies in the “forbidden” gap, pro- 
vided the gap is not too narrow. 


b. Green’s Function Method 

Let us consider a diatomic square lattice with 2N 
atoms along each edge and with cyclic boundary 
conditions applied. The equilibrium positions of the 
atoms may be designated by pairs of integers (,q). If 
the interactions of the Rosenstock-Newell model are 
employed, a “surface” may be introduced by setting 
the interactions between atoms (0,g) and (1,g) equal to 
zero where the integer g may take on any value in the 
range —N<q<N. Treating the interactions set equal 
to zero as a ‘‘defect,”’ we have evaluated the frequencies 
for the transverse edge modes with frequencies in the 
“forbidden” gap. The nature of the assumed model 
excludes the possibility of corner modes. The calculation 
is based on a straightforward application of the method 
of Montroll and Potts* which, however, in its original 
form does not permit the investigation of longitudinal 
edge modes with frequencies in the acoustical or optical 
branches. The evaluation of the required Green’s 
function is conveniently done only in the limit V — ~ 
so that the results apply to a semi-infinite lattice. 

The frequencies in the “forbidden” gap are deter- 
mined by the transcendental equation 
2[¢?— (1—n)h] cos(6/2) 

=([4(1—n)+/]sin(@/2), (22a) 

where 


¢={(2+2s— (1+ p)y JL (1+1/p)y—2—22]}}, 
h=(2+p+1/p)y—4—4z, 


(22b) 
(22c) 

n= (r/o) cosy, 

6=arctan(nt/|1+1¢°—7?]), 

p=m/ma, 

v= (w/a,)’, 

7/0. 

The quantity y is 27 times the reciprocal wavelength 
describing propagation of the surface waves parallel 
to the edge of the lattice. The physical range of interest 
for y can be taken to be —7/2<y< 7/2. 

If z is small compared to unity, one can obtain a 
solution of Eq. (22a) in powers of 2. The result to 
second order in 2 is 


(1+) 
4. 
(1+)? 


sP(l— a) 


“(14p)! 


(1+cos*y)z*. (23) 








THEORY OF SURFACE 


To first order in 2, the transverse edge modes all have 
the same frequency. This result agrees with that 
obtained by perturbation theory in the limit V— «. 
The degeneracy is resolved in second order so that a 
band of frequencies results. 

Exact numerical solutions to Eq. (23) have been 
obtained for p=0.5 and z=0.1, 0.5, and 1.0 using the 
IBM-704 computer at the Research Laboratories of 
the General Motors Corporation. I am indebted to 
Dr. Robert Herman through whom the computer was 
made available for this problem and to Dr. Harold 
Willis Milnes who supervised the programming. The 
results are shown in Fig. 4 where y is plotted against y. 
The total variation in y for z=0.1 is only 0.001 which 
is not evident in the figure. It is interesting to note that 
the exact results are rather well fitted by values cal- 
culated from Eq. (23) even for z= 1.0. 

For the semi-infinite lattice under consideration one 
can discuss the distribution of surface mode frequencies. 
Since the frequency distribution function is proportional 
to dy/dw, it possesses infinities at the smallest and 
largest frequencies of the transverse surface mode band. 


c. Diatomic Simple Cubic Lattice 


The Rosenstock-Newell model for the diatomic 
simple cubic lattice has been treated by both perturba- 
tion and Green’s function methods. The results of the 
first order perturbation calculation are presented sche- 
matically in Fig. 5. There are a number of surface 
modes which may be classified as transverse face modes, 
transverse edge modes, corner modes, longitudinal face 
modes, and longitudinal edge modes. To illustrate the 
analogy with the two-dimensional results, we shall give 
expressions for the frequencies and displacements for 
some of the transverse face modes in a crystal containing 


3,0 —————_ ——________ pera 
| 
| 














¥ 
Fic. 4. The frequency squared plotted as a function of propaga 
tion constant for the transverse edge modes of the semi-infinite 
diatomic square lattice, The mass ratio is one-half. 
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Fic. 5. Diagram of the squares of the normal mode frequencies 
for a finite diatomic cubic lattice. The symbols S and A designate 
symmetric and antisymmetric modes, respectively. 


8N* atoms. The frequencies are given by 


w’=w,?+7[ 2G—F (cosyi+cosy2) |, (24) 


where / and G are the same as in Eqs. (13b) and (13c), 
and y, and 2 are each solutions of Eq. (14). The x 
components of the displacements are given by 


Upgr= Uma Vig Dov A par’(s,9',r') cos(N+3—9')y1 
Xcos(V+3—r’)y2 exp(iwt), (25a) 


where m,=m OF m2 according to whether p+q-+r is 
odd or even. The quantities A p,,°(s,q’,r’) are given by 


Aoj-1, 9, 2° (8,99) = cmp (— 1)?" (m/e) 8 gqbrr, (25d) 
A oj, ¢, 2°(8,q',7') = cme) (—1)7 (mi /me) 6 qq5 rr’, 

1S 7<N, (25c) 
where c is given by Eq. (7c), g’ and r’ are integers in the 
range between unity and 2N inclusive and q’+r’ is 
even. For g’+r’ odd, the masses m, and mp are inter- 
changed in Eqs. (25b) and (25c). 

For other transverse face modes one or both of the 
cosine factors in Eq. (25a) are replaced by sines. The 
y’s involved in the sine factors are then determined by 
Eq. (16). Transverse edge modes arise if one of the 
cosine terms in Eq. (24) is replaced by the hyperbolic 
cosine and the corresponding cosine factor in Eq. (25a) 
is replaced by either a hyperbolic cosine or hyperbolic 
sine. The y associated with the hyperbolic function is 
determined by either Eq. (18a) or (18c). Corner modes 
are obtained by replacing both cosine terms in Eq. (24) 
by hyperbolic cosines and the cosine factors in Eq. (25a) 
by hyperbolic cosines or hyperbolic sines. 

If (F/G) <(N—34)/(N+43), there are 4(.V—1)? trans- 
verse face modes, 8(V—1) transverse edge modes and 
4 corner modes, while if F/G does not satisfy this 
condition, there are (4N?—4N+1) transverse face 
modes, (4 —2) transverse edge modes and one corner 
mode. 
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The transverse face mode frequencies form a band in 
the “forbidden” gap. The transverse edge mode fre- 
quencies also form a band which may be entirely below 
the band for the face modes or may overlap the lower 
portion. The corner modes frequencies in general lie 
below the face and edge mode bands. All frequencies are 
threefold degenerate because of the independence of 
the motions in the x, y, and z directions. 

The Green’s function calculation of the surface mode 
frequencies for the diatomic simple cubic lattice in the 
limit NV — * again leads to an equation of the form of 
Eq. (22a) except that z is to be redefined as 2(7/a) and 
n as (r/o) (cos;+cosy2). A power series solution to 
second order in z is given by 


(1+p°) 
(+p)? 
p(1—p)? 
+16——[1+} (cos:+cosy2)? 2”, 
(1+ )* 


where y and p have been defined previously. 


y=1+ 


(26) 


III. DISCUSSION 


Surface modes of vibration in crystal lattices have 
been discussed previously by Lifshitz and Rosenzweig.® 
Using a technique rather similar to that of Montroll 
and Potts,’ Lifshitz and Rosenzweig have found that 
two types of surface modes may exist in diatomic 
crystals, one type being analogous to the Rayleigh 
waves of continuum theory and a second type being 
derived from the optical branch and having no analog 
in continuum theory. The paper of Lifshitz and Rosen- 
zweig gives only general results which are applicable 
only to semi-infinite lattices, so that edge and corner 


®]. M. Lifshitz and L. N. Rosenzweig, J. Exptl. Theoret. Phys. 
U.S.S.R. 18, 1012 (1948). 
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modes are not discussed. Unfortunately, we have not 
been able to obtain a more detailed treatment given by 
Rosenzweig.’ 

From the fact that the Rosenstock-Newell model of 
the monatomic simple cubic lattice does not possess 
surface modes, we may conclude that the Rayleigh- 
type® surface modes do not exist for this model. The 
surface modes found for the diatomic lattices are there- 
fore not analogous to Rayleigh waves since in the 
continuum limit there is no distinction between mon- 
atomic and diatomic lattices. It is possible that the 
surface modes for the diatomic lattices correspond to 
the “optical” surface modes of Lifshitz and Rosenzweig. 

The absence of Rayleigh-type surface modes in the 
Rosenstock-Newell model is probably a consequence of 
the particular nature of the model. Stoneley® has 
investigated the continuum theory of surface waves in 
cubic materials and found that Rayleigh-type waves do 
not exist for all possible values of the elastic constants 
C11, C12, and c44. For the Rosenstock-Newell model in the 
continuum limit the relation c;.=0 is satisfied. The 
elastic constants consequently may not lie in the range 
of values for which Rayleigh-type waves exist. Another 
possible reason for the nonexistence of Rayleigh-type 
waves in the Rosenstock-Newell model is the lack of 
coupling in the latter between the displacements in the 
x, y, and z directions. A detailed investigation of these 
points is currently underway. 
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J. W. BrEMER AND V. L. NEWHOUSE 
General Electric Company, Schenectady, New York 
(Received May 25, 1959) 


Except at temperatures just below the critical temperature the change of resistance of a superconducting 
film if the current through it is increased slowly takes place by a discontinuous transition, exhibits hysteresis, 
and is dominated by Joule heating effects. By applying current in short pulses, it has been possible to 
obtain isothermal transitions in films deposited on a flat surface. These transitions are smooth, do not 
exhibit hysteresis, and have a shape independent of film resistance. The critical current J in films of thickness 
about twice the penetration depth is proportional to film width and can be related to the critical field of the 
film Hc, and the bulk critical field Hes, by the relation 7H¢=constH¢s’. It is also shown that by calculating 
the conditions of thermal equilibrium the dc transition curves with Joule heating can be derived from the 


isothermal transition results. 


I. INTRODUCTION AND SUMMARY 


HE study of current-induced transitions in thin 

films provides a test for theories of super- 
conductivity. Attempts to account theoretically for the 
critical currents in thin films have been hindered by 
difficulties in observing current transitions which were 
not dominated by Joule heating effects. It has recently 
been shown that unless special precautions are taken 
any resistive region which appears in a current-carrying 
film will propagate spontaneously through the re- 
mainder due to Joule heating.’ It has been possible to 
obtain current transition data without heating up the 
films appreciably either by using low currents very close 
to the critical temperature or by applying the currents 
in pulses which were short compared to the time 
required to heat up the film and substrate. 

The transitions measured in this way will be called 
isothermal. They exhibit no discontinuities in contrast 
to the dc transitions with Joule heating which exhibit 
discontinuities and hysteresis. The current (measured 
isothermally) for which the resistance reaches half its 
maximum value can be expressed in terms of the critical 
field using an expression derived by Ginzburg.” It is 
also established that the form of the dc transition curve 
with Joule heating can be accounted for quantitatively 
in terms of the isothermal transition. 


II. SAMPLE PREPARATION 


The samples were prepared by vacuum deposition, 
and had the geometry shown in Fig. 1(a). Two types 
of substrate were used. The single crystal sapphire 
substrates were optically polished disks 2 cm in diameter 
and 1 mm thick. The glass substrates were 2.5 cmX 1.25 
cm X0.25 mm flame polished cover glass. The tin films 
were evaporated at pressures of 10~° mm or less from 
a tantalum dimple boat mounted 15 cm away from the 
substrate, which was clamped to the back of a nickel or 

* A portion of this research was supported in part by the U. S. 
Atomic Energy Commission under a letter contract. 

1 J. W. Bremer and V. L. Newhouse, Phys. Rev. Letters 1, 282 
(1958). 

2'V. L. Ginzburg, Doklady Akad. Nauk S.S.S.R. 118, 464 (1958) 
(translation: Soviet Phys. Doklady 3, 102 (1958). 


brass mask. The tin was 99.895% pure and was evapo- 
rated at approximately 50 A/sec. To obtain lower 
resistivity films, rolled tin was evaporated at approxi- 
mately 1000 A/sec from a tungsten strip through a 
lavite mask.’ Film thickness was controlled by evapo- 
rating a weighed charge to completion. The mean film 
thicknesses ranged from 3000 A to 5000 A and were 
determined by weighing a known area of film. The bulk 
density value for tin was used in the film thickness 
calculation. 

Following the tin deposition, the masks were changed 
and between 1 and 10 microns of lead were evaporated 
over the ends of the tin strips, as shown in Fig. 1(a), to 
serve as superconducting contacts. Lead wires were 
soldered to the cheeks for connections. 

The critical temperatures 7, of the films on both 
glass and sapphire substrates were approximately 
3.85°K. The difference from 7 for bulk tin is similar to 
that obtained by Lock‘ and has been shown by him to 
be due to differential expansion between film and 
substrate. 

The maximum substrate temperature during sample 
preparation did not exceed 45°C, which is known to be 
a safe annealing temperature for tin films of this 
thickness.® 


III. EXPERIMENTAL PROCEDURE 


The superconducting transitions were measured with 
the backs of the samples pressed against a plastic 
board immersed vertically in liquid helium. For dec 





Fic. 1. Sample geometry. 
(a) Sample shape for current 
transition measurements. (b) 
Sample shape for magnetic field 
transition measurements. 0. b, 
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3 F, W. Reynolds and G. R. Stillwell, Phys. Rev. 88, 418 (1952). 
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Fic. 2. Comparison of H, vs T curve for typical film with that 
for bulk tin. O, 0.3-micron annealed tin film on glass, T7,=3.85°K. 
+ , 0.14 mm annealed tin wire, T7.=3.75°K 


measurements a known current from batteries and 
rheostats in series was passed through an opposite pair 
of leads [ see Fig. 1(a) ]. The film potential was measured 
across the other pair of leads with a Liston-Becker 
Model 14 breaker amplifier. 

For film potentials above 100 uv a Kin-Tel Model 
202B microvoltmeter was used. For the pulse measure- 
ments, Burroughs Model 3003 current drivers were 
used to supply pulses through coaxial lines. The 
potential generated across the film was observed with a 
Tektronix Model 541 oscilloscope, using a 53/541 
plug-in unit, also connected through a coaxial line. 

The critical field of a typical film was determined by 
measuring the resistive transition due to a field parallel 
to the plane of a film evaporated onto a glass substrate. 
The field was applied by means of a solenoid. The 
sample geometry used was that of Fig. 1(b). The current 
and potential probes were arranged as shown so as to 
avoid anomalous results due to measuring the current 
flowing through the film edge.® 


IV. RESULTS AND DISCUSSION 
A. Critical Field 


The variation of the critical field H¢ with temperature 
is shown for a typical film in Fig. 2. The critical curve 


10}- ns , 
08 


~ Fic. 3. Current induced 
R transition for tin film on 
R glass substrate. (Sample 
A, p=1.28 ywohm cm, 
T.=3.74°K. @, increas 
ing current; X , decreasing 
current. 
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for bulk tin is shown for comparison. The change in 
temperature necessary to alter the resistance of the tin 
film from 10% to 90% of its normal value was 0.04°K 
at values of AT=T.—T between 0.1°K and 0.2°K, 
with constant field. 


B. Dependence of dc Transitions on Substrate 
and on Film Resistivity 


Figures 3 and 4 show the resistance changes which 
accompany a gradually increasing and then decreasing 
current for high-resistivity films on glass and sapphire, 
respectively. Figure 5 is for a lower resistivity film on 
sapphire. The resistance is plotted in terms of its ratio 
to the value at 4.2°K. Further sample details are shown 
in Table I. 

Consider the transition for film A deposited on glass 
(Fig. 3). As the current is increased from zero, a 
measurable resistance (about 10~* times the resistance 
at 4.2°K) appears at 370 ma. This will be called the 
critical current, J,. At 440 ma a discontinuous and 
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Fic. 4. De and pulse current-induced transitions for tin film on 
sapphire substrate. (Sample B, p=1.1 wohm cm, T=3.77°K.) 
@, dc; *, 4-usec pulses. 


irreversible jump to a high resistance occurs (Jyv). As 
the current is decreased, a gradual falloff in resistance 
occurs until, at 300 ma (Jysp), the resistance jumps 
back to zero. These jumps correspond to the spontane- 
ous growth and collapse, respectively, of a resistive 
nucleus by thermal propagation.! 

Sapphire has a 10% times higher thermal conductivity 
than glass at 4°K. Therefore the heat produced by a 
small resistive region in a tin film will result in a much 
lower temperature rise near the resistive region, relative 
to the ends of the film, for a film on a sapphire substrate 
than for one on glass. This means that the spontaneous 
growth of the nucleus occurs at lower currents for 
films on glass substrates. On the other hand, a larger 
current is required to keep a film normal due to Joule 
heating in the case of a sapphire substrate. Conse- 
quently a film on sapphire should have a higher jump-up 
current and less hysteresis than a similar film on glass. 
This is confirmed by Fig. 4, which shows that the 
hysteresis loop for a film deposited on sapphire is 
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Fic. 5. Current-induced transition for low-resistivity film on 
sapphire substrate. (Sample C, p=0.30 wohm cm; T=3.77°K.) 
@, increasing current; * , decreasing current. 


narrower relative to 7, than that for the similar re- 
sistance film A of Fig. 3 which is deposited on glass. 

In vacuum deposition, the evaporated atoms tend to 
agglomerate on hitting the substrate because of surface 
tension forces. Agglomeration can be reduced by either 
cooling the substrate and thus restricting the mobility, 
or by increasing the rate of deposition? and hence 
reducing the time allowed for motion. The latter 
approach, which also has the additional advantage of 
reducing the amount of entrapped gas, was used for 
film C whose transition is shown in Fig. 5. Although 
the film has the same dimensions as 4 and B, its re- 
sistivity at 4.2°K is three times less, showing a much 
finer structure under the microscope. Compared with 
Fig. 4, the curve of Fig. 5 shows strongly reduced 
hysteresis and thermal propagation. This is clearly 
because of lower Joule heating due to the decreased 
resistivity. 


C. The Use of Pulse Techniques for Obtaining 
an Isothermal Transition 


When a current pulse is passed through a typical 
high-resistivity film on sapphire such as specimen B, the 
resistance rise occurs in two phases. One part of the 
resistance appears within the rise time of the pulse 
(approximately 0.5 ysec). The remainder of the re- 
sistance rises linearly with time. For specimens B and 
D this latter resistance increase occupied between 
1 msec and 100 usec, depending on the amplitude of the 
current pulse. These periods are of the order of magni- 
tude of the calculated time required to heat up the 
sapphire from the bath temperature to 7... 

A typical isothermal curve of resistance versus current 


TABLE I. Specimen description. 


Mean Resistivity 

Film film at 4.2°K Crit Deposition 

width thickness (uohm rate 
Sample Substrate mm (microns) cm) kK A/sec 
3.75 0.3 +0.03 1.28 3.85 50 
4.( 0.3 40.03 1.05 3.85 50 
9 0.5 +0.05 0.30 3. 1000 
7 0.3 40.03 0.83 3.8 50 


A (No. 33) 
B (No. 45) 
C (No. 57) 
D (No. 50) 


glass 3 
sapphire 4. 
sapphire k A 
sapphire ‘ 
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at constant temperature is the dashed curve of Fig. 4, 
which represents the resistance increase occurring 
during 4-ysec current pulses applied to B at 140-ysec 
intervals. The peak current amplitude for which a 
pulse measurement is shown in Fig. 4 corresponds to the 
point where the thermal contribution at 4 ysec is 
comparable to the experimental uncertainty of 10%. 
Hence the resistance increase shown is mainly electro- 
magnetic in origin and represents the isothermal 
transition.’ 

The isothermal transition curve of Fig. 4 coincides, 
to within the experimental uncertainty, with the region 
between J, and J yy (the ‘“‘toe”) of the dc transition 
curve. This is to be expected, because the heat generated 
in this region of the de curve is low (<1.5 mw). The toe 
of the dc transition for the low resistance film C shown 
in Fig. 5 can also be shown by calculation to be a good 
approximation to an isothermal. A criterion which 
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Fic. 6. Normalized current transition of specimens A, B, and C 
superimposed. A, Sample A, dc; + , Sample B, dc; O, Sample B, 


pulse; {_], Sample C, de. 


’ 


establishes the condition under which a de transition 
curve is a good approximation to an isothermal is 
developed below [Eq. (6) ]. 

The regions of the dc transition curves of Figs. 3, 4, 
and 5 corresponding to increasing current, and the 
isothermal curve measured with pulse currents of Fig. 4, 
are plotted to the same scale in Fig. 6. It can be seen 
that the isothermal transition measured with pulsed 
current of specimen B superimposes excellently with 
the toe of the de curve of the lower resistivity specimen 
C*of Fig. 5, which is known itself to be a good approxi- 
mation to an isothermal. This indicates that the details 
of the isothermal current-induced resistance transition 
are independent of the film resistivity over the 3:1 
range measured. 

The variation of the current 7, (corresponding to the 
onset of resistance) with the film width has been found 


7 The specimen inductance does not contribute to the pulse 
voltage since this is measured after the pulse current has reached 
a steady value. 
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TABLE II. Critical current for 0.30-micron tin films. J, is extra- 
polated current value at which resistance reaches zero. 


Substrate 


1-/wsT A/cm—K 


Sapphire 


114 


to be linear to within the experimental scatter of 
+30% over the range of widths 0.01 to 0.4 cm. J, was 
also found to be roughly proportional to 7,—7T=AT 
for AT<0.5°K. I./wAT is shown in Table II. This 
gives the average for 15 sapphire samples and 12 glass 
samples made in different evaporators over a period of 
one year. The difference between the values of J./wAT 
for glass and sapphire may be due to a difference in the 
coefficients of expansion of these two substrates. 
Pulsed current transition data for sample D, a high- 
resistivity film on sapphire, is plotted in Fig. 7 as the 
resistance variation with temperature for constant- 
height pulse current. Also shown is a transition meas- 
ured with a steady current of 1 ma. This type of plot 
brings out the fact that the shape of the resistance 
variation with temperature at constant current is 
approximately independent of the current amplitude 
provided that the development of Joule heat is avoided. 


D. Analysis of the Isothermal Transition 


Most of the measurements reported here are for 
AT<0.3°K. In this range the calculated penetration 
depth for bulk tin is \2 0.1 micron, which is comparable 
to the film thickness of 0.30 micron. Under these 
conditions the current should be nearly uniformly 
distributed throughout the film even when the film is 
completely superconducting.* It is not surprising there- 
fore that J, is found to vary linearly with width. 


7, 
a Imo OC 


300 mo 
400 mo 
500 ma 


12 sec PULSES, 50 c/s 


p= 083pN-cm 
WIDTH = 3.75 mm 


RESISTANCE , ohms 








3.75 3.80 3.85 
TEMPERATURE , °K 


Fic. 7. Film resistance as a function of current and temperature in 
the absence of Joule heating (sample D). 


§ D. Shoenberg, Supercondiictivity (Cambridge University Press, 
Cambridge, 1952). 
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The resistance transition with temperature has ap- 
proximately the same width (0.02°K) as the resistance 
transition with temperature at constant field. This 
encourages us to attempt to relate the current required 
to restore half the resistance, with the field required to 
restore half the resistance at the same temperature. 

Assuming uniform current distribution, the field 
associated with a current J passing through a film of 
width w is, in emu, 


H=2nl/w. (1) 


Ginzburg? has derived a relation which connects the 
field Hre corresponding to the critical current of a film 
with the critical field He measured directly. This 
relation is 


HicHc= $Hce’, 
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Fic. 8. Test of Ginzburg’s relation for /7;c, the field associated 
with the critical current (sample D). (J, Hc, Film critical field 
X0.1; A, Hes, Bulk critical field; a, Hic=$(Hew*/Hc); O, 
Experimental values of H7c= (49/10) (1/2w). 


where Hep is the bulk critical field. This equation was 
derived for the limiting case of films much thinner than 
the penetration depth and should, therefore, only be 
true close to the critical temperature in the present 
experiments. 

Experimental values of Hic for specimen D are 
compared with those calculated from expression (2) in 
Fig. 8. Here H1c is the field calculated from the (pulsed) 
current required to restore half the full resistance, 
using Eq. (1). Also shown are experimental values of 
He, the film critical field, and Hep, the critical field for 
bulk material. It can be seen that the agreement 
between the theoretical and experimental curves of 
Hic is good for AT <0.03°K. 
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E. Analysis of the dc Transition 


An analytical technique will now be described with 
which it is possible to construct dc transition curves 
from experimental isothermal transition curves by 
establishing the condition of thermal equilibrium with 
the helium bath. 

Consider a steady current J flowing through a film of 
resistance R(/J,7) at temperature 7, immersed in a bath 
of temperature J. For thermal equilibrium 


PR(1,T)=FA(T—T)), (3) 


where F is the heat loss to the helium in watts/cm? °K 
and A is the area over which heat transfer to the helium 
occurs. This equilibrium can be represented graphically 
as in Fig. 9, which represents curves of /?R(/,T) vs 
T for a hypothetical film. The right-hand side of Eq. (3) 
is represented by the straight line passing through 7». 
Current magnitudes increase from 1 to 74. 

When a specimen is subjected to currents increasing 
from zero, the thermal equilibrium positions are given 
by the lowest intersections of the corresponding current 
curve with the straight line. For a current just above 7; 
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Fic. 9. Joule heat 
generated in film as a 
function of film tem- 
perature and current 
I. Straight line rep- 
resents FA(T—To), 
the heat loss to bath. 
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an unstable equilibrium is reached and the equilibrium 
changes in a discontinuous fashion to the upper inter- 
section B. 

If the current is now decreased below 72 the 
equilibrium again becomes unstable and the tempera- 
ture returns discontinuously to a point close to 79. 

In general, discontinuous temperature transitions 
occur when 


[P?(0R/0T);=FA. (4) 


On the other hand, for J increasing from zero, the 
resistance change due to Joule heating will remain 
negligible as long as 


P?(0R/dT) KFA. (5) 


The above analysis assumes that the temperature 
difference between the middle and ends of the film is at 
all times much smaller than the width of the tempera- 
ture transition for constant current in the absence of 
Joule heating.® A straightforward calculation shows 
that this condition is fulfilled in the case of the tin films 
described here when deposited on sapphire. 

®This does not imply that the whole film changes state 
simultaneously. 
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Fic. 10. Comparison of dc transition curve, constructed 
from isothermal data of Fig. 7, with experiment (sample D). 
AT=0.054°K. 


To compare (3) and (4) with experiment, a dc 
transition curve for T=3.81°K was constructed from 
experimental isothermal current transition curves for 
sample D some of which are shown in Fig. 7. The 
constructed dc transition curve and the curve obtained 
by direct measurement at the same temperature are 
compared in Fig. 10. The value of F used for the cal- 
culated curve was 0.2 w/cm?.” The value of A, the 
effective area of heat loss to the helium, was chosen at 
1.0 cm?, intermediate between the area of the tin film 
(0.4 cm?) and the total exposed area of the sapphire 
(3.0 cm*). The width of the calculated hysteresis loop 
and the resistance before jump-up and after jump-down 
are quite insensitive to the choice of A. Using a value 
for A of 0.7 cm? gives coincidence of the calculated and 
experimental loops for Jyy; using a value for A of 
1.25 cm gives coincidence at J sp. 


CONCLUSIONS 


It has been established that close to the critical 
temperature the current transition for thin tin films in 
the absence of heating effects is smooth, shows no 
hysteresis, is independent of film resistivity and that the 
critical current is proportional to film width. The fact 
that the dc transition curve with its discontinuities and 
hysteresis can be constructed from the isothermal curves 
gives additional support to the conclusion that all of 
the hysteresis in these curves is due to thermal effects. 

The linear variation of the critical current with film 
width suggests that in films whose thickness is com- 
parable to the penetration depth the current is uni- 
formly distributed over the film width as is to be 
expected on the basis of energy considerations. This 
interpretation is supported by the fact that the critical 
current (measured isothermally) sufficient to restore 
half the normal resistance is in good agreement with 
the value predicted by Ginzburg’s phenomenological 
theory.? The factors which govern the width of the field 
and current transition curves remain to be investigated. 


© A. Karagounis, Suppl. bull. inst. intern. froid Annexe 1956—2, 
Louvain Conference, 195 (1956). 
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Formation of Interstitials in Alkali Halides by Ionizing Radiation* 


R. E. Howarp Anp R. SMOLUCHOWSKI 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania 
(Received June 8, 1959) 


Recent experimental evidence seems to indicate that interstitials in alkali halides are formed by ionizing 
radiation. The validity of the so-called Varley mechanism depends on several factors such as the lifetime 
of the positive halogen ion, lattice geometry, etc. These are evaluated and found favorable. 


T is well known that ionizing radiation like x-rays 
or 8 rays produce lattice defects in alkali halide 

crystals,’ but, so far, the processes whereby defects 
are formed are not well understood. Seitz? and Mark- 
ham® have proposed that defects are produced by the 
interaction of radiation with dislocation jog sites. 
Recently, however, experimental evidence has been 
obtained for the presence of interstitial halogen ions 
in irradiated alkali halides.4®° This lends support to 
Varley’s suggestion made five years ago that defects 
might be produced through the multiple ionization of 
halogen ions. Multiply ionized halogen ions would 
find themselves in a labile equilibrium position with a 
large electrostatic energy of the order of 5-10 ev and 
hence would tend to be displaced into energetically 
more favorable neighboring interstitial sites. Thus a 
halogen ion vacancy and a halogen ion interstitial 
would be created, which, by a subsequent capture of 
electrons, could transform into an F center and an 
interstitial halogen atom. 

From very limited evidence on the electron bombard- 
ment of rare gases, Varley estimated that the cross 
section for double ionization is about one-tenth the 
cross section for single ionization. If one assumes that 
most double ionizations lead to the formation of an 
F center, then this ratio of cross sections is of the right 
order of magnitude to account for experimental observa- 
tions on the rate of growth of F-center concentrations. 

Whether or not a large number of defects can be 
actually produced by such a mechanism depends also 
on (1) the average lifetime of a doubly ionized center 
against recapture of an electron, (2) the ease with 
which the positive halogen ion can reach an interstitial 
site, and (3) the stability of an interstitial halogen, 
once it is formed, against return to its initial site. 
Calculations of Hatcher and Dienes’ provide a partial 
answer to the last problem. They find that the energy 
of activation for the motion of a Cl interstitial atom 

* Research supported by the U. S. Atomic Energy Commission 
and the Office of Naval Research. 

1 F, Seitz, Revs. Modern Phys. 26, 7 (1954). 

2 F, Seitz, Phys. Rev. 80, 239 (1950). 

3 J. J. Markham, Phys. Rev. 88, 500 (1952). 

4W. Kinzig and T. O. Woodruff, Phys. Rev. 109, 220 (1958). 

5D. A. Wiegand and R. Smoluchowski, Phys. Rev. 110, 991 


(1958). 

6 J. H. O. Varley, Nature 174, 886 (1954) ; J. Nuclear Energy 1, 
130 (1954). 

7 R. D. Hatcher and G. J. Dienes, Bull. Am. Phys. Soc. Ser. IT, 
4, 142 (1959). 


from one interstitial site to another is large, of the 
order of 2 ev. This means that if a halogen ion were 
ejected via the Varley mechanism from a normal 
position to a next nearest interstitial site it could not 
easily return to the vacancy once it captured an electron, 
at least by a direct interstitial jump. The possibility of 
an interstitialcy mechanism accompanied by a charge 
transfer has not as yet been investigated. Three 
important observations can be made about the second 
problem at this stage: first, as far as the electrostatic 
energy alone is concerned, a positive halogen ion in 
its original position is on top of a potential hill and thus 
a small vibration may start it on its way down away 
from the initial lattice site. Further, the potential has a 
downward slope in all of the (111) directions, even 
beyond the nearest interstitial sites. Finally, the positive 
halogen ion is smaller® than the opening between the 
three metallic ions which are its neighbors and which 
would obstruct the passage of a normal negative halogen 
ion in the (111) direction. It seems thus that none of 
the original high energy of the ion is used up in reaching 
the first interstitial site which is in a (111) direction, 
though not necessarily in the cube center. Whether it 
could also reach a next nearest interstitial site is more 
difficult to estimate, although the smallness of the 
ion and the availability of high energy make the 
situation qualitatively favorable. In view of the large 
difference in size of the normal halogen and metal 
ions the path of least activation energy connecting two 
neighboring interstitial sites lies almost certainly not 
in a straight (100) direction. 

The first problem, i.e., the question of the lifetime 
of a doubly ionized halogen against electron recapture 
will be considered here. We would expect that unless 
this were at least comparable to the period of a lattice 
vibration (~10-" sec) the ionized center would 
recapture an electron before it could move to an 
interstitial site. We shall derive by very simple kinetic 
arguments an expression relating a lower limit of the 
capture time of a center to the density of conduction 
electrons present in the crystal during irradiation. From 
this we can show that below a critical density of 
conduction electrons the lifetime of a center is suf- 
ficiently long for the formation of an interstitial. 
Suppose an initially uniform distribution of V doubly 


*C. Kittel, Solid State Physics (John Wiley & Sons, Inc., 
New York, 1956), pp. 81 and 82. 
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ionized halogen ions and » conduction electrons per 
unit volume. We assume that the density of the centers 
is sufficiently small for interactions between them to 
be neglected, and that the mobility of an electron is 
much larger than that of an ionized center. Since a 
doubly ionized halogen ion has an effective charge + 2e, 
it exerts a Coulomb attraction on the surrounding 
electrons. The lifetime of a center is (a) the time that 
an electron takes to reach the center, plus (b) the time 
that an electron takes, once in the immediate neighbor- 
hood of a center, to be captured. A lower limit is 
obtained if we neglect the latter. The average time for 
an electron to reach a center may be estimated very 
simply. At the time /=0, the closest electron to a given 
center is about [(42/3)z]}* cm away. This electron 
will be attracted toward the center with a force 2e?/Kr’ 
and move toward it with a velocity wE=2ye/Kr’. 
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Here K is a dielectric constant and y is the mobility of 
an electron. The time for the electron to reach the 


center is 
"Kr K 
T= —dr=——_,, 
o Que Sreun 


where #=[ (44/3) ]-*. 

For NaCl at 200°K, the high-frequency dielectric 
constant K~2, and w=40 cm?/y-sec,? which gives 
7™~10°/n sec. If nS 10'7/cm’, then r>10-" sec, and 
it is thus very likely that a doubly ionized halogen has 
time to escape into an interstitial position. It should be 
possible to estimate » by measuring the electrical con- 
ductivity of a crystal during irradiation. Such meas- 
urements are now in progress. 

9A. G. Redfield, Phys. Rev. 91, 753 (1953). 
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Spatial Diffusion of Spin Energy 
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A procedure is outlined for evaluating the spatial diffusion coefficient of magnetization of spins on a rigid 
lattice. The temporal recession of a spatially sinusoidally varying magnetization is analyzed, and is reduced 
to the problem of finding a function whose moments are known. An unambiguous value of diffusion coefficient 
can be obtained but the possibility of a complete lack of diffusion cannot be ruled out. 


OME years ago Bloembergen!' pointed out that cer- 
tain spin relaxation phenomena could be explained 
if it was assumed that energy can be spatially trans- 
ported in the spin system of a rigid lattice via mutual 
spin flips of near neighbors, brought about by the 
dipole-dipole interaction. He was able to make a rough 
estimate of the diffusion coefficient, but efforts to 
improve on his theory have failed because of the 
inapplicability of perturbation theory to this problem. 
In many cases it is difficult, if not impossible, to 
prove theoretically whether or not such spin diffusion 
actually occurs,” but if we assume that it does, then it is 
possible in principle to find a unique value for the 
diffusion coefficient D. We consider for simplicity the 
high-field case, for which total M, is conserved, and for 
which the Hamiltonian can be suitably truncated.’ It 
suffices to consider a single spatial Fourier component 
of the spin magnetization. At time /=0, we assume 
M.=M o+C(0) sinkx. Such a nonuniform magnetization 
could be produced by adding a nonuniform field to the 
uniform high field for ‘<0 and switching this added 
field off at /=0. According to the usual diffusion equa- 


1N. Bloembergen, Physica 15, 386 (1949). 
2 P. W. Anderson, Phys. Rev. 109, 1492 (1958). 
3 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948). 


tion, C(/) will decay exponentially for />0O with time 
constant 7~!= Dk®. We assume that this is the case, and 
find that the consequences of this assumption are con- 
sistent with a certain rigorous quantum calculation 
provided k~ is large compared to the interspin distance. 
The resulting diffusion coefficient D can be regarded as 
an upper limit and is probably the true one for those 
cases in which spin diffusion actually does occur. 

We consider the time derivatives of C(t) at /=0; 
these can be calculated assuming that the system is 
described for /=0 by the density matrix 


p~A(l—K/kRT+ BU), (1) 

where 
2; sinkx;5;;. (2) 
Here A and B are suitable constants, 5 is the Hamil- 
tonian® of the spin system for />0, S,; is the 2 com- 
ponent of spin angular momentum operator for the jth 
spin, and x; is its « coordinate. The fact that (1) is 
written as a series rather than an exponential form 
implies that we are considering the high-temperature 

limit only. 

The expectation value of U’, Trlp(t), is proportional 
to C(t); thus the derivatives of C at {=0 can be calcu- 
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Fic. 1. Behavior 
of various functions 
discussed in the text. 











lated.‘ Odd derivatives vanish and the even derivatives 
M2,= (d*"C/dt?")/C(O) will be discussed below. We 
immediately see that C(/) cannot be exponential; in- 
stead we may hope that its behavior is exponential for 
time greater than some time 7;<r; for time less 
than 7;, C(t) must depart from exponential behavior 
to have zero first derivative at t=0. 

C(t) is analytic and has a normalized Fourier trans- 
form A (w): 


C(t)=C(0) f A(w) coswldw. (3) 
The 2th moment of A (w) is (—1)"Mo,,. If one assumes 
that C(t) is nearly exponential, A(w) will be nearly 
Lorentzian, except for w>7;~', where it will be cut off 
(Fig. 1). Thus we can write 
2r/x 
A (w) =———g(w), (4) 
1+w?*r? 
where g(w) equals unity for w=0 and is a function which 
approaches zero for w2T; (see Fig. 1). Since w?A (w) 
™(2/mr)g(w) for w>7~!, we have 


M~(2/nr) f glu, (5) 


for r>T;; therefore 7 and thus D can be determined if 
the shape of g(w) is known. But the 2th moment of g is 
approximately given by | M2n;2/M2|, and the shape of g 
can in principle be determined from its moments. 

In order to be consistent, D must be independent of k, 
so 7! and all the M2, must be proportional to k*. 
We have 
(ih)?"Mon 5 (sinkx;)? TrS.;* 

=) 5; sinkx; sinkx; Tr[5C,S.i |n[5C,S.; |n, (6) 

‘The reasoning used here is similar to that used in treating 

free-induction decays in magnetic resonance. See, for example, 


I. J. Lowe and R. E. Norberg, Phys. Rev. 107, 46 (1957) ; R. Kubo 
and K. Tomita, J. Phys. Soc. Japan 9, 888 (1954). 


REDFIELD 


where [A,B ],:=[A,B]; [A,B]},=[4,[4,B]], etc. Using 
the fact that the truncated 3C commutes with total S, 
and that the trace on the right-hand side is, on the 
average, an even function of x;—,;, and assuming that 
the spin system is macroscopically homogeneous, we can 
reduce (6) to 


— (th)?*"Mon 1; TrS,;? 
=2 Dd ii [sinsk(x;—x;) |? Tri 3,52: Jn 5C,S2; |n- (7) 


For the usual dipole-dipole and exchange interactions, 
the trace on the right-hand side decreases rapidly with 
increasing x;—x;, so that only nearby spins i and 7 
need be included in the double sum. Thus (7) is pro- 
portional to k? for k-' much larger than the spacing 
between spins. This condition also leads to 7>T; 
(T; is of the order of the nearest neighbor inter- 
action T2), so that the assumption of spin diffusion is 
indeed consistent with the calculated Mon. 

The theory can be applied to the low-field case and 
to spectral diffusion?*.* by suitable modifications of 5 
and U’. The low-field case appears to be straightforward, 
but the results of the spectral-diffusion calculation are 
complex and the interpretation obscure. 

When applied to an electronic spin system with 
static microscopic inhomogeneous (hyperfine) broaden- 
ing, this theory predicts spatial diffusion even for spin- 
spin interaction much smaller than the hyperfine 
broadening, in disagreement with the natural inter- 
pretation of experiments on spectral diffusion and with 
other more sophisticated theoretical work.” A partial or 
complete lack of diffusion means C(»)#0, A(0) 
singular. A true singularity appearing in A(0) at w=0 
would be virtually impossible to distinguish from a 
Lorentzian peak at w<r~! by means of a moment 
calculation. 

Nevertheless, we may hope that in cases where 
diffusion does occur, the present formalism would 
apply. The best quantitative experimental comparison 
would be with angular’ and field® dependence of 7; in 
ionic crystals. The actual calculation of the Me, and 
g(w) would be difficult but does not appear to be out 
of the question. 
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Powder neutron diffraction measurements have been performed 
at temperatures down to 4.2°K on three compositions in the 
mixed spinel series MnFe2_;Cr,O.(0</<2). Separation of the 
nuclear and magnetic scattering was accomplished both by 
applying an external field and by measuring the neutron intensities 
above the Curie temperature. Analysis of the nuclear scattering 
indicates that all the compounds investigated have essentially the 
normal spinel structure, the fraction of divalent atoms on the 
tetrahedral sites being about 0.8, 0.9, and 1.0 for ¢=0.5, 1.0, and 
1.5, respectively, while in every case the Cr atoms are located on 


I. INTRODUCTION 


HE molecular field theory for two nonequivalent 
sublattices, developed by Néel,'! has had great 
success in explaining the magnetic properties of the 
ferrites. Yafet and Kittel? extended the theory to a 
further subdivision of the lattice sites, in order to take 
account more satisfactorily of cases where the cations 
on an individual sublattice are strongly coupled. They 
showed that the ground state of the system is not 
necessarily one with the sublattice magnetizations 
aligned either parallel or antiparallel, which was Néel’s 
result, but that the moments on the subsites of a given 
sublattice can be directed at angles to one another. 
Inasmuch as this configuration may result in a smaller 
net moment than if all the spins are collinear, it has 
been invoked in some mixed spinel systems with a 
lower moment than predicted by Néel’s model, a 
typical case being the manganese ferrite-chromites 
investigated by Gorter.® 
In order to search for the existence of these triangular 
ground states, an investigation was undertaken of this 
system by low-temperature powder neutron diffraction 


TABLE I. Lattice parameters, Curie temperatures, and saturation 
moments (extrapolated to 0°K) of MnFes_;Cr,Ox. 


ao(A) To(°K) ue/molecule 
1.88 
0.21 
0.80 


8.49 485 
8.46 375 
8.45 240 


* Work supported by the National Security Agency under the 
auspices of the U. S. Atomic Energy Commission. 

t Based on a thesis submitted by S. J. Pickart to the University 
of Maryland in partial fulfillment of the requirements for the 
Ph.D. degree. A part of this work was briefly reported in Bull. 
Am. Phys. Soc. 3, 42 (1958). 

1L. Néel, Ann. phys. 3, 137 (1948). 

2Y. Yafet and C. Kittel, Phys. Rev. 87, 290 (1952). 

3 E. W. Gorter, Philips Research Repts. 9, 403 (1954). 


the octahedral sites. The magnetic scattering is consistent with 
antiparallel A- and B-site moments, with no evidence being found 
for ordered triangular configurations. The magnitude of the A-site 
moments in each instance is approximately the moment value of 
the cations located there, while the B-site moments are signifi- 
cantly lower than expected on this basis. These results can be 
attributed to the occurrence within the B sublattice of spin- 
quenched cations, random antiparallel spins, or short-range 
ordered triangular configurations, since any of these alternatives 
lowers the sublattice moment on the average. 


measurements, which are in principle capable of de- 
tecting such arrangements. In the present case, because 
of the favorable neutron scattering amplitudes, the 
neutron measurements have the added advantage of 
giving precise information concerning the cation and 
anion positions in the unit cell. 


II. EXPERIMENTAL 


The chemical formula of the subject spinel series is 
MnFe2_;Cr,O4, with ¢ the number of Cr ions substituted 
per molecule of MnFe.04. The compositions investi- 
gated were those with /=0.5, 1.0, and 1.5. 


Sample Preparation 


The compounds were prepared by firing initimate 
mixtures of the cp grade powdered oxides or carbonates 
in a stream of helium gas. In order to ensure complete 
and uniform chemical reaction the sintered products 
were ground and reheated twice to a temperature of 
1050°C before the final treatment of two hours at 
1450°C. 


X-Ray and Magnetic Measurements 


The end products of the sintering process were 
examined by powder x-ray diffraction measurements on 
a Norelco diffractometer, using Cu K, radiation, in 
order to obtain the spinel lattice parameter and to 
search for the presence of other phases. The magnetic 
properties of the samples were also measured for 
comparison with the data previously reported by 
Gorter.’ In all three preparations no trace was found of 
phases other than the spinel, and the lattice parameters, 
Curie temperatures, and saturation moments (extrapo- 
lated to absolute zero from 77°K) are in close agreement 
with the earlier values. These data are summarized in 
Table I. 
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Fic. 1. Neutron diffraction patterns of the three compositions in the manganese ferrite-chromite series, obtained at 4.2°K. The 
powders were contained in a cy lindrical aluminum sample holder. The decreased intensity at small angles in the first pattern is due 
to improved collimation. 





CRYSTAL AND 


Neutron Diffraction Measurements 


All of the specimens examined were in the form of 
200-mesh powders. For the purpose of the study a 
cryostat, modeled after the one described by Erickson,‘ 
was modified to include an electromagnet providing 
fields up to approximately 8000 oe across a gap of 13 in. 
The assembly was mounted upon the crystal table of 
one of the powder spectrometers at the face of the 
Brookhaven reactor. Cylindrical samples were used 
except for measurements with the external field, when 
a flat sample was placed with its long axis in the field 
direction. _ 

In general each composition was examined at room 
temperature, at 77°K, and at 4.2°K. In addition, the 
magnetic intensities in some cases were studied as a 
function of temperature, with the peak counting rate 
being measured at intervals as the sample warmed up 
to room temperature. The carbon resistor used as the 
temperature-sensing element was buried within the 
sample. 

III. RESULTS AND ANALYSIS 


The spectrometer patterns of the three compositions 
obtained at 4.2°K are plotted in Fig. 1. These illustrate 


TABLE IT. Metal and oxygen parameters for MnFee;¢Cr/Ox. 
x is the number of Mn atoms and z the number of Cr atoms per 
molecule on tetrahedral sites; « is the oxygen parameter. 


v z u 
0.3867 +0.0003 


0.3883+0.0003 
0.3892 +0.0003 


0.0+0.02 
0.0+0.02 
0.0+0.02 


0.84+0.02 
0.87+0.02 
0.98+0.02 


the essential features of the data, specific differences 
being due to changes in the composition, and the 
relative amount of magnetic scattering. The coherent 
scattering in these samples is of course of both nuclear 
and magnetic origin, and the separation of the two 
components is necessary for accurate determination of 
the atomic and magnetic parameters. The methods used 
for this purpose were (1) use of the outer reflections, 
where the decrease in form factor makes the magnetic 
scattering relatively small, to obtain preliminary values 
of the nuclear parameters; (2) measurement of the 
decrease of the coherent scattering upon the application 
of an external field along the scattering vector, which is 
the null condition for magnetic scattering®; (3) meas- 
urement of the intensities above the Curie points, where 
these were in an accessible temperature range (¢=1.0 
and 1.5). 


Nuclear Scattering 


The ratios of the nuclear intensities relative to (440), 
which is insensitive to the metal positions, were used to 


4R. A. Erickson, Phys. Rev. 90, 779 (1953). 
5Q. Halpern and M. H. Johnson, Phys. Rev. 55, 898 (1939). 


MAGNETIC STRUCTURES 


OF MnFe,-;Cr;QO, 


TABLE ITI. Sublattice magnetic moments of 
MnFee_;Cr,O, at 47°. 


Spin-only 
Observed by neutron diffraction cation moment 
Mp Ma Ms 


5.0 9.0 
5.0 8.0 
5.0 70 


determine the parameters of the nuclear structure. 
Because of the fact that all chromites so far studied** 
have been found to be completely normal, the initial 
assumption was made that all the chromium ions were 
on the octahedral sites. Further refinement indicated 
that this assumption was essentially correct. The 
parameters determined by the best fit with the data 
are given in Table IT. 

In none of the samples studied were any superlattice 
reflections observed that might indicate ordering of the 
cations. In one case (‘=1.5) the Curie point is low 
enough so that the room temperature scattering is 
purely nuclear. The data for this composition were 
analyzed to obtain a temperature factor indicating an 
effective Debye temperature near 540°K. 


Magnetic Scattering 


Because the relative amount of magnetic scattering 
is large for reflections where the structure factors 
subtract the contributions from the A and B sites, and 
small where these contributions are added, it can be 
inferred that the magnetic alignment in these com- 
pounds involves antiparallelism of the net moments on 
the two types of sublattice site. If, in addition, the 
spins are ordered on the B sublattice according to the 
scheme of Yafet and Kittel,’ one would normally expect 
coherent scattering effects from such an arrangement, 
as Prince’ has pointed out in the case of CuCr,O,4. In 
particular, the (200) reflection, usually absent because 
of the identical scattering factors of the four face- 
centered lattices making up the B sublattice, should 
have a magnetic contribution proportional to the square 
of the transverse or antiferromagnetic component of 
the B-site moment. 

In the absence of any evidence of Yafet-Kittel 
ordering, the magnetic scattering was analyzed with a 
model of antiparallel A- and B-site moments, treating 
their magnitude as parameters. It was possible to obtain 
a reasonable agreement between calculated and ob- 
served intensities by using the moment values listed in 
Table III for the three compositions, together with the 
Mn ferrite form factor.’ The intensities calculated with 
the parameters of Tables II and III are compared with 
the data observed at 4.2°K in Table IV. 

6. J. W. Verwey and E. L. Heilmann, J. Chem. Phys. 15, 
174 (1947). 

7E. Prince, Acta Cryst. 10, 554 (1957). 

8S. J. Pickart and R. Nathans, Bull. Am. Phys. Soc. 3, 231 


(1958). 
9 J. M. Hastings and L. M. Corliss, Phys. Rev. 104, 328 (1956). 
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Tas Le IV. Comparison of calculated and observed 
intensities of MnFee_¢CrO, at 4.2°K. 


Calculated 
Nuclear Magnetic 
0.5 (111) 543 874 

(220) 2 183 
(311) 110 0 
(222) 92 119 
(400) 1035 169 1240 1262 
(331) 35 179 222 263 
(422) 6 61 69 74 
(511, 333) 256 0 255 255 
(440) 884 19 908 891 
(531) 298 109 419 363° 


(hkl) Total Observed 





1463 1510 
189 193 
108 113 
214 208 


(111) 463 440 903 920 
(220) 5 126 131 138 
(311) 41 9 50 60 
(222) 138 39 177 160 
(400) 832 79 911 873 
(331) 14 84 98 99 
(422) 12 40 52 47 
(511, 333) 198 1 199 196 
(440) 627 0 627 634 
(531) 244 48 292 2938 


(111) 295 
(220) 11 
(311) 5 
(222) 105 
(400) 478 
(331) 8 
(422) 18 
(511, 333) 94 
(440) 291 
(531) 153 a 1938 





* Corrected for presence of Al(220) contamination from sample holder. 


Temperature and Field Dependence of 
the Magnetic Scattering 


As indicated earlier, the coherent magnetic scattering 
from these compounds was also investigated as a 
function of temperature and of an external magnetic 
field, applied along the scattering vector. 

The measurements with magnetic field were intended 
to evaluate precisely the magnetic component of the 
scattering. In one case (t=1.0) it proved impossible to 
eliminate the magnetic contribution completely in this 
way. The effect of the field on the peak counting rates 


TABLE V. Effect of field on magnetic intensities in MnFe2_;Cr/Oy 


Calculated 
nuclear 
level 


Observed peak height 
(less background) 





H = 6800 oe 
3080+ 60 2843 
152+60 65 
1678+60 1500 
H=7400 oe 
5900+90 
1600+60 
2120470 
H =5500 oe 
5106+80 
457+060 
1890+70 


H=0 
6290+ 80 
2882+ 70 
3026+ 70 

H=0 
6700+ 90 
25704 70 
2255+ 70 

H=0 
8505+ 100 
2380+ 80 
2390+ 80 


3500 
465 
1700 


5120 
400 
2050 
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of the (111), (220), and (222) reflections for the three 
compositions is summarized in Table V, compared to 
the counting rates expected on the basis of the nuclear 
parameters. The discrepancy for /=1.0 is many times 
the experimental error. The (200) position was scanned 
with the field applied to see whether a changé in the 
state of the magnetic ordering was being induced, but 
none was indicated. A measurement of the intensities 
as a function of field (Fig. 2) shows that some of this 
residual scattering may be attributed to anisotropy, 
since the amount of magnetic scattering eliminated is 
larger for (220) than for (111) and (222). Nevertheless, 
it is apparent that much higher fields would be needed 
to remove all of it. 

The shapes of the individual sublattice magnetization 
vs temperature curves may be derived from the temper- 
ature dependence of the magnetic scattering. The 
results obtained from these measurements on one 
particular sample are presented in Fig. 3. On the Néel 
model the structure factors of the (220) and (222) 
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Fic. 2. Relative amount of magnetic scattering as a function 
of applied field for the (111), (220), and (222) reflections in 
MnFeCrQ, at 77°K, normalized to the amount in zero field. 


reflections are proportional to the squares of the 
tetrahedral and octahedral sublattice moments, respec- 
tively. The magnetization curves constructed from the 
data are shown in Fig. 4. 


IV. DISCUSSION 


The cation distributions found in this series are not 
unexpected in view of the degree of inversion found by 
Hastings and Corliss’ in MnFe,O, and the known 
preference of Cr for octahedral coordination. The 
exact values, however, eliminate any ambiguity in 
assigning to each sublattice the moment expected on 
the basis of the spin-only cation moments, which are 
listed in Table ITI. 

Although the experimental values of the sublattice 
moments are somewhat imprecise, it is clear that the ° 
B site magnetization for each composition is signifi- 
cantly lower than one would expect by adding up the 
moments of the cations occupying these sites; at the 
same time, one can conclude from the data in Figs. 3 
and 4 that the sublattices are in fact saturated. It may 
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be pointed out that, in cases where the error is not of 
the same order of magnitude as the difference between 
the A- and B-site moments, the B sublattice apparently 
possesses the dominant moment, and that the values 
determined by the neutron measurements are con- 
sistent with the observed net moments (Table I) 
within the experimental error. 

The point was mentioned earlier that an ordering on 
the B sublattice should be accompanied by the appear- 
ance of a (200) reflection. While this is always the case 
for the nuclear scattering, it is not necessarily so for 
the magnetic, since in the structure factor 


F390? = F 290? (nucl) + ¢°F 200° (magn), 
the directional term in the magnetic component 
g=1—(e-«)? 
(where ¢€ is the scattering vector and « the spin unit 
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Fic. 3. Temperature dependence of the (220) and (222) reflec- 
tions in MnFeCrQ,. The indicated Curie point is that determined 
from the magnetization measurements. Vertical bars indicate the 
statistical error. 


vector) may be identically zero. In one particular model 
where this is true, the two B-site moments lie in (100) 
planes with their resultant along [010], when the 
unique direction defined by the ordering is [001]. 
While other specific models may conceivably lead to 
the same result, i.e., absence of the (200), it can easily 
be shown that such arrangements do not leave the 
magnetic structure factors of other reflections for the 
simple Néel model unchanged. The general agreement 
presented in Table IV between the observed data and 
the model chosen, as well as the absence of the (200) 
reflection, leads to the conclusion that the B-sublattice 
moments are not ordered at angles on a long-range basis. 

Nothing in the data, however, excludes these angles 
being ordered over the distance of a few unit cells, i.e., 
in regions much smaller than the dimensions of the 
coherently scattering crystallites.,Anderson has in fact 
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Fic. 4. Sublattice mag- 
netization vs temperature 
curves constructed from the 
data in Fig. 3. 
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presented a thermodynamic argument” showing why 
a short-range ordered state is stable for two scalar 
quantities partitioned on the ideal B sublattice. A 
disordered state in the present case would perhaps not 
be surprising in view of the random distribution of Fe 
and Cr atoms. The accompanying spin disorder would 
unfortunately prevent establishing the short-range 
order of the angles by measuring the magnetic diffuse 
scattering. The fact that Jacobs" has found a high-field 
susceptibility (which would accompany the triangular 
state) in both the compositions /=1.0 and ¢=1.5, may 
be evidence supporting this interpretation. 

Nevertheless, the data as such cannot eliminate 
other alternative explanations for the fact that the 
measured B-site moment is lower than the value 
expected on the basis of the cation moment. One of 
these is spin quenching of the cations, or the stabilizing 
of spin states with lower than maximum multiplicity 
by the influence of the crystalline electric fields. The 
low moments in chromium-substituted nickel and 
copper ferrites have been attributed by Baltzer and 
Wojtowicz” to a B-site Cr*+ ion with spin one-half, 
caused by local Jahn-Teller distortions due to Ni*?* and 
Cu** on neighboring tetrahedral sites. A similar mecha- 
nism might be operative in the present series if there is 
sufficient distortion of the B sites, arising possibly from 
an oxidation-reduction reaction between manganese and 
iron and the presence of trivalent Mn on these sites. 
However, spin-quenched Cr**+ does not seem sufficient 
to explain the present data completely, since for ‘=1.0 
the expected B-site moment is 5.2, even if all the Cr* 
is quenched and the Mn** is diamagnetic. On the other 
hand, a consistent agreement for the whole composition 
range can be obtained if the Fe** ion on the B sites 
has one unpaired spin. Assuming that for ¢<1 the 
amount of spin-quenched Fe** is proportional to the 
amount of Cr*+ results in B-site moments of 7.0 for 
1=0.5, 4.5 for 4=1.0, and 5.1 for /=1.5, which compare 
very favorably with the observed values. Spin-quenched 

10 P. W. Anderson, Phys. Rev. 102, 1008 (1956). 

J, §. Jacobs, Bull. Am. Phys. Soc. 4, 178 (1959). 
(1955) K. Baltzer and P. Wojtowicz, J. Appl. Phys. 30, 27S 
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Fe*, however, has so far not been observed in hydrated 
octahedral complexes." 

Another possible explanation is antiparallelism of the 
B-site moments, arising possibly from a positive A— B 
interaction between Mn?* and Cr**, or from the strong 
negative B—B interaction between Cr** ions suggested 
by susceptibility measurements on the chromites.* To 
account for the observed B-site moments, about 0.3 
Cr*+ spins per molecule must be reversed for /=0.5 
and 1.5, and roughly twice that for ‘=1.0. Although 
the origin of such a maximum in the number of reversed 
spins is unclear, the hypothesis is consistent with the 
neutron data in the same way as the short-range 
triangular arrangements, and implies local fluctuations 
in the magnetic structure such as suggested by Néel.?® 

The residual magnetic scattering in the presence of a 
field for the composition ‘=1.0 could possibly result 
from the effect of the field on the actual sublattice 
magnetic structure. Since, however, there is no a priori 
reason why this effect should be present in one compo- 
sition and not in the others, a more plausible explanation 
may be the very small net moment of this sample, 
which implies that the A and B moments are close to a 
compensation point. By analyzing the magnetization 
curves of compounds in the nickel ferrite-aluminate 
system near the compensation point, Gorter* has shown 
that mixed spinels probably possess small local vari- 
ations in composition. If some inhomogeneity is present 


in the sample, domains that are close to being compen- 
sated can be turned only with difficulty into the field 
direction, and hence still contribute to the ferrimagnetic 


scattering. 


18S. E. Harrison (private communication). 

‘4T. R. McGuire and S. W. Greenwald, International Confer- 
ence on Solid State Physics, Brussels, June, 1958 (unpublished). 

16. Néel, Compt. rend. 230, 375 (1950). 
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The shape of the magnetization vs temperature 
curves of the individual sublattices is related to the 
parameters of the Néel theory. As a matter of fact, 
curves resembling those of Fig. 4, calculated for certain 
values of the magnetic interaction parameters, have 
already been published.’® However, in view of the 
disagreement of the observed B-sublattice moments 
with those predicted by Néel’s model, an effort to 
match theoretical curves to the observed ones would 
seem to be of limited significance. 


V. CONCLUSIONS 


The powder neutron diffraction measurements de- 
scribed here have allowed an accurate determination of 
the nuclear structure parameters of the manganese 
ferrite-chromite spinels. The fact that the over-all 
magnetization of this system is lower than predicted by 
Néel’s model is found to be due to the low B-site 
moment relative to the spin-only cation moment. 
However, the ambiguities inherent in powder measure- 
ments prevent a more precise elucidation of the mag- 
netic structure, which must await studies with single 
crystals and polarized neutron beams. 
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The spins of rare earth ions in the garnets are coupled strongly both to the lattice phonons and, by an 
exchange interaction, to the ferric spin lattice. The rare earth spins thus provide a powerful relaxation 
channel for the ferric lattice. Two contributions to the line width may be distinguished: a coherent process 
(in which the total magnetic moment of the ferric lattice relaxes without changing the magnitude of the 
moment) is dominant at temperatures from 0°K up to just below the Curie temperature. Near and above 
T, a fluctuation process (in which ferric spins flip locally) is dominant. The theoretical results describe the 
order of magnitude and the temperature dependence of the observed line widths in the rare earth garnets 
and in impure yttrium iron garnet, if one assumes in the absence of direct experimental knowledge that the 
relaxation frequency 1/r of the relevant rare earth ions is ~10~ sec at 400°K. As the temperature is in 
creased from 0°K, the width increases until a maximum is reached when 1/7 becomes comparable with the 
ferric-rare earth exchange frequency. Above this temperature the width decreases until near 7'., where there 


is a sharp rise. 


INTRODUCTION 


T room temperature the ferromagnetic resonance 
line widths reported! for single crystals of rare 
earth iron garnets are of the order of hundreds or 
thousands of oersteds. Curves of line width vs tempera- 
ture for polycrystals are given in Fig. 1, from the work 
of Rodrigue et a/.?2 In the temperature range covered by 
the measurements the widths in polycrystals are 
believed to be essentially the same as the widths in 
single crystals. In pure yttrium iron garnet (YIG), 
however, where the B lattice is diamagnetic, the 1 
lattice of ferric ions is very slightly damped, with the 
lowest AH at room temperature reported? as 0.2 oersted. 
But when the B lattice sites are occupied by tons which 
relax rapidly, the exchange coupling between A and B 
provide a relaxation mechanism acting directly on the 
A lattice. The process is somewhat similar to the 
Bloembergen! process of nuclear relaxation by para- 
magnetic impurities; a major difference in our problem 
is that the iron spins are very strongly coupled together 
by exchange forces. This circumstance causes exchange 
narrowing of the lines above the Curie point and also 
causes coherent effects below the Curie point. 

It is useful at this stage to indicate briefly the general 
magnitude of the exchange interactions in rare earth 
garnets, as deduced from the work of Pauthenet.® There 
are 6 ferric ions on the tetrahedral sites 24d per molecule 
unit 5Fe;03-3M.0;; there are 4 ferric ions on the 
octahedral sites 16a. The moments of the ions a are 
antiparallel to the ions d. The molecular field at a 
arising from the d magnetic moment is, according to 
Pauthenet, 

H d=—270S a, (1) 

* Supported by the National Science Foundation and the U. S. 
Atomic Energy Commission. 

! Jones, Rodrigue, and Wolf, J. Appl. Phys. 29, 434 (1958). 

? Rodrigue, Pippin, Wolf, and Hogan, IRE Trans. on Microwave 
Theory Tech. MTT 6, 83 (1958). 

3R. L. LeCraw and FE. G. Spencer, Suppl. J. Appl. Phys. 30, 
185 (1959). 

4N. Bloembergen, Physica 15, 386 (1949). 

5R. Pauthenet, Ann. phys. 3, 424 (1958). 


where J, is the d magnetic moment per mole of Fet*+ 
on the d sites. The molar volume of YIG is approxi- 
mately 320 cm’, and this volume contains 6 moles of 
Iet** on the d sites. Thus 


H a= — 270(320/6)M w= — 1.5K 104M a; 


now M,=3M,(Y1IG)380 at room temperature, so 
that Hau=5.7X 10° oersteds at room temperature. The 
ad exchange field is the largest effective field in the 
problem. 

The rare earth the sites 24 
magnetized in the reverse sense to the resultant of the 
sites a and d occupied by ferric ions. Using Eq. (18) in 
Pauthenet, 


ions are on and are 


Hl tad = — (0/8) (3S a—2I = — (n/8) J a, 


so that 


A ecaajz — (n/8)(320/6)M &—6.7nM “=—20nM 4, (3) 


where M4 is the resultant magnetization of the A 
lattice. We then have, using Table VI of Pauthenet, the 
following results for the Weiss constant \: 


M++** ion nN \ =He(ad)/Ma 


Gd 2100 540 
Tb 1100 } 440 
Dy 1000 600 


He(ad)/Ma 


The values of Hecaa) between the A and B lattices for 
Ho and Er are about an order of magnitude lower than 
the value of H,a within the A lattice. The final inter- 
action which concerns us is very small, the exchange 
interaction connecting the rare earth ions on the ¢ sites. 
We have, after Pauthenet, 


A ee= (3nee/8)I &z (3/8) (320/6)n..M p—=20n..M p. (4) 


The results are as follows: 


aa? ** Hee/Mr 


Gd 160 
Tb 36 
Dy 120 
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Fic. 1. Line width vs temperature in polycrystalline rare earth 
iron garnets at 9200 Mc/sec, after Rodrigue et al.? 


Thus the exchange fields of the rare earth ions among 
themselves are only of the order of 10° to 10° oersteds, 
two or three orders of magnitude below Ha. To a good 
approximation we may think of the rare earth ions as 
coupled individually to the A lattice. 

Before proceeding with the detailed calculations of 
the following sections, we sketch the physical reasoning 
and the principal results. Above the Curie temperature 
we may apply the usual motional or exchange narrowing 
arguments and obtain for the relaxation frequency Aw 
of the A lattice 

Aw~wap’To, (5) 
where wag is the AB exchange frequency and 1/7» is 
the B ion relaxation frequency or the AA exchange 
frequency, whichever is the highest. Taking wagp~10” 
sec! and ty~10-" sec, we have Aw~10" sec, which 
seems to be of the correct order of magnitude, although 
measurements of AH are not available above T,. Such 
measurements could be carried out on YIG doped with 
rare earth ions. Minor modifications to Eq. (5) are 
discussed later when the problem is treated rigorously. 

The central result of Part I of this paper is the low- 
frequency resonance condition 


veil | 
yall s-1sMe—insM eM,’ 
Ma+Mpy1+(r)*yeMa(yeMat+yaMs) 
Ma 14-(Ar)*ypMatyaMs)? 
MitMp vaMer 
Ma, 1+(2)*(yeMa- 


w=wa(M4+Mp) (6a) 


; (6b) 


Rew=w4 


Imw=w4 ; eee (6c) 
1+ (AT)?(ypaMatyaMp)* 
where 

1/r=ap\M Maz, (7) 


is the transverse relaxation time of the B ions. 

At quite low temperatures, say in the liquid helium 
or liquid hydrogen range, the line width is directly 
proportional to the relaxation frequency of the B 


6 C. Kittel, Phys. Rev. 115, 1587 (1959). 
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lattice. From Eq. (6) we see that when the B ion 
relaxation frequency is low (in comparison with the 
exchange frequencies associated with the AB inter- 
action) then the low-frequency resonance condition is 


M,s+Me 
a ) 
(Ma/ya)+ (Mz/ys) 


apM p(y /Ys) 
x(1-i ~); (8) 
ysBMat+yvaMep 





so the fractional line width at sufficiently low tempera- 
tures is given by 


Aw 1 YA 
CME 
®  WexT \YB Ma, 


(10) 


where 


wex=A(yaMpt+ynM a), 


is the exchange frequency resonance, as discussed in 
Part I. We expect under the conditions of validity of 
(9) a line width directly proportional to the experi- 
mental frequency and directly proportional to the 
relaxation frequency of the rare earth ions. These 
predictions are not incompatible with the scanty 
observations on impure YIG. The relaxation frequency 
(and thus the line width) is expected to increase with 
temperature over the low-temperature region. 

The major portion of the present calculation is 
concerned with the intermediate temperature region, 
from just below T, down to a temperature such that 
the B ion relaxation frequency is no longer high in 
comparison with the AB exchange frequency. In the 
intermediate temperature region it is possible to show 
by an elementary transition probability calculation 
that the coherent and dominant part of the transition 
rate W for the creation or destruction of spin waves of 
zero wave vector is 


(11) 


where waz is the AB exchange frequency and r is the 
B ion relaxation time; Ng/Na is the ratio of the 
numbers of B to A ions. The result (11) supposes that 
1/7>>wpz and that the B system is far from saturation. 
We observe that (11) is just what one expects from the 
usual motional-narrowing type of argument. 

In many of the spin equilibrium problems en- 
countered in electron and nuclear resonance the 
relaxation frequency is simply 2W. The usual require- 
ment that this be true is that the over-all energy 
splitting of the individual system be <k7. In our 
problem the strong AA exchange interaction means 
that we must treat the A spin lattice as a whole as the 
system, so that the total Zeeman splitting is patently 
>kT and the usual result fails for the relaxation 
frequency. It is found instead that the relaxation 
frequency is reduced below (11) by a factor hw/kT, 


W = (Np/Na)wap’r, 
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where T is the temperature of the phonon heat bath 
and w is the frequency of the uniform precession mode. 
We can understand this factor qualitatively by com- 
parison with a two-level system. In a two-level system 
a single quantum transition will relax the system. In 
our system, with ~ 10” excited states having zero wave 
vector, the system relaxes from the mth excited state 
by diffusion in m space. We consider one-phonon 
relaxation. The spin system gradually settles down to 
equilibrium because the rate of downward transitions 
is proportional to p+1 and the rate of upward tran- 
sitions is proportional to p; here p is the thermal 
average quantum number of the phonons of frequency 
w in the heat bath.’ A net downward flow results from 
the fraction 


(p+1)—-p 1 tw ; 
ss —=—, (12) 

(p+1)+p 2p 2kT 

of the transitions. On combining (11) and (12), we have 


(13) 


for the coherent part of the relaxation in the inter- 
mediate temperature range. This result is just the line 
width calculated macroscopically in Eq. (11) of Part I, 
where under the appropriate conditions it was found 
that 


Aw= (Np/N a)was’r (hw/kT) 


Aw/w=ysr\M zr, (14) 


in agreement with Eq. (6c) above. Letting 
Mp=Nopus’(AM 4)/RT, according to the Curie law for 
field \M 4, (14) becomes 


Aw= (Np/Na)(yAM 4)? (us/y)w/RT 


= (Np/Na Jw pt ho, ‘R r (15) 


in agreement with (13). Rigorous calculation shows 
that the coherent part of the line width calculated by 
the microscopic and macroscopic methods are exactly 
identical. The line width in the intermediate tempera- 
ture region decreases as the temperature is increased, 
partly because of the 1/7 factor in (15) and partly 
because 7 may be expected to decrease as the tempera- 
ture is increased. This result is in accord with the 
experimental observations of Fig. 1. 


MICROSCOPIC CALCULATION OF 
THE LINE WIDTH 


We are interested here only in the usual spin reso- 
nance line, for which hw<kT is satisfied. The power 
absorption from an rf field is proportional to the 
imaginary part of the magnetic susceptibility. Ac- 
cording to Kubo and Tomita,® 

7 A more general argument applicable to this situation is given 
by C. Kittel, Elementary Statistical Physics (John Wiley & Sons, 
Inc., New York, 1958), p. 187. 

§R. Kubo and K. Tomita, J. Phys. Soc. Japan 9, 888 (1954). 
The result (16) may be derived simply by calculating the net 
power absorption using the usual quantum-mechanical transition 
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3) 
a” 
Xoo" =— 


f dt e'*"((M4*+M 3") 
kT 


—D 


Xexp(75i/h) (M47+Mp*) exp(—idct/h)), (16) 
for the actual volume of the specimen. Here 
Mu=hya > Sp, and Mg=hyz & In are the electronic 
magnetic moment operators of the A and B lattices; 
K is the total Hamiltonian, including the phonon bath 
and its coupling with the B spins. The angular brackets 
( ) denote thermal average. 

We now assume: (a) The B system is far from 
saturation. This is supported when T>100°K by 
Pauthenet’s results. (b) The B relaxation frequency is 
higher than the ferric-rare earth exchange frequency: 
yp\M 47 <1. This will be satisfied for all relevant rare 
earth ions above room temperature, except Gd*+** and 
ions in J=0 states. 

When these assumptions are satisfied, cross terms 
such as (M4? exp(i3Ct/h)M x” exp(—iit/h)) may be 
neglected, and the term (Mz3’ exp(i3(t/h)Mp,* 
Xexp(—i5t/h)) will give a very broad absorption 
signal which is not resolved in the microwave region. 
We are left with the correlation function (M 4? exp(i3CL 
h)M 47 exp(—i3Ci/h)), which we study by a pertur- 
bation calculation. The unperturbed Hamiltonian i, 
includes the Zeeman energies, the AA exchange, the 
phonon bath, and the B-phonon coupling. As a per- 
turbation 5’ we take the AB exchange interaction, 
treated as small compared to the AA exchange inter- 
action and also small compared to h/r (which is a 
typical energy interval in the unperturbed B motion), 
provided assumption (b) is satisfied : 


iC’ = : a + l pre oe S.. 


We consider the magnetization of the iron lattice and 
first subtract the Larmor precession from the motion 
by putting 


(17) 


M,7(t)= exp(iM 4*Hot/h)M 47(t) 


Xexp(—iM 4*Hot/h). (18) 


In this representation the motion of M4? is caused 
solely by the perturbation 5¢’, and may be written 


rue . ; 
Btn Barr f dty[ KR’ (tx), 47(0) J 
19 


1 t th _ 
a) dt, J dULR (ty) L(t), 01704), (19) 
“9 0 


with 
KR’ (t)=exp(iM 4*Ht/h)H' (t) exp(—iM a*Hot/h). (20) 
probability. The delta function 6(£E,—Em—hw) which occurs is 


replaced by the integral (1/2) {dt exp{ —i(En—Em—hw)t/h}. 
On rearrangement one obtains the desired result. 
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We then multiply (19) by M47(0) and take a thermal 
average. We choose ¢ to be large compared to the 
correlation time of 3C’: >7; and also £>Q5-', where 
2, is a typical 4A exchange frequency. Then the first 


commutator in (19) will be negligible. We have 


(M 47(0)M47())((M 47(0))*) 


1 t ty < Ss 
- f anf dt([R’ (ti) [HR (te), M47 (te) ]) 
h? 0 “9 


x M147(0)). (21) 
We moreover assume that / is much smaller than 72, 
the relaxation time of M4?: in the last term of (21) we 
may then replace M47(0) by M4?(t,) without error. 
The integrand then depends only on /:—/;, and one time 
integration may be performed. By making use of our 
assumptions on ¢ we get 


(M i7(0)M s*(0) ~((M :7(0) P (i—(t T>2) |, (22) 


where® 


Dw . u : m 
= -(- [ dt M 47(0),R'(0) JEM 47(0) 5’ (2) »)/ 
2 h? « 


( 


(M ,*7)?). (23) 


We interpret 1—(//T2) in (22) as being the first term 
in an expansion of e~“72, so that 7» is indeed the 
relaxation time. It is easily confirmed from (23) that 
T,>r and T,;>Q,-“' when assumption (b) is satisfied, 
so that it is indeed possible to choose a time interval / 
in (19) satisfying all the above requirements. In actual 
calculations it is convenient to transform the denomi- 
nator of (23) by making use of the well-known equation 


((M 4*) RTX4 . (24 


valid when hiw4<«kT. Another derivation of (23), based 
on the thermodynamics of irreversible processes, is 
given in Appendix A. 

We do nol assume that U,,, in (17) is time inde- 
pendent, thereby taking into account a possible modu- 
lation of the exchange integrals by lattice vibrations. 
We derive the relevant commutators: 


The averages which are now to be taken are very much 
simplified when assumptions (a) and (b) are satisfied: 
(1) there is no correlation between A and B spins; (2) 
different B spins are completely uncorrelated. We shall 
assume more specifically the following law for B spins: 


I(I+1) 
0430 mm € 
3 


(Tm ™(O)T me (L) af (26) 


® See, for example, A. Abragam, “Cours sur les phénoménes liés 
a la résonance magnétique” (unpublished), p. 232 
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We neglect the Larmor precession of the B spins, 
because 7 is short, and we neglect also the possible 
difference between longitudinal and transverse re- 
laxation rates of B spins. 

Assuming that the modulation of the L 
correlated with the spin orientation, we obtain from 
the above results the basic equation for the relaxation 
rate of the A lattice: 


r? 


s is not 


UT SU on(0)U on (2) 


nn’ 


1 NelU+1)ya’ 7” 
- fate 
T> 3X 477*kT 0 


KS n2(O)S ne? (YAKS (OVS (0) ]], (27) 
where we may drop the interaction symbol because 
Larmor precessions are completely negligible here. We 
also put 


S,.(Oexp(iHot/h)S, exp(—iHot/h). (28) 


In (27), Ng is the number of rare earth ions in the 
specimen, and Xz, is the total susceptibility. 

We now make a few remarks about the susceptibility 
Aas 

(1) Eq. (24) only takes into account the 4A exchange 
interaction. An improved approximation might possibly 
be obtained by taking into account the effect of the 
rare earth lattice on ((M4*)*). This would bring in a 
numerical correction to (24) and (27) when T is very 
close to the Curie point for the garnet at hand, but even 
there it would not change the qualitative behavior of 
the line width. 

(2) At all temperatures, the transverse susceptibility 
is related to the longitudinal magnetization by the 
relation 
(29) 


X47*=(M 4*)/Ho, 


where the thermal average (M4*) takes into account 
the effect of the external field Ho. Above the Curie 
point, as soon as saturation effects are negligible, we 
have 


X4**=X yiq). (30) 


Below the Curie point, as soon as the magnetization 
becomes field independent, we have 


X47*= (M*)y10/Ho. (31) 


There is a narrow interval (less than 10 deg wide for 
H )=10' oersteds) around T, where both (30) and (31) 
do not apply. If necessary, ((M4*)?) could always be 
obtained exactly by experiments on critical scattering 
of neutrons,” for the garnets of low absorption cross 
section. The physical implications of Eq. (27) will be 
discussed in the following sections. We already notice 
however that 1/x is very small in the ferromagnetic 
range. This large reduction in the restoring ‘“‘force” of 
(A.3) is a general feature of ferromagnetic relaxation 
phenomena. 


10 P.-G. de Gennes and J. Villain, J. Phys. Chem. Solids (to be 
published). 
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RELAXATION ABOVE THE CURIE POINT 


When there is no long-range order in the iron lattice, 
the macroscopic equations of Part I are not suited for 
line width considerations. The correct answer is given 
by Eq. (27), and the problem now is to calculate the 
time dependent correlation functions that come into 
play. We shall first neglect the modulation of the 
exchange integrals U, and put (U,(0)U,/(t)) equal to 
U,U,. Corrections to this approximation will be 
discussed later in this section. Also, for a qualitative 
argument, we take each rare earth spin as coupled to 
only one iron spin. Then the only relevant correlation 
functions are approximately of the type 


(S#(0)S#(t))= (SY (0),S¥(t)) 


~15(S+1) exp(—222/2). (32) 


The Gaussian assumption used here is nearly correct 
in the whole paramagnetic region and 2 itself is not 
very temperature dependent. Equation (32) may be 
checked by taking derivatives of both sides with respect 
to time at ‘=0, and then carrying out the necessary 
averages.!! The high-temperature limit of Q is 


kT, 6 , 
| | q (33) 
h tZS(S+1) 


for a Bravais lattice with Z magnetic neighbors to each 
ion. In our case, taking Z=12, T.=550°K, and S=$, 
we get QD&1.8X 108 sect. 

We may now rewrite the relaxation frequency (27) 
in the form 


I Vp Xo Uy*T(1+1) 
MEMS 
T» N 4 Xx 4 h 3 
where X4o=Na(hya)*S(S+1)/3kT; X4 is the experi- 


mental susceptibility of YIG; and @ is a time constant 
detined by 


(34) 


a 


i] f exp{ —[(t/7) +3977 ]} di, 


0 


(35) 


with the limiting values 
6=r 


007 (9/2)! 


Q7<1; 


for 
(36) 


for Q7r>1. 


The line width (34) is thus motionally narrowed 
through the random motion of the B spins, or exchange 
narrowed, depending on which of these two mechanisms 
is the more effective. 

It is difficult to determine with certainty which of 
the two inequalities (36) is satisfied in practice. The 
following arguments suggest that Q7>1. We have, 
however, no experimental information on 7 for rare 


1 P.-G. de Gennes, Proceedings of the Conference on the Use of 
Slow Neutrons, Stockholm, 1957 (unpublished), p. 70. 
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earth ions in solids except at very low temperatures. 
Measurements have been made on proton relaxation 
in aqueous solutions of rare earth ions.” We can 
interpret the results by assuming that the correlation 
time of the perturbation acting on the protons is not 
limited by mechanical diffusion, but is limited by the 
rapid flips of the rare earth spins. For transition metal 
ions and for Gd*t+*, on the contrary, mechanical 
diffusion is dominant, and the proton relaxation rate is 
proportional to the viscosity. 

The spin lattice relaxation time of the protons 7’; is 
given for the aqueous solution problem by 


i J(J+YNr pe? dard 
= = [ever eh !—— f —, (37) 


€ 
1 r=la ig 


where V is the number of rare earth ions per cubic 
centimeter, J their angular momentum, g the Landé 
factor; ye and y, the gyromagnetic ratios of electron 
and proton, respectively ; and 2a the minimum distance 
between proton and rare earth ion. We estimate a=2 A 
and calculate below some typical values of 7 at room 
temperature, taking 7, from the work of Conger and 
Selwood.” 

Rare earth 

concentration r 


(mole /liter) sec) sec™!) 


3.210" 
3.2 10" 
8 X10" 


0.02 
0.27 
0.03 


Er 0.08 
Dy 0.06 
Yb 0.50 


We see that 7 is of the order of 10~" to 10~'* sec in 
aqueous solutions. In the solid state, we observe that 
for Hamiltonians of reasonable form r+ never 
become shorter than the correlation time for mechanical 
motion of the neighboring ions responsible for the 
crystal field. Take, for instance, the following extreme 
assumption: the spin-lattice coupling is so strong that 
I is always parallel to a given metal-oxygen bond. ‘Then 
the power spectrum of I coincides with the power 
spectrum of the phonons which have an influence on 
the bond direction. We conclude that a lower limit for 
rt is Qp~, where Qp is the maximum vibrational fre- 
quency. For the case at hand, assuming a Debye 
temperature of 450°K, 2Qp7~6X10" sec. In these 
garnets the static crystal field at each rare earth ion 
lattice site is not of high symmetry. The modulated 
part of this field should not be anomalously large and 
the lower limit for + quoted above is probably not 
obtained at ordinary temperatures. We finally expect 
6 in (35) to result from exchange narrowing, to be of the 
order 6X 10- sec, and to exhibit no large temperature 
anomaly near the Curie point. The assumption that 
exchange narrowing is dominant could in principle be 
tested by checking that the line width above T, does 
not depend on crystal orientation. 

Taking U/h=3 X10" sec and J=8, the line width 


can 


2R. L. Conger and P. W. Selwood, J. Chem. Phys. 20, 383 
(1950). 
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is AH=10'X40/X4 oersteds. These estimates are very 
inaccurate. However the major feature of Eq. (34), 
which remains valid in all cases, stems from the factor 
X40/Xa, caused by a reduction of the thermodynamic 
restoring “force,” as explained in Appendix A. This 
factor is of the order of a few percent at the Curie point, 
and increases up to unity in the paramagnetic range 
(the initial slope being particularly large in a ferri- 
magnetic material). This explains the observed sharp 
rise in line width near the Curie point. 

We now discuss the influence of thermal modulation 
of the exchange integrals on the relaxation frequency, 
an effect neglected up to now. We show that the effect 
is indeed very small when assumptions (a) and (b) are 
satisfied. Gd*+** is a possible exception, and here the 
close equality of g-values weakens the mechanism. Let 
us write 


(Uon(0)U on: (t)) = (U on)(U on) + OU on(0)6U on(t)), (38) 


cross products vanishing. Taking the modulation into 
account amounts to replacing U*@ in (34) by (U)*6 
+((6U)*)6’, where 6’ is the correlation time of 6U—if 
this is smaller than @, or is equal to @ in the opposite 
alternative. The relative importance of the correction 
term is accordingly never larger than ((6U)*)/(U)*. 
Both theory and experiments on Curie constants in 
similar exchange-coupled media indicate that this ratio 
is very small and may indeed be neglected. 


RELAXATION BELOW THE CURIE POINT 


Returning to Eq. (27), we observe that the corre- 
lation functions for the z components of the iron spins 
have below 7, a nonzero limit at large times, because 
of long-range order in the spin system. This gives rise 
to a coherent term Aw, in the line width equation: 


Nel (+1) Hy : 
Aw) = ( \(- val UonSn?) Pr. (39) 
3kT M,? é 


The remaining contribution to the line width will be 
called the fluctuation term, Aws. It results from devi- 
ations 6S, of the iron spins from their average value: 


Ngl(I+1) Ho 
—— —y? D Von on [6S n7(0)5S,/7(2)) 
3kT M 4? nn’ 


+(Sn4(O)Sp(0)) J. (40) 


Possible modulations of the U’s are again neglected in 
(29) and (30). We now proceed to show that (39) is 
identical with (14) in the appropriate limit. We consider 
the average level splitting of a rare earth ion to be 
caused by the exchange field: 


hyp\M 4 = > n l on(Sn?). 


The average polarization of a B spin in this exchange 
field is 


(41) 


(I*)= Uon(Sn')l (1+1)/3k7. (42) 


KITTEL, 


AND PORTIS 


On comparing (39), (41), and (42) we obtain 


Aw;=wayarM gr. (43) 


This is equivalent to (14) because Mg<Ma and 
(ysM 4t+yaMz)Ar<1, when assumptions (a) and (b) 
above are satisfied. In practice, however, we prefer to 
use Eq. (6c) directly because of the wider range of 
validity, including the approach toward low tempera- 
tures. At 400°K the numerical values for the line width 
deduced from (6c) alone are in agreement with experi- 
ment if we take 7 of the order of 10~” sec for most of 
the rare earth garnets (except GdIG) thus far investi- 
gated experimentally. Let us choose, as a definite 
example, ErIG at 300°K. Here M4=130, Mg=5S0, 
\=440. Putting r=10-” sec leads to Aw;/w=0.3, 
which is close to the experimental value. Also 
(Ar)*ysM a(yaMptysMa)~0.15 and = (Ar)*(vyaMp 
+72M4)?~0.05 so that the simplified equations of 
Part J for the g values are seen to be valid.” In fact the 
g values are not very sensitive to 7 in this temperature 
range. Equation (6b) even shows that they are strictly 
independent of 7 at the angular momentum com- 
pensation point. 

The relative importance of the fluctuation term is 
given by 


Aw» sa 
—= (f dt e~' ‘s-coase(o)-+Se(0)s0)1) / 
Aw; 0 


(S*)?7; (44) 
here we have simplified the discussion by taking only 
one iron spin coupled to each rare earth ion. We replace 
the numerator by 6[((6S*)?)+ ((S”)*) ], where the value 
of 6 again results from exchange narrowing. At 500°K 
(not far under the Curie point), taking 2=6X 10-" sec, 
7=10-” sec, and ((6S*)?)=((S¥)?)=S(S+1), we get 
Aws/Aw,=0.4. At such temperatures the fluctuation 
term is seen to be important. Going to lower tempera- 
tures, the numerator of (44) decreases and the de- 
nominator increases, so that the fluctuation term 
becomes small. 

To discuss in more detail the temperature dependence 
of the total line width, we need information about 7 as 
a function of 7. In this respect the following qualitative 
remarks should apply: (1) The relaxation of the rare 
earth ions (except Gdt**) is caused by crystal field 
modulation. As mentioned before, this implies that the 
relaxation frequency is always smaller than the Debye 
frequency. (2) The Kronig calculation" does not apply 
to our problem: we are not interested in low-energy 
transitions within a Kramers doublet, but in transitions 
between widely separated levels. The total splitting 


18 For this particular choice of 7 the correction terms on the 
right side of (6b) multiplying w4(M4+Mp)/M 4 will increase the 
calculated g by about 10°, which would probably improve the 
agreement between the observed and calculated g’s. 

4 R. de L. Kronig, Physica 6, 33 (1939). 
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from exchange and crystal fields is of the order of 100 
cm or more. All levels are significantly populated, 
however, above 100°K. Transitions between such levels 
may easily be induced by absorption or emission of only 
one phonon, because we do not find here the usual 
reduction in available phase space and in matrix 
elements for first order processes. If this one-phonon 
mechanism is indeed dominant, and if the level spacing 
is temperature independent, we will then get r~7— 
above the Debye temperature. (3) In fact, the exchange 
field is a decreasing function of temperature and this 
may reduce the slope of 1/7 vs T. We conclude that the 
relaxation frequency 1/7 increases rapidly at low 
temperatures, and then much more slowly up to the 
Curie point. As regards the dependence of 7 on the 
direction of Ho, we are unable to make definite state- 
ments without making very detailed calculations. 

The general behavior of the line width should then 
be the following: 


(1) Up to 400°K the coherent term gives the domi- 
nant contribution to the line width. At low tempera- 
tures 7 is long, and the line width is proportional to 
7'. The width increases, and then goes through a 
maximum, roughly when |yaMg+ysMa|Ar~1. At 
higher temperatures the relative line width Aw/w 
decreases (even when the variations in r become small) 
because of its proportionality to Mz. 

(2) Near the Curie point the fluctuation term 
becomes important. The line width has then a minimum 
just below 7,, and increases rapidly above T,. A typical 
plot of the results between room temperature and Curie 
point is given for ErIG in Fig. 2, assuming a constant 
7=1.2X10-" sec in this range. The general behavior 
is seen to be correctly reproduced except at the low- 
temperature end, where variations in 7 and static 
crystal field effects probably come into play. 
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Fic. 2. Experimental and calculated contributions to the line 
width in ErIG, assuming r=1.2X10~” sec over the range of 
temperature considered. 
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IMPURITIES IN YIG 


According to our calculations the line width should 
be proportional at all temperatures to the concentration 
of rare earth ions on lattice B. Now rare earth ions are 
a common contaminant in yttrium: we suggest therefore 
that some of the differences in line width reported for 
YIG are caused by rare earth impurities or possibly by 
ferrous ion acting as a rapid relaxer. It would appear 
that an impurity content of one percent of certain 
elements could cause a line width of the order of ten 
oersteds at room temperature. The observation by 
Dillon’ that the line width in a crystal of YIG goes 
through a maximum at low temperatures is consistent 
with the theory we have developed above. Similar 
results are reported by R. V. Jones and co-workers in 
unpublished work : they find the line width goes through 
a maximum near 50°K, with a value of 7 to 10 oersteds, 
depending on the orientation of the crystal; in this 
specimen the widths at room temperature ranged from 
3 to 4 oersteds. 

In this connection Sirvetz and Zneimer'® have 
reported that at room temperature Sm substitution in 
small amounts for Y in YIG produces an approximately 
linear increase in line width with Sm content. At 10 
kMc/sec they report AH =~ 22 oersteds/atomic percent 
Sm, in satisfactory agreement with the observed 
AH = 2000 to 2400 oersteds in SmIG. 

It appears very likely to us that the most instructive 
type of experiment to do to elucidate further the 
relaxation processes in rare earth garnets would involve 
single crystals of YIG with a controlled small (1 to 5 
atomic percent) proportion of the rare earth element 
under study. The temperature range should extend 
from helium temperatures to well over the Curie point. 
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APPENDIX A. RELAXATION AS AN 
IRREVERSIBLE PROCESS 


Equation (23) for the relaxation frequency of the A 
lattice may also be derived in a more phenomenological 
way, which gives some more insight into the final 
result. Assumption (b) amounts to saying that the 
motion of M4? is of the Brownian type. For instance, 
if 17 47(0)=0, the values of 47(t) at later times {>0 
spread according to the law 


((1147)?)m = 2D, (A.1) 


15 J. F. Dillon, Jr., Phys. Rev. 105, 759 (1957). 

16M. H. Sirvetz and J. E. Zneimer, J. Appl. Phys. 29, 431 
(1958); these workers report A//=3200 for SmIG, but we have 
used the Harvard values because of their self-consistency. 
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where 


0 


l 7 . , 
D=- | dt({M 47(0),5’ (0) ILM 47(0),5’ (0) ]). (A.2) 
? 0 


We may relate the diffusion constant to a “mobility” yu 
by the Einstein relationship D=ykT. The direct 
definition of the mobility comes from the drift equation’? 

dM 4*/dt=p(H*—M 4*/X 47"). (A.3) 


Here X,4** is the static susceptibility of the A lattice 
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for a small static perturbation H’ applied at right angles 
with the static magnetic field Hp(H*<«Hp)). One may 
show that (A.3) is the correct definition of _u by a 
thermodynamic argument, proving that H?—M4"/X47" 
is the generalized force associated with the flux 
dM 4*/dt. We see from (A.3) that M74? relaxes expo- 
nentially towards its equilibrium value, the time 
constant 72 being given by 


1/T2=p/Xa**=D/(kTX 47"), 
in agreement with (23) and (24). 


(A.4) 
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A new photoelectromagnetic effect is described, in which the short-circuit current is proportional to the 
difference in surface recombination velocities of a pair of parallel surfaces. The surfaces are the yz planes of 
a slab which is illuminated in the z direction in the presence of a magnetic field in the same orientation. 
In addition to the primary diffusion of the generated carriers along z, there ensues a secondary flow in the 
transverse x direction. If the boundary conditions at the two yz planes are not identical, there results a net 
flow of carrier pairs toward one of these surfaces. The magnetic field B, deflects these carriers, and a net 
short-circuit current passes in the y direction. Measurement of this current affords a means of probing the 
surfaces from the interior of the sample. The theory of the effect and its experimental observation are 


described. 


I. INTRODUCTION 


N connection with an experiment wherein carriers 

were generated by illumination in the presence of a 
magnetic field parallel to the light direction, there arose 
the question of interference from side effects. It was 
then envisaged that different electrical properties of 
surfaces which might cause a net flow of carrier pairs 
in a direction transverse to the magnetic field would 
result in an electrical signal. A simple analysis bore out 
this physical picture, and the effect was subsequently 
observed. It is intended here only to demonstrate this 
effect and to draw attention to some uses which it 
might have. 

The parallelepiped in Fig. 1 is illuminated uniformly 
on its s=0 face, in the presence of a magnetic field 
along the —s axis. In addition to the primary diffusion 
of generated carriers into the sample’s interior, there 
ensues a secondary diffusion in both the x and y direc- 
tions ; but by making the y dimension large the diffusion 
in that direction can be neglected. There would result 
a net flow along the x axis only if the two yz surfaces are 
not identical in their electrical properties. In other 
words, if the boundary conditions in terms of surface 
recombination for excess carriers flowing toward the 
surfaces are the same at x= —a and at x=<a then there 
would be no net flow of carrier pairs. But if the boundary 
conditions at the two surfaces are not the same, then 


there would result a net flow of carrier pairs toward that 
surface which has a higher surface recombination 
velocity. The magnetic field B, would act upon this 
net flow when it exists and would deflect the carriers 
into the y direction. Thus there would result a current 
in the y direction. We plate the whole area of the two xz 
faces to provide Ohmic contacts, and measure the 
short-circuit current. The magnitude of this current 
affords simple means of comparing the two yz surfaces, 
and of the following changes on either one when the 
other surface is maintained in its initial condition. This 











Fic. 1. The sample under illumination in the magnetic field. 
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technique has the advantage of probing the surface 
from the interior, and, as such, should be applicable 
when the surface is coated externally so as to make 
other methods inapplicable. 

It ought to be noted that there is great latitude in 
the method of generating carriers. They can, for 
example, be generated in the bulk, provided that the 
generation in an sy cross section is uniform about the 
center line. 

II. THEORY 

The total current density in the sample under illumi- 
nation in the presence of an externally applied magnetic 
field, is composed of three parts: a drift term due to 
the internally created electric field, a diffusion com- 
ponent, and a magnetic deflection term: 


J=Je+Jot Sn. (1) 


The current density is, furthermore, the sum of the 
parts due to holes and to electrons: 


J=F4T. (2) 
It follows that the three components mentioned above 
assume the following forms for electrons and for holes, 
respectively : 
Je~=eEu.(not+An), Joo =eD.V An, 
Jig = pen (Se-+-Se 
Jct=—eD,VAp, 
Jgt=pan(Iet+ Jot) xX B/c. 


)< B/c, 
Jy =eEun(potAp), 


The theory will be limited to small magnetic fields so 
that the Hall angles themselves can be used in place 
of their tangents. Further, terms which depend quad- 
ratically upon the magnetic field are neglected. 

The following explicit expressions are then obtained 
for the spatial components of the electron and hole 
currents: 

J. belek, (no tAn)+kTOAn, ‘Ox} : 
B a un{el.(potAp)— RTOAP/Ox}, 
= —6.J ; 
r= —O,J ’ 
=p{el.(notAn)+kT0An/0z}, 
=p {eF.(po+Ap)—kTAAp/ dz}, 


Jy 


J, 
Ji 
] 
/ 


where 


6.=—wenB/e and O=urnB/c. 


The case of small signals is developed with the 
assumption of negligible charge imbalance and recom- 
bination rates of both holes and electrons which are 
linear and describable by a single mean lifetime 7. The 
illumination is assumed to be completely absorbed at 


' For a detailed treatment of the ordinary photoelectromagnetic 
effect and pertinent bibliography, see W, van Roosbroeck, Phys. 


Rev. 101, 1713 (1956). 
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the surface so that no carrier generation exists in the 
bulk. Under these conditions, the continuity equations 
for the steady state are 


Ap/t+e"! divJ+ = Ap/r—e! divJ- =0. (5) 
The condition divJ=0 is thus contained in the con- 
tinuity equations, the divergence of the electric field is 
given by Poisson’s equation, and the only other condi- 
tion needed? is 


vxXE=0. (6) 


Since the short-circuit current in the y direction is to 
be measured, it follows that 


E,=90. (7) 


7] 


Also, since no net current can flow in the x or the z 
directions, it must follow that 


* a 
| J dz [sax Q). ($8) 


0 


The illumination on the s=0 face is uniform and 
the y dimension is sufficiently large so that end-effects 
along that axis may be neglected. Consequently the 
problem is two-dimensional, without any dependence on 
the y coordinate. 

Combination of Eqs. (3) and (5) yield the following 
relationship: 


: Me(not+ Ap) +pun(potAp) 
E-vAp+divE 
Met Mn 
kT D,—D., 
V'p. (9) 
é D,+D, 


The electric field of Eq. (9) is established in the bulk 
in order to maintain the solenoidal character of the 
total current density and is due to the difference in the 
drift mobilities of the electrons and the holes [see 
Eq. (13) below] as well as to their different thermal 
equilibrium concentrations.! The divergence of the field 
may be sizable although the assumption of An=Ap 
holds well indeed. 

Equation (9) is substituted into the continuity equa- 
tions in such a manner as to cancel the terms with divE. 
Furthermore, in accordance with the small signal 
approximation, terms like V(mo+Ap)-VAp are neg- 
lected. There results, then, a two-dimensional Helm- 
holtz equation which governs the spatial distribution of 
the excess carrier density in the body of the sample: 


V*Ap—d*Ap=0, (10) 


- The surface enters into the formulation of this problem merely 
as a boundary condition upon the excess carriers flowing toward it. 
rhe possible existence of surface space-charge layers is outside 
this scope, 
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where 


(7D ) . 


Not po 


Do= : 
no/ Di,+ po/D. 


The solution of this equation is subject to the following 
boundary conditions: 


At JAp/dz=)hrAp—G; 


OAp/dz= —HeAp; 
ee Dr 
k= 


2a,+(bir+hpr) tana,a 
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At 


At x=a, 


dAp/dx=h Ap; 
aAp/dx=—bHrdp; 


where b;=S;/Do and G=Q/Do. S; are the pertinent 
surface recombination velocities and Q is the intensity 
per unit are of the strongly absorbed, carrier generating, 
illumination. 

The general solution of this problem, obtainable by 
finite Fourier transforms or by separation of variables, 
can be written as follows: 


Ap=2G Dn KnT ndn(cosant-+thn Sinan), 


where 


x=—d, 


(12) 


(A°+a,,")' +e 


K,, 


sina,d 
(1+k,”)a,a+(1—k,”)sina,a cosa,a 
(\2+a,,2)'— Ne 


3,=exp{ — (A*+a,,”)!s} + 
(\?+a,”)'+be 


and a, is subject to the transcendental equation 
a)? + $Qy (hp +her)(tana,a—cota,a)— h LDr= 0. 
In the special case when bh =Hr=b), then k,=0, T,, re- 


duces to 
sina,d 


a,’ +h? 
a(a,*+h*)+h a, 


= 


and the transcendental equation determining a,, is 
a, tana,a=h. 


The carrier distribution is not symmetrical about the 
central plane x=0 whenever k, is not zero—that is, 
whenever the surface recombination velocities on the 
two side faces «= —a and x=<a differ from each other. 

The general expression for the electric field is de- 
rivable from Poisson’s equation and Eqs. (6), (7), (8), 
and (9). However, in the case of small signals, when the 
change in total conductance due to the illumination is 
but a minute fraction of the conductance in the dark, 
ao, the electric field E, assumes the simple form: 

E,= eo¢ '(D,—D.)dAp, Ox. (13) 

This implies that J,=0 rather than the more general 
condition given by Eq. (8). In this approximation, 
J += —eDdAp/ dx. (14) 

The quantity to be measured in the experiment is the 
short-circuit current in the y direction. This is related 


CAt+a,.2)!+be L(A? +e,2)!+be]—[(A?+an2)!— ba L(A? +ean2)!— be] exp{ —20(A2+an2)!) 


exp{ (A?-+-a,,”)(s—2))}, 


to the crosswise flow of carriers J,* by Eq. (4): 


a l bad l 
ne= f f J dsdx= —6 f ij J ;+dzdx, ( 15) 
—a 0 —e 0 


where 6 is the total Hall angle: 
0=6,—9.= (unut+Men) B/c. 


From Eqs. (12), (14), and (15) it follows that 


(16) 


l 
1° =4000 Yin KnTnkn sinaya f dz dn. 


The main feature of this result is immediately ap- 
parent. When the surface recombination velocities on 
the x=a and «=—a faces are identical, there will be 
no current flowing in the y direction, because in that 
case k,=0. 

There will be a net current in the y direction when 
the two surfaces in question differ in their electrical 
properties and consequently k,0. This current will be 
linear in both the magnetic field strength and in the 
difference between the values of the surface-recombina- 
tion velocities on the two parallel x=—a, x=a faces. 
However, as this difference increases, the short-circuit 
current will saturate because k,? appears in the de- 
nominator of the coefficient 7,,. In that limit &,, itself 
becomes independent of § in an explicit manner; the 
dependence persists only through a,, which is subject 
to an equation which has f in it, 
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III. EXPERIMENT 


The predicted effect was observed at room tempera- 
ture with Ge using the experimental arrangement 
drawn in Fig. 2. The load across the crystal was 
5 ohms, and the signals in Fig. 3 are given in terms of 
the current flowing through it. This is nearly the short- 
circuit current, since the crystal’s resistance was about 
85 ohms. One side of the sample holder was removable 
to allow treatment of the yz face thus exposed. n-type 
germanium of resistivity 10 ohm-cm and with 10~*-sec 
bulk lifetime was used. The dimensions of the sample 
(xyz) were 0.2X1.2X0.7 cm. Ohmic contacts covered 
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Fic. 2. Measuring arrangement. 


the xz faces, and the incident light was chopped at 
570 cps. 

After each surface treatment, the sample’s photo- 
conductance (in situ) was measured to insure that the 
primary carrier generation had not been altered. 

The results shown in Fig. 3 for one sample were 
reproducible when the chemical treatments of the 
surface were repeated in the same order. Curve d, 
magnified 10 times, shows the results of the first experi- 
ments. It was obtained after both yz faces had been 
treated with a solution of (1: HF—2: HNO). The fact 
that a signal was observed which was linear in the 
magnetic field indicates that the treatment did not 
render both surfaces identical. Curves e and f were the 
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Fic. 3. The signal after various surface treatments. 


last to be obtained after the exposable yz surface had 
been sandblasted lightly. It is noteworthy that the 
magnitude of the signals after that sandblasting indi- 
cates that the tendency toward saturation has already 
set in. 

When the sample was exposed to various gases, the 
signals changed fairly rapidly as a function of time in a 
rather random fashion before settling finally at some 
new value. This variation reflected the changes in S on 
the two surfaces as the gases seeped into the sample 
holder. 


IV. CONCLUSION 


It has been demonstrated that there exists a parallel 
photoelectromagnetic effect which depends linearly 
upon the magnetic field and upon the difference in the 
properties of a pair of opposite surfaces. The effect is 
useful in probing surfaces from the inside and is quite 
sensitive to surface conditions in that particular geom- 
etry; it can also be used to monitor changes in behavior 
of a single surface. Quantitative measurements are 
possible if the carrier generation has been calibrated. 
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Deviations from Matthiessen’s Rule in Aluminum, Tin, and Copper Alloys*{ 
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(Received May 18, 1959) 


he electrical resistance of aluminum, tin, and copper alloys was measured at 4.2°K, 77°K, and from 
198°K to 348°K. The aluminum alloys contained zinc, magnesium, germanium, or silver in various con- 
centrations. The alloys of tin contained indium, antimony, or bismuth; and those of copper contained zinc. 
\t temperatures above 77°K, the impurity resistivity, dp, for a given solvent may be described by the equa- 
tion 9 =a(T)p,, where p, is the residual resistivity, measured at 4.2°K, and T is the temperature. This result 
is independent of the nature of the solute. a is constant in the temperature region 198°K to 348°K. For 
aluminum and tin a(273) =1.12, whereas for copper a(273) = 1.05. The value of a(77) is about the same as 
at 273°K for aluminum and copper, but for tin a(77)=1.08. The temperature coefficient of the impurity 
resistivity for 198°K <7<348°K was no larger than 1X10~ (°K). It is pointed out that while several 
different theoretical models qualitatively describe these results, none can be quantitatively compared with 


experiment 


1. INTRODUCTION 


T is customary to consider p(T), the electrical re- 
sistivity of a metal at temperature 7, to be the sum 
of two parts, written as 


p(T) pia( 1 )+6p(T). (1) 
The first term, pia(7), would be the resistivity in an 
ideally pure and perfect crystal, and arises solely from 
the scattering of the conducting electrons by the ther- 
mal motion of the lattice atoms. The second term, 
dp(T), is the resistivity arising from all other causes, 
such as the electron scattering by impurities and by any 
other lattice defects, which for the sake of generality 
we take also to be a function of the temperature. 

Numerous observations have shown that 6p(T) is a 
very slowly varying function of the temperature com- 
pared to pig(7). The approximation of assuming 6p 
constant has come to be called Matthiessen’s rule, since 
he first observed that it provides a reasonable descrip- 
tion of the behavior of most metals. Conversely, any 
dependence of 6p on temperature is called a deviation 
from the rule. 

It is also generally observed that as the absolute 
temperature approaches zero, pia(7) approaches zero 
as a high power of 7. As a result, p(7) approaches p(T) 
at low temperatures. Moreover, dp(7) at these tempera- 
tures is a constant which is called the residual resistivity 
pr; that is to say, limo p(T)=6p=p,. It is clear that 
Matthiessen’s rule holds exactly only when ép equals p 
at all temperatures. 

Although deviations from the rule were qualitatively 
evident in many investigations of the dependence of 
the resistance of different metals on temperature (see 
Krautz and Schultz! for references to earlier work), the 
first systematic investigation of this question seems to 

* This work was supported by the Office of Naval Research 
and the Rutgers University Research Council. 

+ This paper is based in part on a dissertation submitted by 
P. Alley to the Graduate Faculty of Rutgers University in partial 
fulfillment of the requirements for the Ph.D. degree. 


t Present address: Franklin and Marshall College, Lancaster, 
Pennsylvania, 


be the work of Krautz and Schultz’ on tungsten. They 
varied the resistivity of their specimens by subjecting 
them to varying amounts of cold drawing, and found 
that in the temperature range from about 100°K to 
400°K ép for any given specimen was constant but 
appreciably larger than p,. The difference varied some- 
what from one specimen to another, 6p being between 
14% and 22% larger than the residual resistivity. 
Between 14°K and 100°K, dp increased monotonically 
from p, to this larger value. More recently, Krautz and 
Schultz? have measured two alloys (Au+1% Ag, and 
Ag+0.6% Au), and observed somewhat similar be- 
havior in that 6p was about 8% greater than p, in the 
high-temperature region. However, it appeared that 6p 
went through a maximum of about 1.10, at a tempera- 
ture somewhat below 100°K before decreasing to p, at 
very low temperature. We will discuss other experi- 
mental results as well as the theory in Sec. 4. 

In this investigation, we have determined the elec- 
trical resistance at 4.2°K, 77°K, and in the range 
198°K < T< 348°K, of a total of 31 dilute alloys having 
either aluminum or tin or copper as solvents. As we will 
show, the data for each solvent may be described by 
the equation 

dp=a(T)p,, (2) 


where a is constant (and greater than unity) in the 
high-temperature range. At 77°K, a can be somewhat 
smaller than at the higher temperatures. At 4.2°K, 
a equals unity. Thus, our results are in qualitative 
agreement with the observations of Krautz and Schultz, 
but we find no evidence for a maximum in the extra 
resistivity dp. 


2. EXPERIMENTAL PROCEDURE 


The aluminum and the tin samples were prepared by 
methods completely described in earlier publications.? 4 
| E. Krautz and H. Schultz, Z. Naturforsch. 9a, 125 (1954). 

* E. Krautz and H. Schultz, Z. Naturforsch. 12a, 710 (1957). 
* Budnick, Lynton, and Serin, Phys. Rev. 103, 286 (1956). 
*Chanin, Lynton, and Serin, Phys. Rev. 114, 719 (1959). 
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The aluminum specimens were in the form of 3.2-mm 
diameter rods, 60 mm long. They were annealed in 
vacuum for seven days at 540°C. The tin specimens 
were about the same length but had diameters be- 
tween 1 mm and 2 mm and were annealed at 185°C for 
at least 30 days. Ingots of the two copper alloys were 
kindly prepared for us by the American Smelting and 
Refining Company, and specimens 60 mm long of 1.6- 
mm square cross section were machined from them, as 
was a pure specimen from a rod of OFHC copper. 
These were also vacuum annealed at 540°C for a week. 
The compositions of all samples are listed in Table I. 

Current leads were soldered to the ends of the speci- 
mens. The potential contacts were in the form of spring 
loops of piano wire attached to small bakelite blocks 
which could be clipped on to the samples, and the piano 
wire was sharpened at the contact end so that it dug 
into the specimen. Potential leads were soldered to the 
wire. 

Five alloy specimens and a pure sample were mounted 
on a form which was placed inside a Dewar vessel con- 
taining an appropriate temperature bath. The samples 
were supported vertically by having the lower potential 
contact block rest on a horizontal support, but were not 
held tightly in any way, so that they were free to ex- 
pand or contract without danger of straining. The form 
also carried a heater and a stirrer. The latter served to 
mix vigorously the liquid which was being used as a 


Taste I. The impurity resistivity ratio values, Z, are listed at 
4,2°K, 77°K, and 273°K. 


Z (273) 


Z(77) 


Z (4.2) 
0.051 


Atomic percentage 


50% Zn 
0 % Zn 0.079 
5% Zn 0.168 
% Zn 0.287 
% Zn 0.298 
5% Mg 0.016 
7, Mg 0.076 
o Mg 0.106 
% Mg 0.205 
Ge 0.037 
7 Ge 0.054 
> Ge 0.073 
o Ag 0.050 
Ag 0.091 


0.058 
0.094 
0.187 
0.309 
0.324 
0.022 
0.084 
0.121 
0.222 
0.043 
0.064 
0.087 
0.058 
0.101 


0.058 
0.095 
0.187 
0.292 
0.319 
0.021 
0.084 
0.120 
0.221 
0.045 
0.062 
0.085 
0.058 
0.100 


0.176 
0.222 
0.284 
0.370 
0.131 
0.266 
0.428 
0.526 
0.081 
0.216 
0.242 
0.366 
0.527 
0.449 
0.470 


0.170 
0.219 
0.270 
0.353 
0.130 
0.257 
0.401 
0.479 
0.080 
0.213 
0.236 
0.355 
0.507 
0.413 
0.451 


o In 0.153 
> In 0.200 
% In 0.240 
% In 0.328 
5% Sb 0.120 
% Sb 0.242 
® Sb 0.374 
0.439 

0.067 

0.194 

0.212 

0.333 

0.474 

0.382 

0.426 


y 
+++++ 


— 


0.294 
0.637 


0.294 
0.637 


0.277 
0.615 


++ +4+++4 
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temperature bath in order to insure that its tempera- 
ture was uniform. For measurements between 1.9°K 
and 4.2°K a liquid helium bath was used ; and a bath of 
liquid nitrogen provided the 77°K point. In the tem- 
perature region between 198°K and 348°K an ethyl 
alcohol bath was used. Its temperature was varied 
either by heating it with the heater or cooling it with 
various refrigerants introduced into the flask. 

The temperature of the bath (with exception of the 
liquid helium points) was determined by measuring the 
emf produced by a thermopile consisting of five copper- 
constantan thermocouples in series. The cold junctions 
were placed in a bath of distilled water ice, and the hot 
junctions were arranged around the specimens so as to 
give the average temperature. This thermopile served 
principally to determine the ice point very accurately. 
The temperature does not enter critically at any other 
place in our treatment of the data, but we used the 
thermopile at all temperatures because it was convenient. 

It was essential in these measurements to determine 
the resistance of the pure specimen at the identical 
temperature at which the resistance of each alloy speci- 
men was measured. With the helium bath and the 
nitrogen bath this presented no problem, since the 
temperature did not vary appreciably during the time 
of measurement; but it was necessary to take account 
of the temperature drift of the alcohol bath. We found 
that this bath changed temperature uniformly and at a 
rate not exceeding 0.2°C/min. In order to take account 
of this drift we took the measurements in the following 
sequence: (a) thermopile emf, (b) resistance of pure 
specimen, (c) resistance of alloy specimen, (d) resist- 
ance of pure specimen, (e) thermopile emf. The instant 
that each measurement was taken, the time was re- 
corded by making an appropriate mark on a recorder 
chart moving at constant speed. By plotting the thermo- 
pile emf and the resistance of the pure specimen each 
as a function of time, we could find the temperature 
at any time and the resistance of the pure specimen at 
the moment that each alloy specimen was measured. 
The time was recorded with an accuracy of about 0.05 
min. The resistance of each specimen at the ice point 
was determined by plotting it as a function of thermo- 
pile emf and interpolating to zero emf. We took meas- 
urements at about nine different temperatures in the 
range between 198°K and 348°K. 

The resistance of a specimen was determined in 
standard fashion by having a standard resistance in 
series with it, and comparing the potential drop across 
the standard with that across the specimen with current 
flowing. The voltages were measured with potentiom- 
eters, and the effects of thermal emf’s were eliminated. 
In all cases the resistance was determined with an 
accuracy of 1 part in 104. 


3. TREATMENT OF DATA 


The resistances of the pure specimen and of one of its 
alloy specimens give respectively measures of pia(T) 
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and p(T), and one could, in principle, use Eq. (1) to 
determine 6p(T). For reasons which will be discussed 
subsequently, we were unable to use this direct pro- 
cedure, but found it necessary to analyze the data in 
terms of appropriate resistance ratios in a manner 
similar to that adopted by Krautz and Schultz.! 

We call R(T) and R(273) the measured resistances of 
an alloy specimen at temperature JT and 273°K, re- 
spectively, and R,(T) and R,(273) the corresponding 
quantities for the pure specimen. Then letting r(7) 
= R(T)/R(273), 1,(T)=R,(T)/R,(273), and Z(T) 
=6p(T)/p(273), one can show that Eq. (1) may be 
written as 


r(T)=r,(T)[1—Z (273) ]4+-Z(T). (3) 
Moreover, if 
Z(T)=5p(T)/pia(273), (4) 
it follows that 
Z(T)=Z(T)/(1—Z(273)]. (5) 


Thus if one knew Z(273), he could use Eq. (3) to calcu- 
late Z(T) from the measured values of r, and r, and 
find Z(T) from Eq. (5), thereby determining the ratio 
of 5p(T) to the resistivity of a pure specimen at the 
ice point. 

The primary reason for using this ratio method is 
that it eliminates having to know the geometrical factor 
f=(area of specimen)/length. Small errors in this 
factor can lead to serious errors in the determination of 
dp from the measured resistance values. If we call the 
error in f for an alloy specimen A/, and the correspond- 
ing quantities for the pure specimen f, and Af,, it can 
readily be shown that the fractional error introduced 
into the calculation of dp is 


Af piafAf Af> 
a(t 

J opNXf Tp 
Since for T>200°K, pia>>dp, we see that the errors in- 
troduced into 6p can indeed be very large. Moreover, 
since pia is temperature dependent, errors in geometry 
can give rise to a fictitious temperature dependence of 
the calculated values of dp which may not be present 
in the data. 

For the tin specimens the ratio method eliminated 
another experimental difficulty arising from the aniso- 
tropy in their electrical resistivity. In tin, the electrical 
conductivity® perpendicular to the fourfold symmetry 
axis of the crystal is 1.44 times the conductivity parallel 
to this axis. Since our specimens were in general com- 
posed of a few large crystals, it would have been neces- 
sary to know quite accurately the crystalline orientation 
with respect to the specimen rod axes if we were to 
compare the absolute resistivities of the alloy and pure 
specimens. Fortunately, we found that the resistance 


5 See, e.g., A. N. Gerritsen, Handbuch der Physik, edited by 
S. Fliigge (Springer-Verlag, Berlin, 1956), Vol. 14, p. 158. 
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ratio r,(7) was the same function of T within experi- 
mental error for all of our pure tin specimens, inde- 
pendent of the orientation of their fourfold axes with 
respect to the cylinder axes. In these measurements the 
angle between the axes varied between 58° and 86°. 
Thus the ratio method also eliminates errors arising 
from this source. 

Equation (3) does not define Z(273), but for this 
temperature merely gives an identity, since r(273) 
=r,(273)=1. We, therefore, used the scheme which we 
now describe to calculate this quantity. If it is assumed 
that Z(T) does not vary rapidly with temperature, it 
will approximately equal Z(273) for temperatures near 
273°K, and Eq. (3) may be written 


Z(T)~Z(273)~[r(T)—1,(T)V[1—1,(T)]. 


Thus, values of r and r, at room temperature were used 
to calculate an approximate value of Z(273). We found 
that when this initial estimate was too small, the values 
of Z(T) calculated from (3) with this value of Z(273) 
increased with decreasing temperature down to 198°K. 
The value of Z at the liquid nitrogen point, however, 
would be smaller than the value at 198°K. That is to 
say, Z(T) would pass through a maximum. Since this 
type of temperature dependence seems unreasonable, 
such an estimate of Z(273) was taken to be incorrect. 
If the value of Z(273) on the initial estimate was too 
high, then Z(T) would increase uniformly with tem- 
perature. Such behavior is possible. However, a value 
of Z(273) could always be found which led to an essen- 
tially constant value of Z(7) in the temperature in- 
terval 198°K<T<348°K. If any trend in Z(T) 
remained, it corresponded to a very small positive 
temperature coefficient. Under these circumstances 
Z(77) was equal to or slightly less than Z(198). More- 
over, the value of Z(77) is quite insensitive to the choice 
of Z(273) over a wide range of values. Thus the cri- 
terion used in choosing Z(273) was to take that value 
which gave an essentially constant value of Z(T) in 
the range 198°K < T< 348°K. This is in keeping with 
theory (see Sec. 4) which indicates that 6p should be 
constant in this temperature range. Furthermore, the 
experiments of Gerritsen and Van der Aa® and Linde? 
on other metals have shown that the temperature co- 
efficient of 6p is quite small, usually an order of magni- 
tude less than the temperature coefficient of resistivity 
of the pure metal. 

As a check on this criterion, we performed a model 
calculation in which we assumed an exact expression for 
p(T) with parameters comparable in magnitude to the 
measured values, and treated these model data as out- 
lined in the previous paragraph. For constant ép, in- 
correct choices of Z(273) led to behaviors of Z(T) 
identical to those described. When dp was assumed to 
depend on temperature, we found that unless (1/Z)dZ/ 
6 A. N. Gerritsen and J. M. L. C. Van der Aa, Appl. Sci. Re- 
search A6, 191 (1956). 

7J. O. Linde, Ann. Phys. 15, 219 (1932). 
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dT <10~ (°K)-, it was not possible to find a Z(273) 
giving a constant Z(7) in the high-temperature region. 
For temperature coefficients of about 10~*, the value 
Z(273) resulting in an apparently constant Z(T) was 
somewhat smaller than the true value, although the 
difference was comparable to our experimental error in 
the actual determination of Z(273). From this analysis 
we conclude that the values of Z(273) we obtain using 
our criterion are at worst slightly too small and any 
temperature coefficient of Z(7) is no larger than 10-% 
("K)*. 
4. RESULTS AND DISCUSSION 


The values of Z(T) [see Eq. (4)] at 4.2°K, 77°K, 
and 273°K as calculated from our resistance measure- 
ments of all the specimens are shown in Table I. As 
has already been stated, Z is constant within experi- 
mental error between 198°K and 378°K. Resistance 
measurements were also made on several of the dilute 
alloy specimens in the temperature range between 
1.9°K and 4.2°K. In all cases the resistance was inde- 
pendent of temperature, indicating that Z(4.2) is the 
true residual resistance ratio of the specimens. The 
accuracy of the determination of Z varied somewhat 
among the specimens. We estimate the uncertainty of 
its value to be between +0.002 and +0.003 for the 
aluminum specimens, +0.005 and +0.010 for the tin 
alloy and +0.002 for copper. 

It is to be noted in Table I that for each specimen 
the values of Z at the higher temperatures are greater 
than Z(4.2). Furthermore, for any given alloy series Z 
is proportional to Z(4.2). This is illustrated in Fig. 1, 
where the data for tin are plotted. It is to be further 
noted that this behavior is independent of the solute. 


Z(273) 
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Fic. 1. The impurity resistance ratios at 273°K of the tin speci- 
mens are shown as a function of their residual resistance ratios. 
The specimens had the concentrations of indium, antimony, or 
bismuth listed in Table I. The dashed line has slope unity. 
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TaBLeE II. The values of a in Eq. (2) are given at 
77°K and 273°K for the three solvents. 


Solvent 


The same characteristics are evident in the aluminum 
alloys. The data for copper, although meager, are con- 
sistent with those for aluminum and tin. 

It can be seen from Fig. 1 and Table I that the data 
are described by Eq. 2 with the values of a listed in 
Table II. The @ values for aluminum and tin were 
obtained by fitting the data by the method of least 
squares. 

We believe that this is the first detailed comparison 
between the high-temperature impurity resistivity and 
the residual resistivity of alloys. Gerritsen and Linde*® 
observed qualitatively similar effects in some copper 
and gold alloys, but it is not clear from their work if 
dp depends on the nature of the solute. Pippard® ob- 
served a value of a(273)=1.12 for tin alloys containing 
only indium, in agreement with the value given in 
Table II. In view of the fact that our model calculation 
showed that an incorrect choice of Z(273) could give 
rise to an apparent maximum in Z(T), we are somewhat 
dubious about the reality of the maxima reported by 
Krautz and Schultz? for a gold and a silver alloy. Since 
they do not discuss in detail how they treated their 
data, we cannot comment further. However, we do not 
believe there is any evidence for maxima in our data."° 
The observations in alloys of a temperature coefficient 
of 5p about 0.1 of that of the pure metal have previously 
been mentioned. As we said, we are not sure if such a 
temperature coefficient is present in our data, but its 
presence would not affect our conclusions in any essen- 
tial way. 

The other investigations of which we are aware 
dealt with cold-worked metals, the work of Krautz and 
Schultz! on tungsten having been described in Sec. 1. 
Rutter and Reekie!! made similar measurements on 
cold-worked copper and aluminum. Their absolute re- 
sistivity measurements on aluminum seemed to show a 
very large temperature dependence of 6p. Berghout,” 
however, found no appreciable deviations from Mat- 
thiessen’s rule in cold-worked copper and aluminum, 
but he did seem to observe them in silver and gold. If 
the changes in resistivity produced by cold work can 


8 A. N. Gerritsen and J. O. Linde, Physica 18, 877 (1952). 

9 A. B. Pippard, Phil. Trans. Roy. Soc. London A248, 97 (1955). 

10 Tf all the maxima occurred between 77°K and 198°K we might 
have missed them. However, Krautz and Schultz state that the 
maximum occurs at the temperature for which pig~ép. In our 
more impure specimens this criterion is satisfied at temperatures 
appreciably greater than 198°K, and we find no more evidence of 
a maximum in Z(7) for these specimens than in the others. 

J. W. Rutter and J. Reekie, Phys. Rev. 78, 70 (1950). 

2 C, W. Berghout, Physica 18, 978 (1952). 
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be compared with those produced by impurities, our 
measurements on aluminum support those of Berghout. 

As a last experimental fact, we mention that the 
values we obtain for the rate of increase of 69(273) with 
impurity concentration in the aluminum alloys are in 
reasonable agreement with these reported by Robinson 
and Dorn™ from determinations of absolute resistivities 
at 293°K. 

It would seem that the temperature dependence of 
dp observed in this investigation is the rule for most 
metals. If particular metals or alloys exhibit quite dif- 
ferent properties, these most probably arise from special 
characteristics of the atoms, as occur, for example, in 
magnetic materials. That is to say, when deviations 
from Matthiessen’s rule occur, we should expect the 
primary change in impurity resistivity with tempera- 
ture to be an increase of several percent independently 
of the solute. 

Several theoretical investigations have predicted the 
qualitative features of dp that are observed. Kohler" has 
proved that, in general, one expects deviations from 
Matthiessen’s rule to be positive. Moreover, by assum- 
ing a particular form for the electronic distribution 
function for free electrons in the presence of lattice and 
impurity scattering, he showed that 6p would be ex- 
pected to change with temperature according to the 
equation 


do=p-{1+[Bypia /(Bp,+pia) |}. (6) 


At high temperatures, pia>p,, so that 69=(1+8)p, 
=ap,, in agreement with the results collected in Table 
II. At low temperatures, pia<p,, so that 59-=p,+pia, 
and the data of Krautz and Schultz! on tungsten are in 
reasonable agreement with this expression. However, 
Sondheimer and Wilson,'> using a different model, in 


18 A. T. Robinson and J. E. Dorn, J. Metals 3, 457 (1951). 

4M. Kohler, Z. Physik 126, 495 (1949). 

18 E. H. Sondheimer and A. H. Wilson, Proc. Roy. Soc. (London) 
A190, 435 (1947). 
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which there is two-band conduction in the metal, obtain 
an expression quite similar to Eq. (6). In particular, 
the low- and high-temperature limits of their expression 
are identical with those of (6). Furthermore, Mac- 
Donald" has shown formally that if the relaxation time 
for lattice scattering is dependent on electronic wave 
number, whereas the impurity scattering is independent 
of this number, one derives deviations from Mat- 
thiessen’s rule which again have the same limits. The 
case considered by Bross and Seeger’ in which part of 
the electronic scattering is anisotropic seems to be a 
special form of MacDonald’s treatment. Finally, we 
mention that Sondheimer'® has shown that for a free 
electron gas one can get deviations from Matthiessen’s 
rule because it is not possible to define relaxation times 
for scattering in the intermediate temperature range. 
These deviations are zero at low and high temperatures 
and do rise to a maximum in between; but the assump- 
tions made in this calculation are so idealized as prob- 
ably to make it inapplicable to actual metals. 

There appears to be a surfeit of models which seem 
qualitatively to explain the experimental data. Un- 
fortunately, none of these have been put into quantitive 
form, so that it is not possible to say which of the models 
most appropriately describes the data. 
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The primary purpose of this calculation is to develop a method for incorporating recently calculated 
lattice vibrational spectra into the present theory of transport properties of metals. A secondary objective 
is incorporating into the calculation all of the well-known contributions to the electron-phonon part of 
electrical and thermal resistivities. Included are Umklapp processes, electron-transverse wave interactions, 
and the Bardeen scattering probability. A final objective of the study is to determine qualitatively the effect 
of this calculation on the agreement between theory and experiment. 

The results indicate an appreciable change in the theoretical predictions, the general trend being in the 
right direction. The relative importance of details of the phonon system versus details of the electron system 
is greatest for electrical resistivity, intermediate for thermal resistivity, and least for thermoelectric power. 
For this reason, the results of this calculation, as might be expected, are most significant for electrical re- 
sistivity, of some importance still in thermal resistivity, and inadequate for thermoelectric power. 


ECENT information on lattice vibrational spectra 

has prompted this theoretical study of metal 
transport properties. Aluminum has been chosen for 
detailed investigation, since it is one of the few metals 
for which abundant information on the spectrum is 
available.! It may appear paradoxical that a trivalent 
metal was chosen when the theory of transport proper- 
ties should properly apply only to monovalent metals. 
However, it is found in practice that agreement with 
observation is not greatly dependent on the valency of 
the metal concerned. Qualitative features are predicted 
about equally well for all metals; quantitatively, the 
theory is in almost universally poor agreement with 
experiment. 

Primary goals of the present study were: (a) to 
derive a method of incorporating lattice vibrational] 
spectra into the transport property calculations, and 
(b) to examine qualitative changes in the theoretical 
predictions resulting from this modification. Only the 
electron-phonon interactions are considered, with no 
attempt having been made to incorporate impurity 
scattering or effects of other lattice imperfections. The 
term “intrinsic” implies thermal scattering of electrons 
in an otherwise perfect lattice of the pure material. 
Matthiessen’s additivity rule is used to separate out 
the impurity part of the experimentally determined 
resistivities. 

The formulation starts with the standard theory of 
Bloch, as given by Wilson.? Umklapp processes and the 
momentum dependence of the scattering probability 
are then incorporated, following Ziman,’ using the first 
approximation result from the variational method of 
Kohler. The method employed for calculating the 


* Supported in part by the Research Corporation. 

t Now at Oak Ridge National Laboratory, Oak Ridge, 
‘Tennessee. 

1C. B. Walker, Phys. Rev. 103, 547 (1956). 

* A. H. Wilson, Theory of Metals (Cambridge University Press, 
London, 1953), second edition. 

3 J. M. Ziman, Proc. Roy. Soc. (London) A226, 436 (1954). 

4M. Kohler, Z. Physik 124, 772 (1948); 125, 679 (1949). 


Umklapp process contribution to resistivity is that 
developed by Bailyn and Brooks,® which also provides 
a means for incorporating the transverse lattice vibra- 
tional modes. 

The primary modification due to incorporating the 
lattice vibrational spectrum is that the Debye approxi- 
mation may no longer be used in transforming the 
resulting integral from one which is momentum and 
energy dependent into one which is solely energy 
dependent. Instead, a dispersion relation averaged over 
all directions in momentum space for each mode can 
be obtained from the lattice vibrational spectrum and 
used in the change of variables. This procedure neces- 
sitates numerical integration, carried out in this case 
on an IBM 650 computer. 

The transport property integrals extend over an 
entire Brillouin zone of phonon momenta plus parts of 
14 other zones, 8 of them bordering the first zone on 
hexagonal faces, 6 of them on square faces. The 14 
partial zones correspond to the Umklapp processes. By 
symmetry, they may be represented by 2 integrals. 

The theoretical expressions for electrical and thermal 
resistivities and the Lorentz number are 


p/T=Ar (0; T)*Kos, 
W = Ar7(01/T)*{ Ko3t+ (307/42°T?) 
X[ (26K 21/D) — (2K 23/3) ]}, 
L=p/WT, 
where the K’s represent the following integrals: 


( v1/ Vo) ™g"G? (uoq/ po) 


Vo 
Kam f 2 = -dV/Vo 
o [Lexp(x,)—1][1—exp(—2x,) ] 


+> > (Q,/42)(0,/0;)? 


i=],2 j=1,¢ 


2ko ( v;/ vo) ” cos*y ; 
KGS 
p, Lexp(x;)—1][1—exp(—-,)] 
X p"G? (uop/ po) pd p. 


H. Bailyn and H. Brooks, Bull. Am. Phys. Soc. 1, 300 
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In the above equations for the transport properties, 
Ag and Ar are normalization constants; Tis the 
absolute temperature; 0,;=452.6°K, being the char- 
acteristic temperature of the longitudinal branch, 
corresponding to a cutoff frequency of 9.4310" cps, 
according to the equation k0,;=hy; similarly 
6,= 330.0°K being average characteristic temperature 
for the transverse branches, corresponding to the 
average of the cutoff frequencies of the two transverse 
branches, vo'=6.88X10" cps. The Fermi energy, 
¢=h’k,?/2m= 5.624 ev, is based on the assumption of a 
spherical Fermi surface and a monovalent, face-centered 
cubic metal with the lattice constant of aluminum, 
a= 4.04145 A. D is a constant occurring in the theory, 
D=h'p?/4m= 4.464 ev. In these equations for ¢ and 
D, m is taken to be equal to the free electron mass and 
ko= (3x°nq)'= (12x*)*/a=1.215X10® cm, being the 
Fermi electron’ wave number and po= (6m°n,)! 
= (24n*)'/a= 1.531108 cm, being the maximum 
phonon wave number on replacing the Brillouin zone 
by a sphere of equal volume. 

In the equations for the K integrals, g is the phonon 
wave number, p is the scattering vector wave number, 
and 2;,.=hv,./kT; v; and », are the frequencies corre- 
sponding to a given q for longitudinal and transverse 
branches, respectively (i.e., dispersion functions). The 
scattering parameter u= p/2ko=sin@/2, where @ is the 
angle through which the electron is scattered. The 
maximum value of «, for normal processes, using a 
spherical Brillouin zone approximation, is “o= po/2ko 
= 0.630. The scattering probability, G(u), incorporated 
here is due to Bardeen,* and an attempt has been made 
to use parameters representative of typical metals. 
Vo=32(r/a)?=1.503X 10> cm-, is the total volume 
of the Brillouin zone. The solid angles 2; and Qa, 
subtended by the hexagonal and square faces of the 
Brillouin zone at the zone center, are 1.2367 and 0.4454 
steradians, respectively. y; and y; are angles between 
the electron scattering vector and a polarization vector 
of the longitudinal and the transverse waves respec- 
tively. These are assumed to be parallel and perpen- 
dicular, respectively, to the phonon wave vector. The 
cosines of these angles can be expressed as cosy;=1/ 
(1+°)! and cosy,=¥y/(1+y")! where y=siny/[ (cosy) 
—(p/R) ] and y is the angle between p and R, R being 
a reciprocal lattice vector. 

Integration over the first Brillouin zone was ac- 
complished by using as the differential volume element 
that portion of a spherical shell at radius g falling within 
the first zone. The Umklapp process integration was 
more complicated, requiring the following two approxi- 
mations: (a) replacing the first Brillouin zone boundary 
by the surface of an equivalent sphere, and (b) replacing 
the remaining zone boundaries by planes passing 
through the center and edges of the first zone. The 
expression contains a total of five integrals, since the 


6 J. Bardeen, Phys. Rev. 52, 688 (1937). 
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transverse and longitudinal modes are included in the 
Umklapp processes. Because aluminum is closely 
isotropic, one may use Bloch’s assumption that in the 
normal processes only the longitudinal waves interact 
with the electrons. The four integrals to be calculated 
for the Umklapp processes correspond to the two kinds 
of modes and the two kinds of contact with neighboring 
Brillouin zones. The longitudinal and transverse modes 
enter the Umklapp processes due to the difference in 
direction of the electron scattering vector and the 
phonon wave vector. For this reason, a cos*y factor 
occurs in the Umklapp process integrals. The brackets 
in the Umklapp process integrals denote an averaging 
of the quantity within the brackets over a portion of a 
spherical shell in the partial zones. 

Figure 1 shows a plot of the reduced intrinsic elec- 
trical resistivity p/T against T on a logarithmic scale 
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Fic. 1. Temperature variation of calculated and observed reduced 
intrinsic electrical resistivity. Curve 1 represents results of the 
present calculation. Curve 2 is calculated by use of the theory of 
Wilson, Kohler, and Sondheimer with 6=453°K. Curve 3 repre- 
sents the trend of a number of measurements on samples of diff- 
erent purities, each having been corrected for the impurity con- 
tribution. 


in degrees absolute. The results in this figure and the 
following figures are normalized to approach unity at 
the high-temperature limit. It will be noted that the 
calculated values of p/T are now greater than the 
experimental values’ over the main temperature range, 
whereas previous predictions had the opposite trend. 
However, at very low temperatures, the new values are 
again less than the experimental ones. As shown in Fig. 
2, the modified calculation retains the usual disturbing 
peak in thermal resistivity, never verified experi- 
mentally. At the lowest temperatures the new results 
tend toward experimental values, being lower than the 
prediction of the Wilson, Kohler, Sondheimer theory 
using the longitudinal 9=453°K. The changes in both 
p/T and W combine to bring the Lorentz number, 
L=p/WT, closer to experimental results, as shown in 
Fig. 3. The graphs presented indicate that inclusion of 


7 The values used for experimental results represent the general 
trend, being a compilation from several sources. 





EFFECT OF 
the lattice vibrational spectrum, electron scattering 
probability and Umklapp processes introduces an 
appreciable change in the theoretical predictions, the 
general trend being in the right direction. 

Changes in the theory of metallic transport properties 
resulting from this kind of incorporation of a more 
realistic vibrational spectrum are significant, in view 
of the stronger dependence of certain transport proper- 
ties on phonon parameters as compared with their 
dependence on electron parameters. On the other hand, 
the latter may be expected to assume greater importance 
when (a) the Fermi surface contacts a Brillouin zone 
boundary, (b) the Fermi surface departs considerably 
from spherical shape, (c) electronic wave functions 
other than pure s-type occur, or (d) the Fermi surface 
is multiply-connected. Such details on the electron 
system are becoming available from studies of de Haas- 
van Alphen effect, resonance effect, and anomalous skin 
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Fic. 2. Temperature variation of calculated and observed 
intrinsic thermal resistivity. Curve 1 represents results of the 
present calculation. Curve 2 is calculated by use of the theory of 
Wilson, Kohler, and Sondheimer with @= 453°K. Curve 3 rep- 
resents the trend of a number of measurements on samples of 
different purities, each having been corrected for the impurity 
contribution. 


effect. Gunnersen® has investigated the de Haas-van 
Alphen effect in aluminum, and Heine’ has calculated 
the electron energy band structure and the shape of the 
Fermi surface for that metal. Little has been done to 
date to develop procedures for incorporating this new 
information into the theory of transport properties. 
This may well require entirely new approaches to the 
theory, superseding present reliance on the band model. 

The relative importance of Umklapp versus normal 
processes is critically dependent on the scattering 

oes M. Gunnersen, Phil. Trans. Roy. Soc. London, A249, 299 
“ V. Heine, Proc. Roy. Soc. (London) A240, 340, 354, 361 (1957). 
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Fic. 3. Temperature variation of calculated and observed 
intrinsic Lorentz number. Curve 1 represents results of the present 
calculation. Curve 2 is calculated by use of the theory of Wilson, 
Kohler, and Sondheimer with @=453°K. Curve 3 represents the 
trend of a number of measurements on samples of different puri- 
ties, each having been corrected for the impurity contribution. 


probability as a function of scattering vector wave 
number. The uncertainty in this function is greatest 
for large scattering vector wave numbers. Since such 
large angle scatterings are of primary importance in the 
Umklapp processes, the relative contribution of these 
processes is likewise uncertain. 

Analysis of the relative contributions of various 
terms in the results gives some insight into the course 
which future changes in the theory should take. Our 
electrical resistivity results suggest that when a theory 
is developed showing a clear distinction between 
electron-transverse wave interaction and_ electron- 
longitudinal wave interaction, the latter may be ex- 
pected to predominate. Similarly, on the basis of our 
thermal resistivity results, it is clear that analysis of 
the relaxation processes involved in electron momentum 
change and electron energy change should reveal a 
predominance of energy changing processes, thus ac- 
complishing the necessary lowering of the peak in 
thermal resistivity results. 

The calculations of Ziman’ and Bailyn' for sodium 
resulted in a much smaller peak in thermal resistivity 
than the present calculation indicates for aluminum. 
This may well be due to differences in crystal structure, 
elastic constants, and assumed scattering probabilities. 

The author is indebted to Dr. C. B. Walker for 
providing detailed results on the aluminum spectrum. 
He is also grateful for the assistance of the Statistical 
Laboratory of the University of Florida in carrying out 
the computations. 


10M. H. Bailyn, Proceedings of the Fifth International Conference 
on Low-Temperature Physics and Chemistry, Madison, Wisconsin, 
August 30, 1957, edited by J. R. Dillinger, (University of Wis- 
consin Press, Madison, 1958), p. 373. 
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Pulsed-field effect experiments have been performed on neutron-irradiated n-type silicon samples with 
the aim of detecting deep-lying radiation-induced energy levels and estimating their electron capture cross 
sections. These experiments provide evidence in favor of two, deep-lying states in the upper part of the 
energy gap, at 0.15 ev and 0.37 ev below the conduction band edge. The electron capture cross sections as- 
sociated with these two levels strongly suggest that both are acceptor-like. 


ERTHEIM' has recently reported on an investi- 

gation of the energy level structure in neutron- 
irradiated silicon. Two ohm-cm phosphorus-doped n- 
type samples were exposed to integrated fission neutron 
fluxes of the order of 10" or less per cm*. From the 
behavior of the Hall coefficient as a function of tem- 
perature, it was deduced that neutron bombardment of 
silicon gives rise to a spectrum of energy levels running 
from 0.16 ev below the conduction band toward the 
middle of the gap. On the other hand, infrared absorp- 
tion experiments performed by Fan and Ramdas? on 
various irradiated n-type specimens revealed the exist- 
ence of three sharp bands only, at 1.8, 3.3, and 5.5 
microns, of which at least two were also found after 
electron bombardment. Such a state of affairs was 
interpreted as suggesting that, insofar as the basic 
location of the energy levels is concerned, electron and 
neutron bombardment damage should be equivalent.® 
In the upper part of the energy gap of electron-irradi- 
ated silicon, two discrete deep-lying electron trapping 
levels have been detected: one at about 0.16 ev from 
the conduction band (£,—0.16 ev) and another one at 
E.—0.36 ev.4 The purpose of this note is to present 
evidence that similar levels do also exist in neutron- 
irradiated silicon.® 

Our samples were cut from a 15 ohm-cm phosphorus- 
doped crystal, packed in dry ice, and exposed for a 
few minutes in the Brookhaven National Laboratory 
graphite reactor using pneumatic tube facilities (PJ). 
The specimen of Fig. 1 was in PN—4 for four minutes, 
with a resulting damaging dosage estimated at 2.5 X 10" 
n/cm*. On the basis of Hall coefficient measurements 
performed before and after irradiation, it can be seen 
that the carrier concentration as a function of tempera- 
ture reflects the introduction of two electron-trapping 
centers. By lowering the temperature from 400 to 

1G. K. Wertheim, Phys. Rev. 111, 1500 (1958). 

. - Y. Fan and A. K. Ramdas, J. Phys. Chem. Solids 8, 272 
OC A Klein, Proceedings of the Gatlinburg Conference on 
Radiation Effects in Semiconductors [J. Appl. Phys. 30, 1222 
(1959) }. 

4D. E. Hill and K. Lark-Horovitz, Bull. Am. Phys. Soc. Ser. IT, 
3, 142 (1958). 

5Tt is now well established that any type of irradiation pro 
duces predominantly shallow levels close to the band edges (see 
reference 3). They will not be considered here. 

* Note that the Hall coefficient factor was uniformly taken as 
equal to one. Such an approximation appears acceptable in the 


250°K, about 7X10" carriers per cm* are frozen out 
of the conduction band by a very deep trap which 
should be located between E.—0.4 ev and E.—0.3 ev, 
since the Fermi level was scanning this part of the for- 
bidden band in the quoted temperature range. A similar 
phenomenon can be observed in the temperature range 
200> 7 > 100°K, which points toward another discrete 
level somewhere between £.—0.2 ev and E,—0.1 ev. 
At still lower temperatures, the carrier concentration 
behaves similarly to that of a highly compensated speci- 
men, though the faster rate of freezing out might be 
indicative of the shallow trap. 

As evidence in favor of two deep-lying discrete energy 
levels in the upper part of the energy gap of neutron- 
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Fic. 1. Carrier concentration versus reciprocal temperature, 
before and after pile neutron irradiation, in a 15-ohm-cm n-type 
silicon specimen. 
light of Morin and Maita’s mobility ratio determinations [F. J. 
Morin and J. P. Maita, Phys. Rev. 96, 28 (1954) ]. 
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Fic. 2. Pulsed-field effect results for a 15-ohm-cm n-type silicon specimen, after pile neutron irradiation. 


irradiated silicon became apparent, it was attempted to 
locate and describe these two levels with the help of 
the newly developed pulsed-field effect technique.’ In 
such an experiment, the Fermi level in a region close 
to the space charge layer at the surface is ‘“‘pulsed” 
toward the middle of the gap, and any state with an 
appropriate energy level will empty itself through 
thermal excitation. The free-carrier generation rate is 
then measured, and the kinetics of the process is related 
via detailed balance considerations to the majority 
carrier capture cross section associated with the re- 
sponsible state. Investigations on gold-doped ger- 
manium have shown that, under proper conditions, a 
discrimination between bulk and surface states can be 
achieved. For n-type material, it was found that the 
quantity 1/7N.%,, where 7 is the relaxation time, NV, 
the density of states in the conduction band, and » the 
thermal velocity, obeys the equation 


1 E.—¢ 
——=dp exp| -( ) (1) 
TN .% kT 


if the generation process is controlled by centers with 
an energy level at E.—e and an electron capture cross 
section o,. The results of experiments performed along 
these lines on neutron-irradiated n-type silicon samples 
are illustrated in Fig. 2, which presents data obtained 
with the specimen of Fig. 1. At high temperatures 
(range 1 in Fig. 1), or more precisely with a Fermi 
level between E,—0.35 ev and E.—0.25 ev before apply- 
ing the pulse, the quantity 1/71, was found as shown 


7G. Rupprecht, Bull. Am. Phys. Soc. 3, 377 (1958). 


in the left-hand side of Fig. 2, indicating that the deep 
trap is located at E.—0.37 ev and characterized by an 
electron capture cross section of about 2107!* cm’. 
In the temperature range 2, where the static Fermi 
level was found to be at about E.—0.10 ev, the experi- 
ment did yield the straight line on the right-hand side of 
Fig. 2, which corresponds to a discrete energy level at 
E.—0.15 ev with an electron capture cross section of 
1.5X10~'* cm? These experiments did not provide 
evidence in favor of other deep-lying levels in the upper 
half of the gap. 

The implications of such results will be discussed in 
a forthcoming paper. Two main conclusions emerge. 
(1) Pile irradiation of pulled high-resistivity silicon 
gives rise to a set of discrete states, two of which ex- 
hibit energy levels in the upper part of the gap at similar 
locations as in electron-bombarded specimens. (2) The 
electron capture cross sections associated with these 
two states strongly suggest that both are acceptor-like, 
the level at E.—0.15 ev belonging to a neutral center 
(if empty), the level at E.—0.37 ev belonging to an- 
other neutral or rather slightly repulsive defect center. 
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Strips of lead between 500 A and 1000 A thick, evaporated onto mica substrates, were driven from the 
superconducting into the normal state by rectangular current pulses of 0.4 usec duration. For current am- 
plitudes just above the threshold value, there was an apparent delay of up to 0.4 ysec before resistance 
began to appear in the strip. A plausible explanation is that a minute portion of the strip in the neighborhood 
of a flaw is driven normal almost instantaneously, and that the Joule heating of this normal region eventually 
causes thermal propagation of the interphase boundary. The delay is the time that must elapse before the 
temperature of the nucleus rises sufficiently to initiate the thermal spreading process. Similar results were 
obtained with lead-indium alloys, but in the case of tin the delay was less than the instrumental resolution. 
The relevance of these results to the interpretation of dec critical currents is discussed. 


N a recent communication, Woodford and Feucht! 

describe an experiment in which a thin film of an 
unspecified superconducting metal (probably tin), 
driven into the normal state by a radio-frequency mag- 
netic field, was used to provide the nonlinear element in 
a superheterodyne mixer. From the fact that the con- 
version efficiency was unimpaired at a frequency of 
about 1000 Mc/sec, they conclude that the transition 
to the normal state induced by a magnetic field takes 
place within about 10~* sec. In this paper we wish to 
report some experiments on lead and tin films which 
show that, in contrast, the current-induced transition 
may under certain conditions be relatively slow. 

Lead strips 2.0 mm longX0.1 mm wide, with thick- 
nesses in the range 500 A-1000 A, were prepared by 
evaporation onto mica substrates. Electron micro- 
graphs of the thinnest showed traces of “island” 
formation, but the thickest were devoid of macroscopic 
irregularities. The strips, immersed in liquid helium at 
4.2°K, were driven normal by rectangular current 
pulses of 0.4 usec duration, and the voltage developed 
across them examined with a ‘Tektronix’? Model 545 
oscilloscope (rise-time 12 musec). 

Voltage wave forms corresponding to progressively 
larger current pulses through a typical strip are shown 
in A to D, Fig. 1. The small “pip” coinciding with the 
beginning of the current pulse is an induction signal 
caused by the rising edge. With the vertical sensitivity 
indicated in Fig. 1, the first sign of any return of re- 
sistance on increasing the current occurs at a time coin- 
cident with the end of the current pulse, as in A. As the 
current is increased, the delay in the first appearance 
of resistance decreases and its subsequent rate of growth 
increases (B and C). On increasing the current still 
further, a stage is eventually reached (D) where the 
delay is less than the resolution of the apparatus, but 
the resistance still increases throughout the duration of 
the pulse. On examining the voltage wave form with a 
current slightly smaller than that corresponding to A 
(about 500 ma for the strip of Fig. 1), and with a ver- 

1 J. B. Woodford and D. L. Feucht, Proc. Inst. Radio Engrs. 
46, 1871 (1958). 


tical sensitivity about twenty times greater, a rectan- 
gular pulse of 0.4 usec duration and very small ampli- 
tude is observed. This rectangular pulse appears with 
no time delay within the resolution of the apparatus 
(~15 musec), and corresponds to a resistance of a few 
milliohms; if the current is varied, it does not show a 
sharp threshold, but increases smoothly in amplitude 
from zero to a value corresponding to about 10 milli- 
ohms just before stage A is reached. All the lead strips 
we have examined have shown qualitatively similar 
behavior, differing only in the absolute magnitudes of 
the currents involved. 

We believe that a consistent explanation of the data 
can be given in the following terms. The very small 
rectangular pulse which occurs before stage A is 
reached is due to one or more flaws in the strip, which 
have smaller critical currents than the bulk of the film, 
being driven normal; the time delay involved in this 
process is not more than 15 musec. These flaws may be 








2.0V 


Fic. 1. Lead strip 2.0mm. X0.1 mmX 500 A, driven normal by 
0.4 usec current pulse. Top trace: current wave form. Traces A 
to D: voltage wave forms. Current amplitudes: A, 0.64 amp; 
B, 0.70 amp; C, 0.74 amp; D, 1.30 amp. 
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physical imperfections or regions of local strain, and the 
normal region associated with them must fill the entire 
cross section of the film. The fact that the appearance 
of this rectangular pulse does not have a sharp current 
threshold suggests that a number of flaws are involved, 
with a range of critical currents. Immediately a flaw 
is driven normal, Joule heat is produced and its tem- 
perature rises, approaching an equilibrium value 
asymptotically. The rate at which it approaches this 
equilibrium value is determined by the same factors as 
control the rate at which it would cool if the current 
were switched off, the most important of these being 
loss of heat to the substrate. If we make the simplifying 
assumptions that the dimension of the normal region 
parallel to the length of the strip is negligible and that 
the ordinary thermal conductivity equations hold, it 
can be shown that the rise in temperature of the flaw 
is given by 6= AJ? erf[_(t/r)'], where A is a constant, / 
is the current, and 7 is the thermal relaxation time which 
determines the rate of cooling of the entire strip. For 
lead strips on a mica substrate, the cooling curve shows 
two components,’ an initial sharp drop in the first 0.1 
usec being followed by a tail which lasts for more than 0.5 
usec. Provided the equilibrium rise in temperature 6,, = 
A]? is greater than the difference between the bath tem- 
perature and the critical temperature of the adjacent 
superconducting region (which is itself a function of /), 
the temperature of the flaw will eventually reach this 
latter value, and when this happens the superconducting 
region adjacent to the flaw will be forced into the normal 
state. This increases the rate of production of heat and 
in turn causes a further extension of the normal area. 
The process is unstable, and the normal region spreads 
until it includes the entire strip, as was observed for 
the case of tin films by Bremer and Newhouse.* The 
velocities of spreading observed in our experiments are 
much greater than those reported by Bremer and 
Newhouse, but the difference can be explained by the 
fact that our currents were much greater and our films 
much thinner than theirs. In traces C and D there are 
discontinuities (indicated by arrows) in the rate of 
growth of the resistance; the resistance at these points 
is about 1 ohm, which is the resistance of the strip just 
above the critical temperature. The initial steeply rising 
part of the trace therefore represents the growth of the 
normal region until it includes the whole of the strip, 
while the subsequent more slowly rising part represents 
the heating up of the entire strip. In D, the resistance 
of the strip at the end of the current pulse corresponds 
to a temperature rise of about 30°K. 

The above explanation interprets the delay in the 
commencement of the thermal spreading process as the 
time taken for the temperature of the flaw to reach the 
critical temperature of the adjacent superconducting 


2R. F. Broom and O. Simpson, Brit. J. Appl. Phys. (to be 
published). 

3 J. W. Bremer and V. L. Newhouse, Phys. Rev. Letters 1, 282 
(1958). 


TRANSITION OF Pb FILMS 


v 


345 


region. In our experiments there are clearly several 
flaws present, but it is reasonable to suppose that the 
spreading process begins at one of them, namely, the 
hottest. As the current increases, the delay decreases 
both because of the increase in 6,, and because the 
critical temperature is a decreasing function of J. For 
the strip quoted in Fig. 1, the dependence of delay on 
current is a surprisingly good fit to the error-function 
dependence mentioned above if 7 is taken as 0.3 usec, 
but we do not attach any great significance to this. On 
measuring the dc resistance of the strip with a poten- 
tiometer, behavior similar to that reported by Bremer 
and Newhouse* was found, namely, a “tail” with a 
resistance of a few milliohms which began at a current 
of about 500 ma and increased smoothly until the 
entire strip suddenly went normal at a current of 540 
ma. The tail clearly has the same origin as the small 
rectangular pulse which appeared first in the pulse 
measurements, while the “apparent dc critical current” 
of 540 ma can be interpreted as that current which 
raises the temperature of the hottest flaw just suffi- 
ciently to make the thermal spreading process begin 
after an indefinitely long time. In the case of the pulse 
measurements, there is no sign in C of the strip being 
driven normal en bloc, though it is possible that this 
process is beginning to occur in D. The true critical 
current is therefore at least twice the apparent dc 
critical current. 

A strip made from a 90% Pb-10% In alloy showed 
qualitatively the same behavior, except that the spread- 
ing process developed much more quickly with increas- 
ing current; a situation similar to that shown in D was 
reached with a current 1.4 times the apparent de critical 
current, compared with a figure of 2.4 for the pure lead 
strip of Fig. 1. This alloy strip had a normal resistance 
thirty times that of the lead one, and the more rapid 
growth of the resistance can be explained in terms of 
the increased Joule heating. In the case of tin strips 
of the same thickness and dimensions, the behavior was 
qualitatively similar but with the important difference 
that there was no delay within the experimental reso- 
lution (~15 musec). Measurements similar to those 
quoted above? of thermal relaxation times of tin films 
on mica have shown that they are appreciably shorter 
than those of lead films, recovery to the bath tem- 
perature being complete in about 50 musec, so that any 
delay in the commencement of the thermal propagation 
process must be less than 50 mysec. It is unlikely, 
however, that this is capable of accounting for the 
complete absence of any observable delay, and at the 
moment the difference in behavior of lead and tin 
remains partially unresolved. 
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It is shown by means of a crude calculation that a refined version of the Bardeen-Cooper-Schriefier theory 
of superconductivity in which the energy gap function u(v) would not be approximated by a constant 
would give very nearly the same relation between Ho, the critical field at 7=0; 2u(0), the energy gap; and 
N (0), the density of states at the Fermi surface. Agreement between the theory and experiment is found 
for the cases of Al, Sn, Hg, and Pb although the experimental error is large for Hg. For the case of Pb, this 
is the first agreement between the theory and experiment with regard to the thermodynamic variables. 


HE BCS theory! of superconductivity as worked 
out in that paper makes certain quantitative 
predictions for the thermodynamic variables of super- 
conductors. To the extent that the law of corresponding 
states is valid experimentally, there is agreement with 
the theory. However, there are deviations from the law 
of corresponding states, and in the case of lead the 
deviations from the theory and from a “well-behaved” 
superconductor are, in every case considered so far, 
beyond experimental error. Lead has a critical field 
curve® that lies above a parabolic rather than below, 
while its electronic specific heat (determined from the 
critical field curve?) is a quartic rather than an ex- 
ponential. Table I gives other comparisons with the 
theory. The first column is the ratio of the energy gap 
2u(0) at T=0 to the critical temperature, while the 
second column is the jump in the specific heat at 7,. 
y is the coefficient of the normal electronic specific heat 
in ergs/cm*-deg?, and Hp is the critical field at T=0. 
Bardeen‘ has suggested that these discrepancies may be 
due to the functional dependence of u on the energy v. 
In the BCS paper, « was approximated by a constant 
and denoted there by ¢€. In a refined formulation of the 
theory the functional variation of « would depend on 
the ratio 4(0)/k@p and would be largest for a material 
like lead for which the Debye temperature 6p is small. 
On the other hand, the relation between the energy 
gap at 7=0 and H, as given by the theory should be 
quite insensitive to the functional form of u(y) since it 


TABLE I. Comparison of the thermodynamic data 
on Pb with the BCS theory. 


2u(0)/kT (Ca=Cad/xT Ags yT2/He? 


Pb 4.1+0.2* 
BCS 3.50 


2.540.2> 0.138+0.006" 
1.55 0.171 


* See reference 3 
b See reference 2 


* Supported in part by the Department of Defense. 

1 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957); 
referred to as BCS. 

2 Decker, Mapother, and Shaw, Phys. Rev. 112, 1888 (1958). 

3 P. L. Richards and M. Tinkham, Phys. Rev. Letters 1, 318 
(1958). 

‘J. Bardeen, remark at the Kamerlingh Onnes Conference on 
Low-Temperature Physics, Leiden, Holland, 1958 (unpublished). 


involves u(y) only very near the Fermi surface (v<k6p ) 
Furthermore, it should be rather accurate since thermal 
excitations in the superconducting state do not enter. 
It has been shown’ that, including anisotropies and the 
exchange interaction, this relation takes the same form 
for either the BCS or Bogoliubov® theories: 


H,?/(8r) = -f dQ v0i) f atc» Ef) 
0 


Lv+ (E-A) ]—H(»,9)?7/E}, (1) 


where E=+ (v?+y")!, j denotes the band and direction, 
vy is an energy with respect to the Fermi surface, N(0,}) 
is the density of states at the Fermi surface at j with 
respect to the energy v, and fd is an integral over 
angles and a sum over bands. The energy (—A) is 
related to vy by means of an integral®; at the Fermi 
surface (E—A)=v=0 and d(é—A)/dvy~1; so we shall 
take £-A=v. The energy é is the pertinent one for the 
excitation of electrons in the normal state*®; hence the 
density of states 7(0,j) with respect to §—A is the one 
that will enter in the normal electronic specific heat. 
We can replace V(0,j) by 7(0,j) with an error of only 
0.1% for the Bardeen-Pines interaction’ and even less 
for the Bogoliubov interaction. 

For a constant un, 99% of the value of (1) is con- 
tributed within an energy 5u from the Fermi surface. 
For lead, 5u=0.1526@p and is smaller for other super- 
conductors. We thus feel justified in expanding the 
integrand of (1) in powers of [u(v)?—(0)?] to obtain 


H.? r)=3 f a29(0,)|u(04)* 


+f dv[_( E,?- v?)/E@ | 
0 


Lalo —m0,)1+-~ |, (2) 


J. C. Swihart, Phys. Rev. 116, 45 (1959). 

® N. N. Bogoliubov, Nuovo cimento 7, 794 (1958) ; Bogoliubov, 
Tolmachev, and Shirkov, A New Method in the Theory of Super- 
conductivity (Consultants Bureau, Inc., New York, 1959). 

7 J. Bardeen and D. Pines, Phys. Rev. 99, 1140 (1955). 
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where Eo=+[v?+y(0)?]!. The second term on the 
right side of (2) depends on the functional form of u 
and is determined from the integral equation®* 


— 1 r "4 
a --F Ded wk’ (Ue / Ey), 
where for the Bardeen-Pines interaction? 


Zhu’ | P(k’—k) |? 
V «xe = -— $+ U xy, 


(hwy +» )?— (Ve— Vx)? 


(3) 


(4) 


where P(k—k’) is the matrix element for phonon 
scattering of an electron, and Ux, is the Coulomb 
interaction. One sees from (3) and (4) that u(v) changes 
sign at a distance of the order of magnitude of (hw). 
~k@p from the Fermi surface and that it has a con- 
tinuous derivative that vanishes at the origin. Thus one 
might expect its functional form to be roughly 


u(v,3)=«(0,9)[1— (v/kOp)*] 


near the Fermi surface. 
Averaging over angles and bands at the Fermi surface 
gives for (2) 


R=[4an(0) }}[(0)/ Ho |= 14+1.3[u(0)/ROp }?, 


where (0) is the integral of 7(0,j) over j, u(O) is an 
average of u(0,j) over the Fermi surface, and R is 
defined by the identity. The first term on the right side 
is just the BCS Eq. (3.39). The second term is obtained 
by cutting off the integral in (2) at y=5y. This intro- 
duces an error of less than 0.5% of the first term if 
|u(v)| is of the same order of magnitude or less than 
u(0) for all v. If the integration would be carried to 
larger v, higher powers of (u/k@p) in the expansion 
would be important for the case of lead. For Jead the 
second term is 0.03, and is smaller for other super- 
conductors. The fact that this correction is small with 
the use of function (5) indicates that the true u(y) will 
have little additional effect. 

Using the experimental data for 2u(0), Ho, and y of 
Pb,?? Hg,2-" Sn,3:!? and Al,3-!5 and the relation 


(5) 


(6) 


n(0)=3y/(2e?h?), 
8 J. G. Valatin, Nuovo cimento 7, 843 (1958). 
9 P. L. Richards, Bull. Am. Phys. Soc. Ser. II, 4, 149 (1959). 
10 E,. Maxwell and O. S. Lutes, Phys. Rev. 95, 333 (1954). 
1! Reynolds, Serin, and Nesbitt, Phys. Rev. 84, 691 (1951). 
2 W. S. Corak and C. B. Satterthwaite, Phys. Rev. 102, 662 
(1956). 
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one finds R to be 1.0540,07, 1.2140.18, 0.95+0.10, 
and 0.96+0.07 for Pb, Hg, Sn, and Al, respectively. 
All four agree with the theory within experimental 
error. There may be an increase in this value from 1.00 
to 1.03 in going from Al to Pb as given by (6), but the 
experimental errors are too large to see this from the 
data. These four superconductors cover nearly the entire 
range of (u/kOp) values. 

The Koppe-Heisenberg’® theory and the Lewis two- 
fluid model!’ also give values for R if the exponent in 
the specific heat is interpreted as half the energy gap. 
The Koppe-Heisenberg ‘“‘energy gap” varies with tem- 
perature and has the value 2.56k7, at T=0. This 
together with (y7.?/Ho?)=0.159 gives R=0.71. The 
Lewis model has an adjustable constant energy gap 
which best fits the experimental data for a gap of 
about 3.00k7,. Then (y7.?/Ho?)=0.172 and R=0.86. 
Both of these values are too low to be consistent with 
the Al, Hg, and Pb data and only the Lewis R agrees 
with Sn. 

The good agreement of Eq. (6) from the BCS theory 
with the experimental data together with the knowledge 
that the refined theory will also predict very nearly 
Eq. (6) adds substance to the Bardeen suggestion® that 
superconductors such as lead will agree with the refined 
theory in which the functional dependence of u(r) is 
taken into account. 

Preliminary results for Ta and Nb by Richards® 
indicates that the values of R are twenty percent or so 
smaller than one for these materials. If this is a real 
effect, it could be explained by the possibility of two 
energy gaps in the transition elements corresponding to 
the two bands through which the Fermi surface passes. 
The smaller of the two gaps would show up as an absorp- 
tion edge, while the larger would give important con- 
tributions to the average (0) in (6). This would result 
in R being smaller than one for experimental values 
of u(0). 

Nolte added in proof.—The relation R=1 was assumed to hold 
for all superconductors by Goodman [B. B. Goodman, Compt. 
rend. 246, 3031 (1958) ] in his calculation of energy gaps. 


13M. A. Biondi and M. P. Garfunkel, Phys. Rev. Letters 2, 
143 (1959). 
“4 N,. E. Phillips, Phys. Rev. 114, 676 (1959). 


15 J. F. Cochran and D. E. rit, 152 
(1958). 

16H. Koppe, Ann. Physik 1, 405 (1947). 

17H. W. Lewis, Phys. Rev. 102, 1508 (1956). 
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The optical dielectric constants and the anisotropy of tetragonal barium titanate were calculated by 
assuming spherical symmetry for the electron clouds of its constituent atoms. An analogous calculation 
was carried out for lead titanate. The calculated birefringences are positive in both crystals, in contrast to 


the observed ones. The results are discussed. 


PTICAL refractivity shows directly the electronic 
response of atoms in a crystal to an electro- 
magnetic field of optical frequency where the contri- 
butions of the ionic displacements due to the applied 
field are of no importance. Therefore studies on re- 
fractivities and their anisotropy in ferroelectrics will 
be useful in understanding the behavior of the electrons 
of the constituent atoms. 
The present investigation was undertaken with the 
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aim of obtaining the optical dielectric constants and 
their anisotropy in barium titanate theoretically, with 
due regard to its well-known lattice spacings! but with 
the assumption of spherical symmetry for the electronic 
configuration of the atoms. 

When we modify the usual Lorentz field for barium 
titanate, taking account of the orthorhombic defor- 
mation of the crystal, the local field on each ion can be 


written as*~4 
256 
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* This work was supported by a Grant for Scientific Researches of the Education Ministry. 


1H. F. Kay and P. Vousden, Phil. Mag. 40, 1019 (1949). 


2 In these corrections only the nearest neighbor ions of each ion in question are taken into account. 


3 J. C. Slater, Phys. Rev. 78, 748 (1950). 


4W. Kinase and H. Takahasi, J. Phys. Soc. Japan 10, 942 (1955); 12, 464 (1957). 
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The symbols used in the above equations are as follows: 
Eri, the local field acting on the Ti ion, and similarly 
for Ep, and Eo; £, the applied field; v, the lattice 
volume (4A)*; Pri, the electronic dipole moment of the 
Ti ion, and so on; ari, the electronic polarizability of 
the Ti ion, and so on [here we use the values® ar; 
= (0.0365/42)v, apa= (0.382/4r)v, and ao= (0.470/ 
4r)v]; O1, oxygen which lies along the same line 
parallel to the applied field; O2 and O3, oxygens which 
lie on a plane perpendicular to the applied field; Aj, the 
elongation of the unit cell in the direction of the Ti and 
O, chain, relative to the basic lattice side, i.e., 4A, and 
so on; p and g, the corrections to the Lorentz factor 
(here we use the values®? p= 8.668 and g= 30.080). 
The ‘solution of these simultaneous equations are 


vi 
Py4=—(0.1185 —0.4279A1+0.0319A>2 


4r 
+0.0319A3) ++ = 


vE 
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vE 
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The total electronic dipole moment of the unit cell 
is obtained by summing the P’s; 


vE 
w=>> P;=—(4.7857+4.8949A; —4.2715A2 
i 4 


T 


Dividing yu by the true volume 0(1+A;) (1+ A:2)(1+As), 
we obtain the total electronic polarization P: 


E 
P=—X 4.7857 (1+0.02282A;— 1.89255A.2 


4a 
—1.89255A;3)---. (4) 
§P, W. Anderson and W. Shockley (unpublished). 
6L. W. McKeehan, Phys. Rev. 43, 913 (1933); 72, 78 (1947). 
7J. M. Luttinger and L. Tisza, Phys. Rev. 70, 954 (1946) ; 72, 
257 (1947). 





Then the optical dielectric constant is obtained as 


4rP 
e= 1+——=5.7857+0.1092A,—9.0572A, 
E 


—9,0572A3---. (5) 


Equation (5) generally gives the dielectric constants of 
orthorhombic BaTiO;, which is deformed slightly from 
a cubic lattice, by inserting the observed A’s. Actually, 
by using the observed values! of the tetragonal phase 
at room temperature, i.e., 


A= As= —0.0025, A;=0.0075, for ea, 
and 


Ai =0.0075, A2=A3= — 0.0025, for €cs 


we obtain 
€a= 5.7401, (6a) 
and 


€-= 5.8318. (6b) 


According to the relation n=/e (n is a refractive 
index), the refractive indices are about 2.40; and as a 
calculated birefringence, we get 
An=n,.—Nq= 0.0191. (7) 
This result means that barium titanate is “optically 
positive” in a case where the electron clouds are of 
spherical symmetry and the electro-optic coefficients 
are left out of consideration. 
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Fic. 1. The relation between the crystallographic and optical 
anisotropies. © calculated values; @ observed values. 
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Similar calculations in the case of lead titanate were 
carried out by assuming that the electronic polariza- 
bility of Pb icns is identical with that of Ba ions. If we 
substitute the following values® into Eq. (5): 


Ai = Ae= —0.025, 3= 0.0375, for €a, 


and 


A,;=0.0375, A2=A;3= —(0.025, for Ec, 


we obtain 


€2= 5.6698, (8a) 


and 
€-= 6.2427. (8b) 
So we get 
An=n,.—nNq=0.1174. (9) 


Recently it has been found that the relationship of 
the crystallographic and optical anisotropies are not 
similar in lead titanate and barium titanate*®: Lead 
titanate has a much larger tetragonality than that of 


* H. H. Rogers, Massachusetts Institute of Technology Report 
MIT-52, Dec. 1952 (unpublished); Shirane, Pepinsky, and 
Frazer, Acta Cryst. 9, 131 (1956); J. Kobayashi and N. Yamada 
(unpublished). 
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AND YAMADA 

barium titanate, whereas the former shows a smaller 
birefringence than the latter. This phenomenon appears 
strange, and so it will be worth while to examine it 
thoroughly. 

Figure 1 shows the relations between the calculated 
An’s and the observed An’s®*® with respect to the 
lattice anisotropies of BaTiO; and PbTiO;. Here it is 
noteworthy that the observed An’s are negative and 
the calculated An’s are positive. 

This discrepancy is due to the fact that we have 
calculated An’s leaving the electro-optic effects out of 
consideration. In other words, the values calculated 
above are the so-called natural birefringences of 
BaTiO; and PbTiO;. The contribution of the electro- 
optic effect to An will be —0.06—0.02=—0.08 in 
BaTiO3, the value —0.06 being given in Merz’s article.® 

For PbTiO;, however, we cannot give a definite 


conclusion, because precise knowledge about the 


electronic polarizability of the Pb ions and the behavior 
of their surrounding electron clouds is not available 
at present. The investigation of this problem is in 
progress. 


*W. Merz, Phys. Rev. 76, 1221 (1949). 
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The power saturation of seven lines arising from the J=1— 2 rotational transition in OCS has been 
investigated with a Stark-cavity spectrometer. The experimental results on all investigated lines confirm 
the theory of Karplus and Schwinger adapted in this paper to the case of gas enclosed in a cylindrical cavity 
absorption cell oscillating in a 7/om, mode with an arbitrary n-value, and m-value from 1 to 10. 


INTRODUCTION 


QUANTUM-STATISTICAL treatment of power 

saturation of molecular transitions in a uniform 
radiation field has been given by Snyder and Richards,! 
and by Karplus and Schwinger.? The experimental 
results** on the saturation of the 3,3 line of ammonia 
(NH;), thus far the only line investigated extensively, 
substantiate the theory of Karplus and Schwinger. This 
theory treats the saturation of each Zeeman component 
of the line independently and predicts an additional 
broadening of the line and a corresponding decrease of 
the peak intensity. The saturated peak intensity is 
obtained simply by adding the saturated intensities of 
individual Zeeman components. 

In this paper the uniform-field theory of Karplus and 
Schwinger is applied to the case of a gas enclosed in a 
cavity absorption cell oscillating in a cylindrical TEomn 
mode with m ranging from 1 to 10, and » arbitrary.° 
The present theory is an extension and modification of 
the semiclassical treatment of power saturation in a 
cylindrical To. cavity given by Bleaney and Penrose.‘ 
Predictions of the theory are compared with results of 
measurements on the saturation of a series of lines 
arising from the J=1—2 rotational transition in 
carbony! sulphide (OCS). 


THEORETICAL NOTES 


The theory of power saturation as developed by 
Karplus and Schwinger is applicable both to magnetic 
and electric dipole moment transitions. For microwave 
spectroscopy the latter transitions are by far the most 
important since only a few molecules have strong 
magnetic dipole moments. According to Karplus and 
Schwinger? the absorption intensity a“? (v) of an isolated 
line, resulting from electric dipole moment transition 
between molecular states a and 6 in the presence of a 
strong monochromatic radiation, can be written 

* Present address: CERN, Geneva, Switzerland. 

1H. S. Snyder and P. I. Richards, Phys. Rev. 73, 1178 (1948). 

2. Karplus and J. Schwinger, Phys. Rev. 73, 1020 (1948). 

3 W. V. Smith and R. L. Carter, Phys. Rev. 72, 638 (1947); R. L. 
Carter and W. V. Smith, Phys. Rev. 73, 1053 (1948). 

4B. Bleaney and R. P. Penrose, Proc. Phys. Soc. (London) 60, 
83 (1948). 

5A. Dymanus, Rev. Sci. Instr. 30, 191 (1959). 
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where vy, E=frequency and electric field vector of the 
exciting field, respectively ; vo=resonance frequency of 
the line; x=degeneracy index of the transition; Av 
= half-width of the line at half of its maximum intensity 
(“half-width” in the following) due to molecular col- 
lisions only; pas*=nonvanishing dipole moment matrix 
element for transition between the degenerate states a 
and 6; i=Planck’s constant; and C,=a constant inde- 
pendent of E and x. The expression (1) is derived 
assuming that the line is broadened by molecular col- 
lisions only,® that each collision restores thermal 
equilibrium distribution, that the period of the exciting 
radiation is large compared to the duration of a mo- 
lecular collision but small compared to the mean time 
between molecular collisions, and that the exciting 
external field is very weak compared to the internal 
molecular field. 

The Lorentzian shape of a collision-broadened line is 
not affected by the strength of the exciting field. All 
desired information about the power saturation of a 
transition is thus obtained by considering only the 
power dependence of the peak intensity amax‘. For 
|E|— 0, and v=vo, ainax“? becomes the unsaturated 
peak intensity amax. SINC€, Q@inax= > e(Q)inax, it follows 
from Eq. (1) that 

Omax Qie| Pav*|?Re(a) 
R(a) =——_ = ———__, (2) 


Qmax 


| Pav |?= Die | Par*|”, 
CAR Pires 


ab" E| 24-1 
pire ya (MUBYT 
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ws 
. are the saturated and unsaturated 


where 


and (a, *)) max, (Q@)m 


* This assumption implies that the pressure of the gas must be 
sufficiently high to make the broadening due to Doppler effect 
and to collisions with the walls of the absorption cell negligibly 
small compared to the broadening due to molecular collisions. 
The natural line width is of the order of 10-4 cps at microwave 
frequencies and can thus be disregarded, except for transitions 
between excited electronic states where it may become much 
larger than the collision width. 
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peak intensity of the xth component of the line, re- 
spectively. In a cavity the exciting field, and hence the 
amount of saturation, depends on the position of the 
absorbing molecule in the cell. To obtain the observable 
value of @max‘*? an average value of this quantity has 
to be computed over the volume of the cavity. This 
average value (amex) is given by 


(anes )n= f cane (r,0Er2)0V | f Bsr bs)0V. 
V v 
(4) 


Terein, @max‘*’(7,0,2) and E,(r,0,2) are the peak intensity 

of the line and the energy density, respectively, in an 
infinitesimal volume dV at a point described by cylin- 
drical coordinates 1, @, 2. 

In the Appendix to this paper (R.(a))« is calculated 
for the case of a gas enclosed in a cylindrical cavity 
oscillating in a TEom, mode with m=1—10 and an 
arbitrary n. This type of cavity absorption cell has been 
used in the present investigation. As shown in the 
Appendix (R(a)), at the power P, dissipated in the 
cavity is obtained from an appropriate curve in Fig. 2 
and from Eq. (2) if the saturation constant Qn, with 


4P OL | Pav* | *Com 
op VIRC,2P? 


is known for all «x components of the line. In the ex- 
pression for 2,~, 0: and V are the loaded Q-factor and 
volume of the cavity, respectively, Com the mode 
constant listed in the Appendix Table I, C, the half- 
width constant, and P the pressure in the absorption 
cell. 

The results given in the Appendix hold for all transi- 
tions which comply with the assumptions mentioned at 
the beginning of this section. For rotational transitions 
between molecular states (J, K, M) and (J’, K’, M’) 
of molecules with a permanent dipole moment #, the 
dipole moment matrix elements | pas*| are 


| Pav*| = p|Dy.x,u7"*' "|. (5) 


Here |Dy,x,u7"'*'"™’| is the direction cosine matrix 
element connecting the two states; J is the rotational 
quantum number, K the quantum number of component 
of J along molecular axis, and M the magnetic quantum 
number. The unprimed quantities J, K, M, and the 
primed ones J’, K’, M’, correspond to the initial and 
the final state of the transition, respectively. The de- 
generacy index «x is now M, and the sum in Eq. (5) is 
taken over all Zeeman components of the line. 

For in Debye units, vo in Mc/sec, C, in (Mc/sec)/ 
mm Hg, P in mm Hg, and P, in watts, the expression 
for Qma (=Qm,. with x=M, see above) can be written 


P?P O1Com 


Oma = 9.1 10°'——_—| Dy x m7": *'™'|2. (6) 
V CC ,2P? 
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EXPERIMENTAL PROCEDURE 


A superheterodyne spectrometer, with Stark modu- 
lation at a frequency of 400 cps, and a pill-box shaped 
cylindrical Stark cavity absorption cell’ were used 
throughout this investigation. The cavity was designed 
for use in any cylindrical TEom, mode with m from 
about 5 to about 12, but all present measurements were 
performed in the Tos: mode. The modulating Stark 
voltage (zero-biased square wave) was applied in this 
cavity between plunger and bottom. Owing to the high 
sensitivity of the spectrometer (minimum detectable 
absorption intensity omin™2X10-cm™) saturation 
measurements could also be performed on weak lines 
(Qmax3 X10~-7 cm) and at low pressures. 

The unsaturated peak intensities amax, and the ratios 
(R(q))s at a given power and pressure of the gas were 
determined by the antimodulation method’ with an 
error of about 2.5 and 1%, respectively. The largest 
contribution to the latter error came from incomplete 
splitting® of the lines. 

The OCS lines possessing an essentially first order 
Stark effect (/-doublet lines) can easily be split com- 
pletely and offer no difficulties. However, the lines 
possessing a second order Stark effect are hard to split. 
In the present investigation the maximum available 
Stark field was about 1650 v/cm. In the absence of 
power saturation the second order lines could be split 
completely by this field only at pressures lower than 
~0.03 mm Hg, the error in amax increasing to several 
percent at higher pressures. At strong saturation the 
error in (R(a@))4 due to incomplete splitting can thus 
be considerable since it is roughly equal to @max/@max‘” 
times the error in @max due to the same phenomenon. By 
using special extrapolation methods’ this error could 
be reduced to about one percent. 

The pressure used in the present measurements varied 
from 0.02 to about 0.06 mm Hg. It was measured with 
a precision micromanometer with an accuracy of about 
one percent. Errors in (R(q@))4 due to pressure drift 
have been eliminated by the procedure described 
elsewhere.® The loaded Q-factor of the cavity was deter- 
mined by the modified dynamic method? and was 
accurate to about one percent. 

The determination of the power P, was by far the 
the most difficult problem. Absolute power measure- 
ments were performed with a calibrated crystal detector 
and could be in error up to 25%. Relative power 
measurements were performed with a calibrated at- 
tenuator. The error in the latter measurements did not 
exceed 5%. 


7 A. Dymanus, Physica (to be published). 

8 The ratio, A (F) =[ (amax) F-»0— (max) F=F |/ (max) F-><, where 
(@max)F-r and (amax)r+» are the peak intensities measured at a 
Stark field F and at an infinitely strong field, respectively, is 
frequently used as a measure of the line splitting. In this paper a 
complete splitting corresponds to A (F) <0.01. 

* A. Dymanus, thesis, Utrecht, 1958. 
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RESULTS AND DISCUSSION 


Measurements on power saturation of OCS were 
performed on seven lines arising from the rotational 
transition J=1— 2. Five of these lines originate from 
the most abundant species O!%C”S* in five vibrational 
states: (v;22!¢!23) = (000), (100), (01,0), (012'0), (02°) 
(lines Nos. 1, 3, 4, 5, and 6, respectively, in the follow- 
ing). The remaining two lines come from the isotopic 
species O'8C¥S® and O'C?S*4, both in the ground vi- 
brational state (lines Nos. 2 and 7, respectively, in the 
following). The lines (2 09!!!03)= (01,'0), (01,'0) form 
the well-known / doublet. 

The measured and the calculated ratio (R(qa))s of 
the most intense line (line No. 1, the main line in the 
following) and of the 1,! component of the / doublet 
is shown in Fig. 1 as a function of the power P, for a 
pressure of 0.025 mm Hg. The unit power in this figure 
corresponds to P.<~1.4X10~! w. All experimental 
points in Fig. 1 have been shifted to the right by about 
0.1 P. so as to make the measured and the calculated 
values of (R(a))w equal at P.=1. The theoretical 
curves have been pees with the aid of Eqs. (2) 
and (6) and Fig. 2, assuming the following values for 
the various constants in the expression (6) for Qmar: 
Coe= 61.6 (Table I, TEs: mode of the cavity), V=137 
cm’, 0, =5300, C,= 6.30 (Mc/sec)/mm Hg,”" p=0.700 
Debye unit for the /-doublet lines, and p=0.709 Debye 
unit for all other lines”; the matrix elements involved!* 
are given by 
[Dy xl KM |2= | Dy yy Ith Met |2 


_CU+1)?-P](J£M4+1)(JM+42) 
~ (F41)2(2F-+1) (2I+3) 
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Fic. 1. Power saturation of the J=1— 2 rotational transition 

of OCS; the measured and calculated peak intensity ratio (R (a) )ay 

of the main line and of the 1;! component of the /-doublet as a 

function of the power P, dissipated in the cavity at a pressure of 

0.025 mm Hg. The experimental points are shifted to the right 

by about 0.1P, so as to make the measured and the calculated 
values of (R(a))a, equal at P,=1. 


10 Feeny, Lackner, Moser, and Smith, J. Chem. Phys. 22, 79 
(1954); C. M. Johnson and D. M. Slager, Phys. Rev. 87, 677 
(1952). 

11 Dymanus, Dykerman, and Zyderveld, J. Chem. Phys. (to be 
published). 

22 R, G. Shulman and C. H. Townes, Phys. Rev. 77, 500 (1950). 

13 Tn a TEom: cavity only the AM =+1 transitions are detected. 
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with K=/=1, 0 for the /-doublet lines and for all other 
lines, respectively.'4 

In the expression for |Dy,«,47'*'’|?, 1 is the 
quantum number of angular momentum due to excited 
degenerate bending vibration; the upper (+) sign 
corresponds with M — M-+1 transitions, and the lower 
(—) sign with M — M-—1 transitions. 

The assumption of C,=6.3 (Mc/sec)/mm Hg for all 
lines of OCS seems well justified. Recent measurements 
on the half-widths of the main line and of the / doublet 
performed with a new method" yield for C, the values 
of 6.27+0.18 and 6.17+0.23 (Mc/sec)/mm Hg, re- 
spectively. The former value agrees well with the mean 
value of 6.2 (Mc/sec)/mm Hg of the measurements of 
Feeny ef al. (6.4+0.15) and of Johnson and Slager 
(6.1+0.35). Within our knowledge /-doublet C, has not 
been measured previously. As for the other lines, good 
agreement between the measured and the calculated 
peak intensities makes C, for these lines outside the 
limits of 6.3+0.2 rather improbable.’ 

Within the total experimental error (~7%) of 
pressure, (R(a)), and relative power measurements, 
there is a good agreement between the experimental 
results and the predictions of the theory of Karplus 
and Schwinger if the shift of experimental points in 
Fig. 1 is disregarded. It has been found that the satura- 
tion (at a given P, and P) of the lines Nos. 2, 3, 6, and 
7, was the same as of the main line, and of the 1,! com- 
ponent of the / doublet the same as of the 1,! component. 
These results confirm that saturation of a rotational 
transition is independent of isotopic substitution or of 
vibrational state, provided the dipole moment matrix 
elements are the same. The power P, required for a 
given saturation was found to be proportional to P~? 
[ Eq. (6) ] for all investigated lines. 

The theory of Karplus and Schwinger is based on the 
assumption that each collision restores thermal equi- 
librium distribution. In this investigation a systematic 
deviation of about 10% was found for all lines and at 
all pressures and powers. The power P, needed for a 
given value of (R(a))4, was about 10% lower than the 
calculated with the theory of Karplus and 
These results would suggest that not all 


power 
Schwinger. 
collisions are effective in restoring thermal equilibrium 
distribution thus making the effective value of Qnay 
larger than the theoretical value. In terms of relaxation 
times this would mean that the thermal relaxation time‘ 
(the mean time between collisions which are effective 
in restoring thermal equilibrium) is longer than the 
mean time between collisions which are effective in 
broadening the line. However, no definite conclusion 
can be drawn on this point in view of the large uncer- 
tainty of the absolute power level in this investigation. 


4G. H. Townes and A. L. 
(McGraw-Hill Book Company, Inc., 


Schawlow, Microwave Spectroscopy 


New York, 1955), Chap. 2. 
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APPENDIX. CALCULATION OF (R,(@)),, 

In a cylindrical cavity oscillating in a TEom, mode 
the radial, azimuthal, and axial components of E (E£,, 
Es, and E,, respectively) are!®: 

E,=E,=0, 


Eg= EvJ \(Xomr/R) sin(nrz/L), (A,1) 


where R and L=radius and length of the cavity, re- 
spectively, J;(x)= Bessel function of the first kind and 
first order, and xom=mth zero of J;(x). Since amex and 
(ax) max are independent of r, @, z, and E, is proportional 
to |E|?, it follows from Eqs. (3), (4), and (A,1) that 


(Re(a) n= mu /Tom, (A,2) 


with 


L R 
Tom =2n f ” E’rdr, 
0 "6 


nee moe f af 14+[ Fo] past|/(adv) }? 


The subscripts 0 and m of the integrals Jom and Im 
are the same as used in the designation of the oscillation 
mode of the cavity. 

By a straightforward calculation one obtains for the 
integral Jom: 


Tom= V Eo? Tom* 


Z0m 
len* -{ sJ,7(s)ds, 
0 


S=Xonr/R. 


; Lee's 


where 


and 


The integral Jo,,* can be solved with the aid of the 


relation: 
A2 a 
f sJ2(s)ds=}[s*Jy'2(s) + (s?—k*)Sn?(s) Ja 
Al 


which is readily derived from the differential equation 


Technique of Microwave Measurements, 
Radiation Laboratory 
New York, 1947), 


°C, G. Montgomery, 
Massachusetts Institute of Technology 
Series (McGraw-Hill Book Company, Inc., 
Vol. 11, Chap. 5. 


TABLE I. Values of the constant Co» and of the 
integral Iom* for m=1—10. 











9.24 
91.3 


5.24 


6.24 7. 
51.8 71. 


61.6 101. 


for the Bessel function of the &th order. With k=1, 
Ai =0, Ao=Xom, and the recurrence relations 
2x! (Ss) = Je-1(5) —Sess(), 
(2k, 's) Tis) = Je_1(8) +S iezr(s), 


the integrals Jo,* and Iom become 


(A,4) 


= Som? J 0° (om Is 


lom= , VECJ 0? (Xom)- (A,5) 


Numerical calculations of the values of Jom* for m=1 
—10 lead to the results given in Table I. 

By introducing a new variable: v=cot(nmz/L), in- 
tegration of the axial part of the integral Jn. can be 
performed in the ordinary way. The resulting expression 


for Im is then 
ig Z0m 
| rmt—2 f 
= 0 


| Pav*| 
(oe = (x 


is a constant, the saturation constant of the xth com- 
ponent of the line in the mth TEo»,, mode of the cavity. 


VE? 
le apsiiciate «oom 


a 
Vom Qnx 


sds 
P o —| (A,6) 
[14 +2 neJ1?(s) ] 


where 


(A,7) 


‘10° 


Fic. 2. Averaged peak-intensity ratio (R,(@))a4, of the «th 
component of the line as a function of the saturation constant Qnx 
for a cylindrical cavity oscillating in a TEom, mode with an arbi- 
trary n-value and m-value from 1 to 10. 
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From Eqs. (A,2) and (A,4-6), it follows that 


1 Om sds 
(R.(a)) 4 =— | 02-2 [ ——_— | 
| a tn be “¢ [1 + Qing 1?(s) ]* 

(A,8) 
Apparently there is no known method to solve the 
integral in Eq. (A.8). This integral has been computed 
numerically for the values of Qm from 0.1 to 100 and 
for the m-values from 1 to 10. The resulting curves of 
(Ry (a) ay versus Qn, are given in Fig. 2. With the aid 
of the appropriate curve in this figure and Eq. (2) the 
saturated intensity of the line is readily obtained if Qn. 
is known for all components of the line. 

It is convenient to relate the saturation constant 
Qn to the power P., dissipated in the cavity as a result 
of conduction and dielectric losses. The total energy E, 
stored in the cavity is connected with P, by the well- 
known relation’? ; 


E,=PQ1/ (20), (A,9) 


where vz and Q, are resonance frequency and loaded 
Q-factor of the cavity, respectively. On the other hand, 
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from the definition of £, and /»,, and from Eqs. (A,4) 
and (A,5) it follows that 


E,= (1 ‘Srr)Iom= (1/87) V Eo Gea 1 (A,10) 


with 


(A,11) 


. i tt * 
( Om Xm f mS . 


The constant Com in Eq. (A,10), in the following called 
‘mode constant,” depends only on the oscillation mode 
of the cavity. The value of Com for m from 1 to 10 is 
listed in Table I. 

As the line is broadened only by molecular collisions, 
the half-width Av can be written 


Av=C,P, (A,12) 


where, C, is the half-width constant and P pressure in 
the absorption cell. From Eqs. (A,7) and (A,9-12) the 
resulting expression for Qm« is 


(A,13) 
yoVWPC,2P? 


in which vq is replaced by vo, since cavity is always 
tuned to the resonance frequency of the gas. 
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Collisions of Electrons with Hydrogen Atoms. IV. Excitation of 
Lyman-Alpha Radiation near Threshold* 


Wapbe L. Fire, R. F. Stessincs, AND R. T. BRACKMANN 
John Jay Hopkins Laboratory for Pure and Applied Science, General Atomic Division of 
General Dynamics Corporation, San Diego, California 
(Received May 25, 1959) 


By use of improved experimental techniques, the cross section for excitation of Lyman-alpha radiation 
in collisions between electrons and hydrogen atoms has been remeasured. It has been determined that in 
the threshold region, the results reported previously were somewhat low. The remeasured energy dependence 
of the cross section near threshold has been found to be as the square root of the excess energy. 


I. INTRODUCTION 


N earlier paper! reported the results of an experi- 

ment to measure the cross section for excitation 
of Lyman-alpha radiation on electron impact. In that 
experiment a highly dissociated hydrogen beam from a 
furnace source was crossed by an electron beam, and 
an oxygen-filtered Lyman-alpha photon counter viewed 
the region of interaction of the two beams. The atomic 
beam was modulated at 100 cps by a mechanical 
chopper and the electron beam was run dc so that the 
signal arising from the interaction of the two beams 
could be distinguished above the high dc level of 
countable photons produced from collisions of the 
electron beam with the residual gas in the vacuum 
chamber and with electrodes of the electron gun. 

In the course of this earlier experiment, measure- 
ments were made of the angular distribution of the 
emitted photons. Although these measurements ap- 
peared satisfactory at electron energies above 25 ev, 
below this energy an anomaly was encountered. The 
radiation was apparently not emitted symmetrically 
about the plane perpendicular to the electron beam 
direction as expected for electric dipole radiation, but 
was enhanced in the forward direction. 

The conjecture was made that this apparent anoma- 
lous angular distribution might be caused by a non- 
coincidence of Lyman-alpha radiation and the Lyman- 
alpha window in the oxygen absorption spectrum. In 
particular, if Lyman-alpha radiation lay slightly on the 
long wavelength side of this window, the angular 
distribution anomaly could be explained on the basis 
of momentum transfer from the incident electron to the 
excited atom. For the counter looking back into the 
electron beam, a Doppler shift of the radiation toward 
shorter wavelengths would permit more of the radiation 
to pass through the oxygen filter and reach the counter, 
and conversely. 

This conjecture led to another experiment to deter- 
mine the position of Lyman-alpha radiation with 
respect to the oxygen window.’ The atom beam was 

* This research was supported by the Advanced Research 
Projects Agency through the Office of Naval Research. 

1 W. L. Fite and R. T. Brackmann, Phys. Rev. 112, 1151 (1958). 

? Hummer, Fite, and Brackmann, Bull. Am. Phys. Soc. 4, 67 
(1959). 


crossed by an electron beam, and the output of an 
oxygen-filtered photon counter was measured as a 
function of azimuthal angle in the plane perpendicular 
to the electron beam. In this way the thermal velocities 
of the initial atom beam provided a known Doppler 
shift. The result of this experiment was that the 
Lyman-alpha radiation lay in a very nearly flat part 
of the oxygen window. Thus, the conjecture regarding 
the angular distribution problem was untenable. 

The possibility that the anomalous angular distri- 
bution below 25 ev was symptomatic of some systematic 
failure in the experiment for these energies was the 
primary reason for an experimental re-examination of 
the excitation process. 

It was expected that a remeasurement of the cross 
section for Lyman-alpha excitation would give improved 
results because of several improvements made in the 
apparatus since the earlier experiments. Among these 
were (1) the addition of a large final vacuum chamber 
of greatly improved pumping speed and better vacuum, 
(2) the replacement of the stainless-steel electron guns 
by gold-plated guns, where less difficulty with surface 
effects is encountered, and (3) the incorporation of 
circuitry to pulse-shape the photon counter output in 
order to improve the ac signal-to-noise ratio at the low 
count rates characteristic of electron energies near 
threshold. 


II. EXCITATION OF PHOTONS OBSERVED AT 90 


The experimental approach using modulated photon 
counting techniques has already been described; for 
observation of photons emitted perpendicular to the 
direction of the electron beam, the experiment was 
performed as previously reported.' For such measure- 
ments, the measured cross section Qgo is not propor- 
tional to the total cross section, but is given by 

Qv0=[3/(3—P) lO tots (1) 
where P is the energy-dependent polarization fraction. 
In the present experiments, as earlier, relative cross 
section curves were normalized to the Born approxi- 
mation values at high energies (>250 ev). Both the 
earlier experiments and theory® indicate that at such 

3S. Khashaba and H. S. W. Massey, Proc. Phys. Soc. (London) 
A71, 574 (1958). 
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COLLISIONS OF 


energies the polarization is sufficiently small so that the 
measured cross section may be taken equal to the total 
cross section, within experimental error. At the lower 
energies, the polarization becomes positive so that the 
measured cross section is higher than the total cross 
section. 

Figure 1 compares the previous and present experi- 
mental results for Qoo and also shows the theoretical 
predictions for this cross section calculated from the 
theoretical results of Khashaba and Massey,’ using 
their total cross sections and the polarization percent- 
ages. While the agreement between the two experi- 
mental curves is satisfactory above 25 ev, below this 
energy severe disagreement is found. 

Figure 2 shows a log-log plot of Qyo as a function of 





Ln oe —— _ T 
& @ EXPERIMENTAL 


| © BORN APPROXIMATION 
4 DISTORTED WAVE APPROXIMATION 
WITH EXCHANGE 


=. Saad 
a 
cs 7 4 

? 





j 





— PREVIOUS 
EXPERIMENTAL RESULTS 
| 


———e oe 


50 


1 = 
30 40 
ENERGY (E V) 


Fic. 1. Cross section for excitation of Lyman-alpha 
radiation near threshold. 


FE, the excess energy, i.e., the kinetic energy of the 
electron after it has excited the atom. Stopping- 
potential measurements on the electron-gun current 
were used to measure contact potential differences in 
the guns and the energy spread of the electrons. These 
measurements were used (1) to determine the threshold 
for the excitation (10.15+0.15 ev) and (2) to make 
corrections on the foot of the excitation curve for the 
energy spread. The points for the first 4 ev above 
threshold lie very satisfactorily on a line of slope 3. 
This is expected for the total cross section from the 
physical requirement that the electron after excitation 
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Fic. 2. Semilog plot showing the square root relationship between 
the 1S—2P cross section and the excess electron energy. 


must be an S-wave electron and from the prediction‘ 
that the threshold shape for outgoing S-wave electrons 
must be as £}. The earlier result, that the cross-section 
dependence near threshold appeared to be E'*, was 
evidently erroneous. 

It may be noted that the theoretical results near 
threshold are relevant to total cross sections and not 
to the Qoo’s. The agreement of the newly measured 
values for Qyo, with predictions for the energy depend- 
ence of the total cross section, appears to imply that 
the polarization fraction must be a slowly varying 
function of the energy for the first few volts above 
threshold or else must be small. 

The reason for the failure of the earlier measurements 
to give correct results below 25 ev is not clear, although 
it is thought to be caused by the use of stainless-steel 
electron guns and by energy depression due to surface- 
charging effects. The use of heated gold-plated guns, 
instead of heated stainless-steel guns, is the only known 
alteration in the experiment that would eliminate a 
systematic error of the type encountered at the lower 
electron energies. 

In the interests of making early correction to the 
published values of the 1S—2P cross section below 
25 ev, these results are presented prior to the completion 
of the remeasurement of photon angular distribution 
and polarization fractions using improved techniques. 


4. P. Wigner, Phys. Rev. 73, 1002 (1948). 





PHYSICAL REVIEW VOLUMI 


46, 


NUMBER 2 OCTOBER 15, 1959 


A Note on the Scattering of Electrons from Atomic Hydrogen 


A. TEMKIN 
National Bureau of Standards, Washington, D. C. 
(Received May 26, 1959) 


The distortion of atomic hydrogen by a slowly moving electron at a large distance from the center of the 
atom is examined. The problem is the initial phase of a previously described method for the calculation of 
electron scattering which takes this distortion into account. The initial (static) problem is solved analytically 
and extended to include higher order effects of the interaction of the electron with the atomic cloud. The 
construction of a wave function to describe scattering starting from the solution of the static problem is 
clarified. This yields as an incidental result a new approximation of the second order perturbation energy 
associated with the above distortion. A short discussion of the present experimental results for this scattering 


process is included. 


1. INTRODUCTION 


N earlier paper! presented a method for calculating 

the elastic scattering of slow electrons from atoms, 
with special emphasis on the distortion of the target by 
the incoming electron. Roughly speaking, the mecha- 
nism of accounting for this distortion is adiabatic in 
that the atom is assumed to follow the instantaneous 
motion of the scattered electron. Mathematically, how- 
ever, there are several ways of formulating this idea, 
which have given rise to various “adiabatic”? theories 
of scattering. When hydrogen is the target atom, the 
relationship of these methods becomes particularly 
clear. This introduction will be concerned with sketching 
and relating some of these various methods. Thereafter 
we shall be concerned with obtaining analytic results 
relevant to the method of I in the case of hydrogen and 
extending the method to include additional physical 
effects. The practical significance of the higher order 
corrections, it must be emphasized, is uncertain. This 
is because nonadiabatic effects are certainly important 
corrections.? These corrections, however, will be differ- 
ent for the different adiabatic theories. 

Most of the methods which have been tried in the 
low-energy scattering problem can be related to each 
other within the framework of the variational form of 
the Schrédinger equation: 


6 f wenn tHE W(ri,r)drjdro=0. (1.1) 


H is the complete Hamiltonian of the (two-electron) 
system in the field of the nucleus, £ is the given total 
energy, and V(rj,r2) is the desired wave function. The 
spin states of the electron pair can be treated separately 
by assigning the symmetry of the spatial wave function, 
WV (r,r2), under the permutation of r; and rz (symmetric 
for singlet and antisymmetric for triplet spin state). The 
wave function can also be treated separately for differ- 
ent values of the total orbital angular momentum. If the 
target hydrogen atom is in its ground state (1s), then 

1A. Temkin, Phys. Rev. 107, 1004 (1957). This paper will be 
referred to as I, and the equations referring to it will be prefixed 


by an I. 
2M. Mittleman and K. Watson, Phys. Rev. 113, 198 (1959). 


the total orbital angular momentum is equal to the 
angular momentum of the (partial wave) of the bom- 
barding electron. 

The different methods can be classified according to 
the assumptions made regarding the structure of 
W(r,,r2). One of the simplest methods is to assume 
W(11,r2) = u(1r1)Po(r2), where ®o(r2) is the ground state 
of the hydrogen atom.* Note that this form is unsym- 
metrized and therefore does not distinguish between 
singlet and triplet scattering. The variation with respect 
to u(r) yields as its Euler-Lagrange equation the 
Schrédinger equation for an incident electron in the 
averaged central field of the unperturbed hydrogen 
atom. This method has accordingly been called by 
Bransden ef al. the central field approximation.‘ 

Morse and Allis® introduced a symmetrized form of 
the wave function (exchange approximation) 


W (11,12) = u(11)Po (re) (Fe) Po(11). (1.2) 


The resulting Euler-Lagrange equation is integro- 
differential in nature and has been solved numerically. 
The symmetrization has a larger effect on the phase 
shift than it does on the energy levels of bound states. 

To take into account the distortion of the atom by 
the incident electron, a potential energy term repre- 
senting the interaction of the electron with an induced 
dipole in the atom has been added to the Euler- 
Lagrange equations of both the central field® and 
exchange approximations.’ In the manner used by 
Bates and Massey this term is of the form a/(r;’+d*)’, 
where a is the polarizability of the atom, and d is acut- 
off parameter inserted to prevent this term from 
diverging at the origin. The addition of such a term to 
the equations arising from the exchange approximation 
has been called the exchange-adiabatic approximation 
by Martin ef al.§ 


3 J. Holtsmark, Z. Physik 55, 437 (1929). 

‘Bransden, Dalgarno, John, and Seaton, Proc. Phys. Soc. 
(London) 71, 877 (1958). This paper will be denoted as BDJS. 

5 P. M. Morse and W. P. Allis, Phys. Rev. 44, 269 (1933). 

6 J. Holtsmark, Z. Physik 66, 47 (1930). 

7D. R. Bates and H. S. W. Massey, Proc. Roy. Soc. (London) 
A192, 1 (1947). 

8 Martin, Seaton, and Wallace, Proc. Phys. Soc. (London) 72, 
701 (1958). 
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The procedure of I takes the distortion of the atom 
into account by modifying the Ansatz for the wave 
function in the variational principle (1.1) rather than 
by the addition of an ad hoc term in the one particle 
Euler-Lagrange equation. The modification consists of 
adding to ®o(r2) of Eq. (1.2) a function of re which 
depends parametrically on the position of the incident 
electron r;. (This method will accordingly be called the 
method of polarized orbitals.) The determination of 
this function is equivalent for large r; to first order 
perturbation theory for the distortion of the atomic 
cloud by an incident electron, as will be shown in 
Sec. 2. More specifically, the treatment of I only con- 
sidered the dipole part of the interaction between the 
electron and the atom and determined the function 
numerically. This contribution can be found analytically 
in the case of hydrogen and the method can be extended 
to include higher multipoles. With this modified Ansatz, 
the Euler-Lagrange equation contains dipole and, if 
desired, higher multipole terms representing the inter- 
action of the electron with the atomic cloud. 

This multipole expansion is equivalent for large r; to 
the second order perturbation energy of a static electron 
with the atomic charge cloud. However the expansion 
is an asymptotic series unless one restricts the integra- 
tions over re in deriving these terms. In Sec. 3 it will 
be shown that such a restriction yields an expansion 
which is convergent for all values of r;. Although this 
series does not converge to the value of the second order 
energy, a numerical comparison with the latter (which 
has been calculated by Dalgarno and Lynn’) shows 
that it is a more accurate approximation than various 
other approximations which have been used. 

An additional feature of the method of polarized 
orbitals is the appearance of exchange polarization 
terms in the Euler-Lagrange equations in addition to 
the dipole polarization potential. These terms arise 
because the function expressing the polarization of the 
atom also occurs with its arguments exchanged in the 
symmetrized form of the variational Ansatz [see Eq. 
(2.1) ]. To include the effect of these terms in a treat- 
ment which does not utilize fully-antisymmetric wave 
functions, in the exchange-adiabatic approximation for 
example, would clearly require an admixture of excited 
states, which would be interpreted as nonadiabatic 
perturbations. Thus it is likely that the conditions for 
the validity of the Born-Oppenheimer approximation 
are less stringent when exchange is included than when 
there is no exchange.” The exchange polarization terms 
have been found to have an important effect on the 
phase shifts.® 

Section 4 contains a remark concerning the current 
experimental situation. 


9 A. Dalgarno and N. Lynn, Proc. Roy. Soc. (London) A70, 223 
(1957). 
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2. RELATION OF PERTURBATION THEORY TO 
THE DETERMINATION OF THE 
POLARIZED FUNCTION ®() 


The method of I utilizes as the variational Ansatz 
the wave function 


u(r) 
WV (4r1,%2) =—— [Po( 12) +b (1, ; r2) | 


1 


u(fe) 
+——[)(1r,) +6 (ry; r,)]. (2.1) 


ro 


) is the ground state wave function of the hydrogen 
atom, and ®'°) (r,; r.) represents the distortion of this 
state by an incoming electron at the fixed point r. The 
determination of  °)(r,; 12) was called the static 
problem. We shall now investigate its connection with 
perturbation theory. 

The stationary state wave functions of hydrogen will 
be written 

Uni(?2) 


P nim I) ee V tm(Q2). 
T2 


(2.2) 


[In this notation py of (2.1) becomes Pyoo. ] The t#n2(r2) 
satisfy 


efile =(, (2.3) 


where 


(2.4) 

(Our units are lengths in Bohr radii: ao=h?/me?, and 
energy in Rydbergs: 1 ry= (2may?/h?)—".) 

The perturbation potential due to an incident electron 

at r, including its interaction with the nuclear charge is 


V (r1,r2) = — ’ 
r, |M—te 


The first order perturbed wave function of electron 2 


due to this potential is 


¥(r1,r2) = P100(12) ~Z. 


nl En— €1 


(nlO| V (171,482") | 100) 
. P10 (Te). (2.6) 


In (2.6) the z axis of r, has been taken along 1; rz’ is the 
variable of integration. In order to establish the corre- 
spondence with the static problem, we shall now write 
un approximate form of (2.6) consistent with the fact 
that we are interested in ¥(4,r2) for points r;>r2. The 
exact form of the matrix element in (2.6) is (for /#0) 
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(nlO| V (11,82") | 100) V tm (Qe) 


4 i 
= Unt (Tero! Uy0( re" dre’ 
r +1 
1] 0 


" 1 Z 
tnt f Uni(T2') ard): —§P}(cos62) 
rl i J(4xr)! 
2 
=((r;) 
(4 


;Ps(cosbs). (2.7) 


In the limit r; > © the second integral in (2.7) vanishes. 
Our approximation is 


1 D 
O(rj=— f Uni (Pe) ro! 't10(r2' dre’ 
+41 
‘\ 


0 


1 
=— (nl | r9/"| 10). (2.8) 
1 


r,'t 


[The /=0 term of (2.6) drops out in this approxima- 
tion. ] Calling the wave function resulting from (2.8) 
(r;,r2), we have 


(11,02) —=P(11,82) 


» 2 P,(cos6e) 
=, 00(r72)— >. = ooss om 
(4x)! 


l=1 itl 
w (nl| r2''| 10) 
« a me : as 


n=l+1 En €] 


(tni(72)/r2). (2.9) 


It must be emphasized that ®(r;,r2) is equal to ¥(r1,r2) 
only in the limit r;— ©, and it is meaningful as an 
approximation only when 71> re. 

It is well known that the summation in (2.6) for the 
first order perturbed wave function is a formal expan- 
sion of the solution of a differential equation for 
¥(ri,f). This equation cannot be easily solved; how- 
ever the equation corresponding to approximation (2.9) 
can be readily solved. This not only bypasses the 
necessity of performing the sum over m in (2.9), but it 
will enable us to establish the connection with the 
approach of I to the static problem. 

One can then verify that Ab=,09(r2)—(r),r2) 
satisfies the differential equation 


of 


2 : » To 
= V.2— = a fae = 2 > - P109(72) Pi(cosbe). 


ro b=1 y,!t1 


(2.10) 


This equation can be solved by expanding A® in 
Legendre polynomials. Thus, letting 


w U15-+1(12) / Te P1(cos62) 
Adb= Ye 
l=} r,t 


te (2.11) 
T 
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we can reduce (2.10) to the set of equations 


l(1+1) 
$e file) = 2rd. (2.12) 


2" 


, 2 


(The spectroscopic notation /=s, p, --- will be used 
interchangeably with /=0, 1, ---.) From (2.11) one 
can see that the dominant contribution to A® comes 
from the /=1 term. The equation for it can be re- 
written with the help of (2.3) in the form 


a 

-_ ——-+ Veal) phan) = 2rottis(r2), (2; 13) 
dr” 

where 


(2.14) 


1 pa ) 
V ss0p( r») - ——| r+ 


9 
> 


r2 


Uy, (2)Ldre? 


Equations (2.13) and (2.14) are a special case of the 
type of equations which Sternheimer™ used in the 
calculation of atomic and ionic polarizabilities [see 
I (3.19) and I (3.21) for n=1, /=0, /’=1]. A solution 
of (2.13) which vanishes at re=0 and r2= © can be 
found!!; 

(2:75) 


U1s-+p(%2) = 2e~7?(372°+ 72"). 


(Note that #.(r2)=2rse~".) Sternheimer’s equations 
for higher multipoles is therefore equivalent to (2.12), 
the solution of which is 


pot? yyitl 
U1,+1(%2) = 2en( ft ). 
I+1 l 


Thus from (2.11) 


(2.16) 


o 2 
P( 11,2) = 00(r%2) — r eae 


[m1 y+ 


rt) ro!\ P1(cos8e) 
xen(= +“) ee (2.17) 
+1 1/7 (4m)! 


Comparing this with (2.9), we see that Sternheimer’s 
approach is equivalent to summing over m in that 
expression. 

We can comment on the remark made above that 
the same procedure could in principle be followed in 
solving for the exact first-order wave function ¥(r1,T2) 
of (2.6). The difficulty there is that one must use the 
complete decomposition of the perturbation V (r1,r2), of 


10 R. M. Sternheimer, Phys. Rev. 96, 951 (1954). 

1 T am indebted to Mr. J. L. Hammersmith of the U. S. Naval 
Research Laboratory for the analytic solution of this equation. 
The solution, however, has been obtained by Foley, Sternheimer, 
and Tycko, Phys. Rev. 93, 734 (1954), and others, all in different 
contexts. [A bibliographical review is contained in L. C. Allen 
(unpublished).] Similarly (2.17) was independently obtained by 
A. Dalgarno and A. Stewart, Proc. Roy. Soc. (London) A238, 
269, 276 (1956). The effectiveness of the differential equation 
approach to perturbation theory has also recently been stressed 
by C. Schwartz, Ann. Phys. 6, 156 (1959), in which this example 
has also been worked out. 
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which the right-hand side of (2.10) is only the part for 
r1>r2. This gives rise to two equations of the type 
(2.12) for the two regions r;>r2 and r;<re. The solu- 
tions in these two regions must be appropriately 
matched. This has been discussed in detail in Sec. 4 of I. 
The point here is that the approximation implicit in 
considering only (2.12) is more sharply defined in the 
perturbation theory approach through (2.8). From 
either point of view, however, the meaningfulness of 
(2.17) even as an approximation is certainly restricted 
to the region 71> 72. 


3. DIRECT POLARIZABILITY POTENTIAL 


The dipole part (/=1) of A® of (2.11) is essentially 
the solution of the static problem of I, and thus it is 
the &P°) of (2.1). The additional restriction 7;>72 was 
incorporated in I by a prescription eliminating certain 
terms which arose in the Euler-Lagrange equations 
coming from the Ansatz (2.1).!* This prescription can 
be succinctly incorporated in &°°°” itself by the use of 
the step function 
r>Te 
11<1o. 


€(r1,72) = Fr 


=0, (3.1) 


$,‘P°) (tr); r2) can then be defined [the subscript 1 is 
added to indicate that we only include the /=1 term 
in (2.11) ] by 
€(11,72) t1s-+p(T2) P(cos612) 
RL re eee eer 
rE 


where 612 is the angle between r,; and re. The variational 
principle (1.1) with the wave function (2.1) then yields 
an Euler-Lagrange equation without any unwanted 
terms. It should be noted that in the exchange term of 
(2.1) the arguments of the step function in °° (19; r;) 
must also be interchanged. 

Among the terms arising in the Euler-Lagrange 
equation for u(r) is a direct polarizability potential of 
the form —a(r)/r;', with 


7 sa) 
a;(r;)=- f Pots (12) U1s-+p(%2)€(11,72)dr2 
3 Yo 


2 7" 
=-— f FoU1_(12)U1s-+p(12)dr2 
3/0 


9 2 9 
— asa cin(ni+ ryi+9r,' 
2 § 2 


27 


2 


a 


27. oF 
r?+- nt). (3.3) 
2 4 


12 The mathematical transcription of this restriction is confused 
in I. This confusion led to the retention of incorrect exchange 
polarization terms there, so that curve (b) in Fig. 3 of I is not 
quantitatively justified. However, as we used a smaller value of 
the polarizability and as the exchange polarization terms tend to 
offset the effects of the direct polarizability term,’ it may be 
that the curve (a) or (b) is still a good estimate of the s-wave 
scattering from oxygen. 
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The value a;( ) coincides, as it should, with the atomic 
polarizability a=4.5a9°. 

Disregarding its significance as a polarizability poten- 
tial, one can consider the quantity —a;(r)/ri* as a 
first approximation to the second order energy, F2(r1), 
associated with the perturbation (2.5). A better approxi- 
mation can be obtained by including higher / terms in 
(2.17) retaining in each the step function e(ri,r2). This 
yields a new approximation to F2(r,) which we shall 
call E.4(r,). One finds that 


d bed ai(r1) 
E,A(n)= —-> 


’ 
Imi 7242 


(3.4) 


with 
21+2)!(l+2) 8(/+2)e" 


L141) 2241 ; 


7 2'+3] ry2tt2 


( 
ai (171) = | 


72+ 1 


x| — _—____+-__—__ 
2(1+1)(22?+5/+2) 2(2/4+2) 2? 
r2'(Q1-+1) — 42-1(21-+1) (20) 
dt. _ —-—-+-——_—-—_-—_- ae 


28 24 


(21+1)!7) 
+ (3.5) 


eal |i 


This series converges for all values of 7; as opposed to 
the series obtained by neglecting the step function. 
The latter may be obtained by letting r; > © in (3.5), 
giving the asymptotic series” 


J21+3 


“ 


(2/+2) !(1+-2) | 
a a =) (3.6) 
t=1 [(J+-1)2?!+1y 2442 


Ey symp) (71) =— 
which is to be cut off at its smallest term. 
Similarly the direct polarizability potential coming 
from the Ansatz 


W’= (u(r1)/ri)W (01,82) (u(te)/re)W(¥e,"1), (3.7) 


where y is the first order wave function given in (2.6), 
coincides with the second order energy, £2(r1), which 
has been calculated by Dalgarno and Lynn.’ The 
various polarizability potentials are given numerically 
in Table I, including in the last column the phenomeno- 
logical a/(r;?-+d?)? potential with d=1.5 as adopted by 
BDJS in their p-wave calculation. It should be noted 
that the entries under /24(r;) contain only the first 
four terms of (3.4). Since the remaining terms make a 
positive contribution, column three is a lower limit of 
E,4(r;). One can convince oneself that /2(r1) is an 
upper limit of E24(r,). Therefore the agreement be- 
tween F.4(r;) and F2(r;) is even better than the 


13 A. Dalgarno and J. Lewis, Proc. Phys. Soc. (London) 69, 57 
(1956). 
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TABLE I. Comparison of various direct opernees potentials. 
(Rigorous and approximate expressions of the second order per 
turbation energy.)* 


ritH,@*y™) (11) 
from 
Dalgarno 
and Lewis* 
Eq. (3.6) 


ar \4/ (72 4+-d?)2 
ai(ri) a =4,5, 


Eq. (3.3) d 


—rit$E24(r1) 
from 
Eq. (3.4) 


from 
Dalgarno 
rr and Lynn» 


2.25 
6.37504 
6.97685 
5.69395 
5.37806 
5.0798 

4.89180 
4.78044 
4.71152 4.26004 
4.662 4.3044 


0.146715 


0.47605 
1.8432 
2.880 
3.4588 
3.78754 
3.986159 
4.11355 
4.19953 


| 
| 
| 


0.39862 
2.24816 
4.16113 
5.00429 
5.11606 
4.99838 
4.87067 
4.7751 

4.70745 
4.6659 


4.49902 
4.49979 


4.707 
4.665 


Ce nmnOuUetwenre 


* Columns 2 and 4 have been computed from Table I of reference 9 


@olumn 3 includes the sum of 4 terms in (3.4). 
b See reference 9. 
© See reference 13 


There are additional effects in the distortion of the 
wave function of the orbital electron, 2, by the potential 
(2.5) which can be evaluated in higher order perturba- 
tion theory. The effects of these additional corrections 
upon the energy have also been investigated by Dal- 
garno and Lewis."* They show that in the asymptotic 
region (large r;) these terms make only a small con- 
tribution to the energy. For example, third order per- 
turbation theory yields as its first term one proportional 
to r;-’, and fourth order starts as r;~*. This shows, 
however, that the corrections to the polarization poten- 
tial in the asymptotic region from each order of per- 
turbation theory are expressible, as in second order 
perturbation theory, as a series in inverse powers of 1:. 
It is clear that the sequence of terms to be added to the 
dipole polarization potential as corrections should be 
characterized only by the inverse power of each term 
rather than the order of perturbation of theory from 
which it arises. Thus 7,~7 term of third order perturba- 
tion theory should be included before r,;~* of second 
order perturbation theory, and the latter should be 
included simultaneously with the r;-* correction of 
fourth order perturbation theory. 

This consideration that the various orders of per- 
turbation theory get intermixed in the region of large r; 
probably applies even more forcefully in the region of 
small r;. Furthermore in this region the nonadiabatic 
corrections will have their most important effect. Thus 
the Ansatz (3.7) for the complete wave function is not 
necessarily better than (2.1). The physical approxi- 
mation which led us to the generalized form of (2.1) 
in I was that the main effect on the phase shift in the 
region of smaller 7; was dominated by the interaction 
of the scattered wave with the nuclear charge. Accord- 
ing to this assumption it should not make much differ- 
ence in the phase shift whether one uses W’ or ¥ in the 
variational principle as long as these functions are 
appropriately symmetrized. For as poor as these func- 
tions may be in the regions 710, 7-0, rire, they are 
likely to be better approximations of the exact wave 
function if they have the correct symmetry than other- 
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wise. This implies then that it is not the exact form of 
the direct polarization potential for small values 7; 
(as long as the potential vanishes in some reasonably 
fast way as r;—>0) but rather its accuracy for larger 
values of 7; and the consistent incorporation of the 
exchange polarization terms which are important for the 
adiabatic description of scattering. It is in this latter 
respect that the exchange-adiabatic approximation 
(which includes no exchange polarization terms) falls 
short. 


4. THE EXPERIMENTAL SITUATION 


The experimental situation at the present time is 
uncertain because of an apparent discrepancy between 
the results of Bederson, Malamud, and Hammer," and 
Brackmann, Fite, and Neynaber.'® The former find a 
resonance in the total elastic scattering cross section 
with a peak value of 100749 at an incident electron 
energy of 3 ev. The most extensive calculations for the 
scattering in the energy range of these experiments are 
those of Massey andgMoisiewitsch'® (s-wave) and 
BDJS® (s- and p-wave). The latter also include an 
estimate of the contribution of the higher waves based 
on the Born approximation, which yields a negligible 
amount at these energies. Brackmann ef al.'® have 
looked at the scattering in a right circular cone at 90° 
to the incident beam. The spread in their data is such 
that there is agreement with the calculated values of 
both Massey and Moisiewitsch and BDJS, the agree- 
ment with the latter being somewhat better. The 
extrapolation of the experimental results to the total 
cross section necessitates some assumption about the 
scattering in the other parts of the scattering sphere. 
However, the resonance of Bederson et al. at 3 ev is 
about 30% higher than the maximum possible for 
s- and p-wave alone."’ If one assumes that the difference 
is due to d-wave scattering, then one can show that 
there is a d-wave phase shift which will give approxi- 
mate consistency among the phase shifts of BDJS,° the 
data of Brackmann ef al.,® and those of Bederson 
et al. At slightly higher energies exact consistency can 
be obtained. For example, at incident energy of 5 ev, 
if m7 and n;* represent the triplet and singlet scattering 
phase shifts, respectively, measured in radians, then it 
may be verified that the phases no~-=1.91, ny =0.45, 
not = 1.09, ny*=0.04, taken from BDJS, and 9: =2.16, 
net =0.98 will give a total cross section ¢=50za," in 
accord with Bederson ef al.,"" and will give a cross 


4 Bederson, Malamud, and Hammer, Bull. Am. Phys. Soc. 2, 
122 (1957); Technical Report No. 2, Electron Scattering Project, 
College of Engineering, New York University (unpublished). 

16 Brackmann, Fite, and Neynaber, Phys. Rev. 112, 1157 (1958). 

16H. S. W. Massey and B. L. Moisiewitsch, Proc. Roy. Soc. 
(London) A205, 483 (1951). 

17 Kazem Omidvar, New York University Research Report 
No. CX-37 (unpublished); Bull. Am. Phys. Soc. 4, 281 (1959), 
has given a phenomenological, nonadiabatic method to account 
for the BMH resonance. It should also be pointed out that the 
results of BMH, although well known to the workers in the field, 
have not as yet been published. 
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section of 1.44,” in the cone of observation of Brack- 
mann et al., which is within their experimental spread 
of points. The destructive interference between the 
s and d waves at right angles to the incident beam is 
such as to reduce the scattering there relative to the 
forward and backward directions by a factor of twenty. 
These d-wave phase shifts, however, are at least an 
order of magnitude larger than what is expected on the 
basis of the Born approximation.® A calculation of the 
phase shifts using the method of polarized orbitals is in 
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regarding the structure of the wave function that have 
thus far been made in the scattering problem are still 
extremely crude compared to what has been done in 


the bound-state problem. 
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A sensitive test for any mixing of the 2S, and 2P, state of atomic hydrogen is the measurement of the 
rate for single-quantum decay of the 2S atom to the ground state. A new upper limit of this decay rate 
has been determined. A section along a beam of 2S atoms, produced by electron excitation of a ground-state 
atom beam, was viewed by an iodine-vapor-filled ultraviolet photon counter, which responds to the Lyman 
alpha radiation of the single-quantum decay process. From the counts observed when an electrostatic 
quenching field was superposed on the counter’s field of view, the necessary experimental parameter (product 
of 2S atom current and counter efficiency) was determined. With the field removed, a portion of the re- 
maining counts could be ascribed to quenching on collision of the 2S atoms with residual gases in the vacuum 
chamber, the quenching cross sections for which were measured. The decay rate not ascribable to known 
quenching effects was 420 sec™!. Since unknown quenching effects may have been operative, this figure 
must be considered only as an upper limit for the natural single-quantum decay rate. 


I. INTRODUCTION 


ECENTLY Salpeter pointed out that if a perma- 
nent electronic electric dipole moment were to 
exist, one manifestation of it would be a shortening of 
the lifetime of the 2S, metastable state of atomic 
hydrogen.! Its presence would mix the metastable state 
with the 2P; state, and the lifetime would be inter- 
mediate between the } sec associated with the two- 
photon decay’ of the 2S state and the 1.6X10~*-sec 
lifetime of the P state. Clearly, by measuring a lower 
limit of the natural lifetime of the 2S; atom for single- 
quantum decay, an upper limit for the strength of any 
perturbation of a fundamental kind, such as that 
produced by an electronic electric dipole moment, 
becomes, in principle, determinable. The present paper 
describes an experiment which yielded a lower limit of 
2.4 msec for the lifetime of the 2S atom and in which 
the cross sections for quenching the metastable atoms 
* This research was supported by the Advanced Research 
Projects Agency through the Office of Naval Research. 
1 FE. E. Salpeter, Phys. Rev. 112, 1642 (1958). 
2 J. Shapiro and G. Breit, Phys. Rev. 113, 179 (1959). 


in collisions with several common gases were deter- 
mined. 


II. EXPERIMENTAL APPROACH 


A schematic diagram of the experiment is shown in 
Fig. 1. A beam of ground-state hydrogen atoms was 
produced from a furnace source and a fraction of these 
were excited by electron impact to the 2S state, in a 
manner similar to that used by Lamb and Retherford.* 
In the present case, however, the initial ground-state 
hydrogen atom beam was modulated at 100 cps by a 
chopper wheel so that ac as well as dc measuring 
techniques could be used. The 2S atom beam was then 
passed through two successive electrostatic-field quench- 
ing regions. In the second of these regions, the field was 
produced by a pair of parallel plates, a known portion 
of the region between them being viewed by an iodine- 
vapor-filled ultraviolet photon counter.‘ Since the range 
of this counter is from 1050 A to 1270 A, the detected 


3W. E. Lamb, Jr., and R. C. Retherford, Phys. Rev. 79, 549 


1950). 
4 Brackmann, Fite, and Hagen, Rev. Sci. Instr. 29, 125 (1958). 
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photons from decay of metastable atoms in view of the 
counter could be only Lyman-alpha photons, i.e., 
associated with a single-quantum decay process. Both 
the ac and dc outputs of the counter were used, the 
former employing the circuitry and _phase-sensitive 
detection techniques described by Fite and Brackmann.® 

The counts registered by the photon counter come 
from two sources. The major source is the decay of 
metastable atoms within view of the counter, from 
which the counts are ac at the atom-beam modulation 
frequency. The second, and smaller, source is the dc 
background produced by cosmic rays and the countable 
ultraviolet photons, produced in collisions of the dec 
electron beam with the gun electrodes and residual gas 
in the vacuum chamber, which are multiply reflected 
into the photon counter from the surfaces inside the 
vacuum chamber. The first electrostatic quenching 
region was used to measure this background in the dc 
measurements. By purposely quenching all metastables 
before they reached the photon counter’s field of view, 
only background was registered. With this quenching 
field present, a zero value of the ac output of the 
counter confirmed that this background was indeed dc, 
and therefore not associated with the modulated 
hydrogen atom beam. Generally, primary reliance was 
placed on de measurements, since a given statistical 
accuracy could be obtained in somewhat less time than 
by use of ac techniques, and the ac measurements were 
used to check the de results. 

Certain extra precautions had to be taken in these 
measurements in regard to extraneous electric fields in 
the second quenching region. The rate of decay of the 
2S atom in an electric field is given by 

W r=aF?=2780F? sec, (1) 


where F is given in volts per centimeter.® Thus, stray 
fields of the order of 0.7 v/cm would produce apparent 
lifetimes of the order of 1 msec. It was mandatory to 
minimize the possibility of stray fields existing in the 
field of view of the photon counter, if anything other 
5 W.L. Fite and R. T. Brackmann, Phys. Rev. 112, 1151 (1958). 
®H. Bethe and E. E. Salpeter, Encyclopaedia of Physics 
(Springer-Verlag, Berlin, 1957), Vol. XX XV, p. 372. 
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than field-quenching were to be observed. To this end, 
special care was exercised in the construction of the 
second quenching region. All metal surfaces were made 
of copper and all were gold-plated in the same plating 
bath in order to minimize contact potential fields. The 
lithium fluoride window of the photon counter was placed 
back of two gold-plated copper meshes. All surfaces 
were heated to deter the formation of surface layers 
which might become charged. The entire second 
quenching region was enclosed in a gold-plated copper 
box with entry and exit slits for the atom beam. These 
slits were made sufficiently narrow to preclude the 
possibility that metastable atoms could reach surfaces 
and be quenched by surface collisions, thus giving off 
photons which could be counted. 

Since the electrons crossed the atom beam at 90°, 
the excited atoms were deflected from the original 
direction of the ground-state atom beam. For the use 
of electrons of 12.5-ev energy, detection was made at 
8.5°, which is the angle for maximum current of 2S 
atoms. 


III. ANALYSIS OF THE EXPERIMENT 


Defining 7, as the current of 2S atoms per unit 
velocity range, the loss of current with distance tra- 
versed in the vacuum system is given by 


dI,= —w(x)I,dx/2, (2) 


where x is the distance along the beam, and w(x) is the 
total transition probability per unit time at x. It is 
assumed that this transition probability may be broken 
down into 


w(x)=wot>d; witW re, (3) 


where wo represents the natural single-quantum decay 
rate, Wr is the transition probability induced by 
electric fields [see Eq. (1)], and w, is the transition 
probability induced by collisions of the 2S atoms with 
the ith chemical species in the residual gas in the 
vacuum chamber. It is given by 


w,=n,(v)0, (4) 


where ; is the number density and Q; is the collision 
quenching cross section of the ith species. For other 
metastable atoms than hydrogen, such gas collision 
quenching terms are generally negligible because the 
energy spacing between metastable states and states 
from which radiative transitions can occur are larger 
than gas kinetic energies. However, for the H(2S) 
atom, the energy spacing between the metastable level 
and the 2P; state is only the Lamb shift which is small 
compared to thermal energies. Not only is collision 
quenching energetically allowed, but, as will be seen 
in Sec. IV, it is a quite important consideration in 
experiments on metastable hydrogen atoms. 

In writing Eq. (3), we assume that attenuation of 
the 2S beam by processes other than those giving a 
single-photon decay may be neglected. Certainly this 
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assumption is appropriate for the natural two-photon 
decay process because its rate? is only 8 per sec. While 
gas collision processes which do not involve the emission 
of a Lyman-alpha photon may also attenuate the 2S 
beam (e.g., in a process wherein the excitation energy 
is transferred to a gas molecule), it may be shown that 
unless the cross sections for such processes are larger 
than 10-” cm? the ensuing analysis is but slightly 
affected. It seems doubtful that such nonradiative 
de-excitation processes have cross sections of this 
magnitude. 

The counts registered by the photon counter from 
decay of atoms of speed 2, radiating in the length 
interval dx at x is given by 

dC, = E(x)G(x){wotd wit SW r(x) }Tdx/v. (5) 
Here, E(x) is the probability that a photon reaching 
the counter window will register a count. It is dependent 
on x because the sensitivity of the counter is a function 
of the angle of incidence. G(«) is the probability that a 
photon originating at x will reach the counter window, 
if the angular distribution of photons is isotropic. It is 
assumed that the photons are distributed isotropically 
from natural and collision-induced decay. For decay in 
an electric field, the distribution is not isotropic, since 
the electric dipole is directed parallel to the field. For 
this reason, the appropriate figure of } has been intro- 
duced as a factor before the field-induced decay rate, 
W pr. The field-induced decay rate is, of course, space- 
dependent since the field, F, is a function of position. 

Straightforward integration of Eqs. (2) and (5) gives 

T,(0) - 
Cy=—— ] E(x)G(x){u+3aF?(x)} 
v 0 
(ux 


er | 
Kemp _— “{ sian aealh on (6) 
0 


v v 


where x is measured from the position of origin of the 
2S atoms (i.e., the point of collision of the electron 
beam and the ground-state atom beam), /,(0) is the 
current of 2S atoms per unit velocity range at +=0 
with direction such as to enter the slits and pass 
through the quenching regions, and w=wo+)); wi. 

In order to evaluate Eq. (6), knowledge of the 
functions E(x), F(«), and G(x) is required. Since the 
quenching fields were established by parallel plates, 
and the beam ran in the mid-plane between the two 
plates, F(x) is readily determined from potential 
theory. Indeed, the major reason for the selection of 
parallel plates in the second quenching region is ready 
availability of the solution of the fringe fields associated 
with them. The function G(x) is a simple geometrical 
function and E(x) had to be determined from the 
measured angular response of the photon counter. 

In order to obtain the total counter output, it is 
necessary to integrate Eq. (6) over the distribution of 
velocities, 7,(0). It is straightforward to show from 
momentum and energy conservation that when a 
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ground-state atom of speed 1% is excited by an electron 
whose direction of motion is perpendicular to that of 
the atom, and when the atom’s direction of motion is 
changed by an angle WV in the plane formed by the two 
initial directions of motion, then the excited atom 
possesses one of two speeds given by 


po . 
V4= 9 cos¥-+— sin¥ 
M 


p* ae 
+] — —[{ v sin¥— — cos¥ « uhh) 
M? M 


where M is the mass of the atom, and po and p are the 
scalar momenta of the exciting electron before and after 
the excitation process, respectively. First, it may be 
noticed that for the solution to be mathematically real, 
v must have a limited range. Second, both solutions, 
when they exist, are physically real, so that a group of 
atoms of initial speed vp splits into two groups on 
excitation and detection at a fixed angle. In the cases 
of isotropic scattering of the electron by the atom in 
the excitation process, or of the momentum of the 
initial electron being small compared to the initial 
ground-state atom momentum (as was the case in 
these experiments), the two final velocity groups are 
very nearly equally populated. 

The distribution of initial velocities, 7,(0), of the 2S 
atoms which would enter the slits in this experiment, 
was determined by applying the above considerations 
to a Maxwellian distribution of initial ground-state 
velocities, v, at a temperature of 2700°K. Integration 
of Eq. (6) was then carried out numerically for the 
cases of interest. 

There were two major cases of interest. The first was 
F=0, in which the counter output is given by 

vmax 
C(0)=4a H(v) exp(—uxo/v)d2, (8) 
Vmin 
where H(v) is the tabulated function encompassing all 
the various experimental and geometrical parameters 
discussed above, xo is the distance to the center of the 
quenching region, and #=wot+); n.(Qi2)m, the average 
being based on the distribution function H(v). It may 
be noted that H(v) is very similar to a Maxwellian 
density distribution at 7~2900°K, tmin~5.5X10° 
cm/sec, and %nax~1.0%10® cm/sec. The second case 
is where the electric-field quenching dominated all 
other processes. Experimentally, a field of 10 v/cm 
was usually used, in which the counter output is given 
by 


C(10) =$X0.267 f H(2) 
(0.97 
Xexp) — : 


” ” v 


¢ 


0.036 Uuxo | 


i”, (9) 


where v is expressed in units of 10° cm/sec. 
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To solve for the transition rate, a, a first approxi- 
mation is made by setting exp(— ux /v) =1, solving the 
integrals and dividing Eqs. (8) and (9). This first 
approximation, #, is iterated back as u into Eqs. (8) 
and (9), which are then resolved. For the usual experi- 
mental conditions where xXo/?min<0.1, a single iter- 
ation is required and the transition probability per 
unit time is given by 


i= wotDd; (win =9.8X 10°C (0)/C(10) sec, (10) 
with mathematical uncertainties being about 1%. This 
is not the accuracy of the experiment, however, for 
cumulative physical uncertainties (e.g., inexact knowl- 
edge of counter response and geometrical errors) are 
estimated to be perhaps as high as 20%. 

As remarked earlier, it is clear that in this approach, 
where a reading with no electrical quenching field is 
required, care must be taken in regard to residual fields 
which might be left between the plates because of 
work-function differences, charged surfaces, and other 
possible effects. Some assurance can be obtained in 
this regard by observing counter output as a function 
of electric field in the limit of small fields. It is clear 
from Eq. (6) that for F sufficiently small, the expo- 
nential term containing F may be set equal to 1, in 
which case C,(F) is parabolic with F. On integration 
over velocity, the same is true. It was found that the 
counter output was indeed parabolic and by reversing 
the direction of F that the minimum of the parabola 
lay between F=0.2 and —0.2 v/cm. Since the decay 
rate of the 2S atom in a 0.2 v/cm field is only about 
100 sec~', and observed decay rates were an order of 
magnitude higher than this, we can be sure that 
primary quenching was not caused by residual electric 
fields normal to the plates. Symmetry of the counter 
output with reversal of field direction was observed for 
all values of F. 


IV. COLLISION QUENCHING OF H(2S) 


The measured decay rate, “, given in Eq. (10) differs 
from the natural decay rate in that it contains contri- 
butions from quenching of the atoms in collisions with 
each of the constituents of the residual gas in the 
vacuum chamber. Although pressures were normally 
between 5 and 10X 10-7 mm Hg, the collision quenching 
was not negligible, since the cross sections for quenching 
the delicate metastable atom are quite large. 

It is to be recalled that (w;)y=nQ.2)w, where n; is 
the number density of the ith species, Q; is its cross 
section for quenching the metastable atom, and 1 is 
the velocity of the 2S atom. Rather than attempt to 
measure >; (w,) in a single measurement, the approach 
used here was to determine, to the accuracy required, 
(1) the density in the background gas of each con- 
stituent through mass analysis of the residual gas and 
(2) the cross section of each constituent for collision 
quenching. 
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1. Mass Analysis of the Residual Gas 


For these measurements, a simple small magnetic 
sector mass spectrometer was inserted into the vacuum 
chamber. Its electron gun ionizing the residual gas was 
run at an electron energy similar to the electron energy 
used with the ionization gauge (so that the same 
relative proportions of multiply charged ions of any 
single neutral species would be measured, using either 
the mass spectrometer or the nondiscriminating ion- 
ization gauge). The mass spectrometer used only 
electrostatic fields in the ionizing region, so that its 
collection efficiency would be independent of the ion 
mass, as is the case with the ionization gauge. An 
electric lens of the mass spectrometer was modulated 
at 100 cps, so the same ac circuitry could be used on 
the ac ion current, when a preamplifier of the type 
described by Fite and Brackmann’ was used as an 
impedance changer before the external circuitry. 

When the atom beam was being run, the mass 
analysis of the residual gas in the vacuum chamber (at 
~1X10~* mm Hg) showed that the predominant species 
were Hy, H.O, Ne, and Ov. Small traces of Hg (pre- 
sumably from the diffusion pumps), A, and CO2 were 
always found. Several other small peaks, whose identifi- 
cation is not certain, were observed on occasion. The 
relative magnitude of the mass spectrometer signals 
for masses 2, 18, 28, and 32 were 3, 1, 3.5, and 1, 
respectively. 


2. Cross Sections for Collision Quenching 


In these measurements, the transition probability 
was measured as a function of density of a particular 
species. Rewriting Eq. (10) the decay rate may be 
given by 


: C(10) 
“n= Wot > (is) w+ {QO 52) av = 9.8X 10! PITRE. ( 11 
ixj C(0) 


By adding to the vacuum chamber additional amounts 
of the jth species of the gas, and plotting « as a function 
of nj, a linear plot is found. The slope of this plot is, 
clearly, the cross section Q; times the atom speed 
(~8X 10°). The density, ”;, was determined from the 
ionization gauge readings, after suitable correction of 
the gauge readings for the ionization cross section of 
the species under study. 

Table I summarizes approximate values of these 
cross sections for the four predominant species in the 
vacuum. In this table the slopes of the @ versus n; plots 


TABLE I. Approximate values of the cross sections 
for collision quenching. 


H.0 


Species He Ne Oz 
QX 10" (cm?) 0.7 1.0 0.6 


® To arrive at this figure, the ionization cross section of water was 
assumed equal to that of molecular nitrogen. 


7 W.L. Fiteand R. T. Brackman, Phys. Rev. 112, 1141 (1958). 
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have been uniformly divided by a speed of 810° 
cm/sec; the actual velocity range of the accepted 2S 
atoms is from 5.5 to 10 10° cm/sec. 

The effectiveness of water in quenching the meta- 
stable 2S hydrogen atom is quite striking. Its large 
cross section may be related to the strong electric 
dipole moment of the water molecule. 


V. RESULTS AND DISCUSSION 


For residual gas pressures from 7 to 9X10~7 mm Hg, 
the average rate of single-quantum decay of the 2S 
hydrogen atom was found to be 930 sec~!. Of this, 510 
sec! is ascribable to collision quenching by the four 
most abundant gases present in the vacuum chamber. 
Thus, the final result of this measurement is that the 
apparent natural lifetime of the metastable hydrogen 
atom is 2.4 msec, with an estimated over-all probable 
error of 50%. 

This figure can be regarded only as a lower limit on 
the true natural lifetime for two reasons. First, stray 
electric fields within the quenching region directed 
other than normal to the quench plates may have been 
present. Although a field of only 0.4 v/cm would 
completely account for the apparent natural decay, in 
view of the geometry of the quench region and the care 
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taken to avoid contact potentials and surface charging 
it is very doubtful that the observed decay arose solely 
from stray field quenching. Second, gas collision 
quenching corrections were made for only the four most 
prominent background gases; gas collision quenching 
by both trace gases and ground-state hydrogen atoms 
accompanying the metastable atoms may have con- 
tributed substantially to the decay rate. 

From the measured lower limit of the metastable 
atom lifetime, it follows that an upper limit on the 
admixture (amplitudes squared) of the 2P; state with 
the 2S; state is 7X 10-7. By applying the result of this 
measurement in the formulas of Salpeter relating the 
lifetime of the H(2S) atom and the strength of an 
electronic electric dipole moment, it follows that the 
dipole moment strength cannot exceed 0.0045eh/mce. 
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A scattering process in which an incoming bound particle can split up into its component parts when 
its total energy is above a threshold is of considerable interest physically (deuteron stripping, etc.) and 
mathematically (analytic properties of the S-matrix, etc.). For such complicated problems it is obviously 
convenient to have a simple, analytically soluble model for reference, but although many models have been 
suggested in the past none have proved analytically tractable. In this paper we propose and completely 
solve a one-dimensional model which, although it is not very physical, has all the desired characteristics. 
The problem is not mathematically trivial, however, and leads to a Wiener-Hopf integral equation. 


E have to begin by apologizing for the presump- 

tuous title of the paper, our excuse being that 
a similar title has already been used for the same 
purpose.! The mathematical model treated in this 
paper has only one feature in common with the stripping 
reaction: It describes a scattering process in which an 
incoming complex particle might re-emerge as a 
complex particle or might be split into its components. 
Problems of this type lead to difficulties since they 
cannot be treated in the convenient interaction rep- 


* Present address: Laboratory of Nuclear Studies, Cornell 
University, Ithaca, New York. 

ft Present address: Institut fiir theoretische Physik der Univer- 
sitaét Miinchen, Munich, Germany. 


1. Jost, J. Appl. Math. and is. 6, 316 (1955). 


resentation. Therefore, there has been some desire for 
a simple mathematical model of such a reaction, and 
as such the problem has a minor history. 

Heisenberg proposed an investigation of the Hamil- 
toniant 


loy 10% 
20u? 2 dv? 


(u) + A6(v) +2C6(u—v) y= Ey. 


This can be interpreted as describing two particles 
moving in one dimension and interacting with each 
other as well as with a fixed scattering potential at 
the origin. (They can be bound together with an 


t Throughout we use units in which h=m=1. 
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energy, —C’, or separately bound to the origin with an 
energy, —A*.) This Hamiltonian looks very simple 
and symmetrical; however, it turned out to be quite 
unmanageable. Wildermuth? investigated it in two 
papers, but he could not give a solution in closed form. 

Danos’ considered the same Hamiltonian together 
with the boundary conditions Y=0 for u=0 and »=0, 
(which is equivalent to A=— ©). This means that a 
linear deuteron is smashed against a wall at the origin. 
Astonishingly, this has a very simple solution : (c=u+2; 
y=u—v; E=k’—C") 

C—ik 
y= e~Clul-ikz— ¢-Cx a e~Clultikz— ¢—Crt ikluly 
C+ik 
Asymptotically, this represents an incoming and an 
outgoing deuteron wave, both with unit amplitude. 
No fragments can occur, which is of course quite 
unexpected. 

Therefore, Danos’ tried a modification of the problem 
by relaxing the boundary conditions to y=0 for »=0 
only. This could be interpreted as a deuteron running 
against a potential wall which repels the proton and 
does not affect the neutron, so that at least at high 
energies there should be the possibility that the deuteron 
breaks up. But this modification destroys the symmetry 
of the original equation and leads again to considerable 
mathematical difficulties. Jost showed that the problem 
could be reduced to a difference-equation.' (In a 
previous paper he had shown that this difference- 
equation can be solved in principle.) The actual 
solution is not given, since its construction “might be 
manageable, though tedious.’ An essential point of 
the first paper of Jost is that he uses the Wiener-Hopf 
technique, which is obviously the appropriate tool 
for problems of this kind. 

In this paper, we investigate a problem which is 
even more artificial, if somewhat similar to the Danos- 
Jost problem. We consider the equation 

1dy 10% 


20u? 2 dv? 
6(x)=1, 
=0, 


— 2C0(u+-v)5(u—v)p= Ry, 


x20 
x<0. 


The interaction between the two particles vanishes if 
either of them has a negative coordinate. This could 
be interpreted as a situation in which at w=0 there is 
a potential wall which does not act on the neutron or 
proton, but excludes the mesons which are responsible 
for the interaction between the nucleons. Of course it 
is not necessary to enter into such speculations; 
V (u,v) = —2C0(u+)6(u—v) is simply a potential which 
has the property that outgoing waves can be eigenstates 
*K. Wildermuth, Z. Physik 127, 92 (1949). 
Bee H. D. Jensen (private communication mentioned Danos’ 


4R. Jost, Comm. Math. Helv. 28, 173 (1954). 
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of Ho or of Hot+V. Consequently, if the incoming 
deuteron has negative total energy (E=k’—C’), i.e., 
below the stripping threshold, it can only be reflected 
from the origin as a deuteron. But if E 20 the deuteron 
can either be reflected or break up into two free particles. 
Alternatively, Eq. (1) can be looked upon as the 
Hamiltonian of a particle rolling down a semi-infinite 
groove in two dimensions. If E20 the particle can 
“hop” out of the groove, but if E<0 it cannot do so 
and must be reflected. It is interesting to note that 
classically the reflection probability is zero for E>0 
but that quantum mechanically it is not zero (of course 
it approaches zero as E— ); see Fig. (1). 

Thus, the whole interest in the problem lies in the 
fact that for E=0 new channels suddenly open up in 
the S-matrix. Since there is presently much interest 
in the analytic properties of S-matrices, this problem 
may be taken as an analytically soluble model. Alterna- 
tively, it may be used to try out approximation schemes. 
As an illustration the following point, although not 
unexpected, may be mentioned. If the Born approxima- 
tion is tried on Eq. (1), one finds that for E>0 a 
fairly good approximation is obtained for the probability 
of production of free particles, even for low energies in 
first Born approximation. However, to any order one 
finds that the probability of a reflected deuteron is zero. 
This is because a reflected deuteron must appear as a 
pole in the S-matrix, and one simply cannot obtain 
the pole by a power series expansion. 

In the remainder of this paper we show how Eq. (1) 
can be solved in closed form using Wiener-Hopf 
techniques. The amplitudes for the various channels 
are quite complicated, but the probabilities turn out to 
be simple functions which we explicitly calculate. 


CALCULATION 


Transforming to x=u+v, y=u—v, Eq. (1) becomes 


ee 2 
( Sieeill EW ~2C8(y)0(x)y. (2) 


Ox* dy" 
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|Q|2=Probability of outgoing deuteron. T’=1—|Q|? 
(E>0). 


Fic. 1. 
= Probability of stripping. t= (k?—C?)*k = Etk 





ANALYSIS OF MODEL 


The 6 function has one bound state, with energy —C”, 
which we shall call a deuteron. The wave function of 
the incoming deuteron (travelling along the x axis 
from x=+2 to x=0) with momentum —& is 


vin=exp(—C|y|—ikx); E=R—C2 (3) 


Of course there can be no deuteron for «<0 and 
therefore the problem is to find the outgoing wave 
which cancels fin for «<0. In order to separate incoming 
and outgoing waves it is convenient to suppose that E 
has a small positive imaginary part, E=x?+i2ex, and 
to take the limit «— 0. Since C is real, k, as defined by 
Eq. (3), will also have a positive imaginary part: 
k=K+ie«K"; K*—-C’=”°+0(e&), (4) 
where K is the real part of &. Hence yn diverges for 
large x whereas outgoing waves, including an outgoing 
deuteron, are square integrable. 
We can rewrite Eq. (2) as a homogeneous integral 
equation : 


¥(x,y) = — 2 f 


where G is the Green’s function of the left-hand side of 
(2) and is given by 


“s eip(x—2')+ia(y-y’) 
G(x,y!x’,y'/)= —(ony+f f dpdg—————_-._ (6) 


* 4) 


dx’ G(x,y| x’ ,O)y(x’,0), (5) 


P+q7—E 


Putting y=0 in Eq. (5) leads to the homogeneous 
Wiener-Hopf equation, 


- 3) 


f(x) =2¢ f M (x—x’) f(x’) dx’, (7) 


0 


where f(*)=y(x,0) and M (x—«’) = —G(x,0|x’,0). This 
is an equation for the values of y along the positive 
x axis, from which one can calculate ¥(x,y) with the 
help of (5). 

Ordinarily, to solve the Schrédinger equation, (2), 
one would write Y=yYin+outgoing wave. This is the 
prescription of formal scattering theory and would 
lead to an inhomogeneous version of (5) and con- 
sequently of (7). In principle there is no difficulty, 
but in fact an inhomogeneous Wiener-Hopf equation 
with kernel M is exceedingly intractable. On the other 
hand, all solutions of Eq. (5), if there are any, must 
have incoming parts since there is no solution to 
Eq. (2) which is purely outgoing. In view of the fact 
that Eq. (5) expresses y as an integral over an outgoing 
Green’s function, it seems at first sight surprising that 
y can have an incoming part. Nevertheless, it is well 
known from Wiener-Hopf theory that precisely because 
M behaves as exp(—e|x—."|) for large x’, y can behave 
as exp(+e’|«’|) and the integral in Eq. (5) will converge 
if e’<e. In other words, the convergence factor in G 


RELATED TO 


Solution of Partial Differential Equations 


STRIPPING REACTION 











\ 
| 
| 
| 
| 
| 
| 


Fic. 2. Pertinent singularities and contours in the 
p-plane. Dashed lines are cuts. 


allows y to diverge. It is in fact the case that Eq. (7), 
and hence Eq. (5), have a solution of the required form. 
In the standard way® we write f(x)= f;(x)+ f_(x); 
F(p)=F4(p)+F_(p), where F, is the Fourier transform 
of f,, etc., and f,(«)=0 for «<0, f_(x)=0 for « 20: 


x D 


t ax ef,(a)= f e'P=f(x)dx. (8) 


x 


F,(p) 


The Fourier transform of M [obtained from Eq. (6) | is 


M(p)=3(p?—E}-. (9) 


Consequently, 
(p?-—E)'-—C P—-e (p—E£)t 
— F — . 


———_F,=— F,. (10) 
(p?—E)! 


p’—E (p?—E)!+C 


A word about the square root in MW: It has two cuts 
which must lie outside the strip |/(p)|<e and are 
chosen so that R[(p?—£)*]20 for all p. This choice 
is the most convenient; the cuts are shown in Fig. 2. 
Since (p’—£)*{(p?—E)'+C}~ is regular and free 


from zeros in the strip |/(p)| <e, we can write 
(pp—-E)i  Ty(p) 


- =I'(p), (11) 
(p-—E)}+C T_(p) 


where I’, is regular and nonzero for /(p)>—e and I 


is regular and nonzero for /(p)<e. We shall exhibit 
lr, and T_ later, and it will be obvious that they are 


5 For an exposition of Wiener-Hopf theory, see for example 
P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), p. 978; 
B. Noble, Methods Based on the Wiener-Hopf Technique for the 
(Pergamon Press, 
New York, 1959). 
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asymptotically equal to one for large |p|. Since F, 
and F_ go to zero for large |p|, there is only one 
solution to Eq. (7) 


F,(p)=A(pt+vVE)(T+(p) (P?—k) 7, 
F_(p)=—A[T_(p)(¢-VE)}, 


where A is a constant. f,(x) is given by 


(12a) 
(12b) 


1 ©+ia 


fo P@emap, 


41 «+ ia 


fel) = (13) 


where «K—!<a<e. It will be seen from (12a) and (13) 
that the pole in F, at p= adds an outgoing part to 
f(x). 
If we choose A to be 
A=2ikT ,(k)[R+VE}", (14) 


insert (6), (12a), and (13) into the right-hand side of 
Eq. (5), and integrate over g and x’, we find that 


C “+14 
¥(x,y) = f dp exp{ —ipx—(p’— E)'|y|} 
TY ~0+ia 
" F(p) 


PB) (15a) 


=¢ ikz- Clul4+-Qetke -C\y| 


C 
+ dp exp{ —ipx—(p?—E)'| y|} 
2r C1 
F,(p) 
x : i 
(p?—E)! 
C - 
=- J dpexpt—ipx— ("21913 
ar C2 
F,(p) 


———, #<0. 
(-E * 


x>0 (15b) 


(15c) 


The contours, C; and C2 are shown in Fig. 2. A was 
chosen to make the coefficient of the incoming deuteron 
unity. |Q2!* is then the probability of finding an outgoing 
deuteron. By evaluating the residue at p=—kh, Q is 
found to be 


Q=2(k—+/E)[T,.(k) P(R++/E). (16) 

Finally, we must evaluate the integrals around the 
contours C; and C2 in (15a) and (15b). Firstly, it is 
clear that these integrals yield only outgoing waves 
(square integrable). Secondly, for very small ¢ the cuts 
and the contours will become L-shaped and it is clear 
that the only part of C; which is important is the line 
—x<p<0 lying between the cut and the real axis. 
The rest of C; gives only damped waves. Similarly, the 
important part of C, is the line 0<p<x below the cut. 
If we transform to two-dimensional polar coordinates 
and put 


x=Rcosi, y=Rsiné, (17) 
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we are interested in evaluating these integrals for 
large R. We know that these integrals must be of the 
form 


we I(f,Joor( Joe 


=X(R,0)=R“(6) exp(ikR+in/4), (Rlarge) (18) 


in the limit e— 0. The easiest way to do these integrals 
is by the method of stationary phase; for both C; and 
C2 the stationary phase point is p= — (E)! cos@. There 
is one caveat. Although F,(p) will turn out to be zero 
for p= —\/E [see Eq. (12a) ] this is not so for p=+/E. 
Consequently, the integrand in (15) will have a 
singularity at the end point p=+/E. However, a 
careful analysis of the integrand and of the stationary 
phase procedure will show that the contribution from 
the end point is of higher order than the contribution 
from the stationary phase point. Hence we find that® 


(0) =iC (2ex)—F4(—x cosd); Ex=e>0. (19) 


For Eo<0O the outgoing waves are, of course, all 
damped. 

Equations (16) and (19) are the answers to the 
problem. However, since we are interested only in 
probabilities, viz., |Q|* and o(@)= |(6)|?, we see from 
Eq. (12a) that it is necessary to know only |T',(p)|?, 
and that only for —«<p<x and p=K. Hence the 
reason for doing the formalism first; although I',(p) 
will turn out to be a very complicated function, its 
modulus for the values of p indicated above is expres- 
sible in terms of elementary functions. 

In the usual way we write 


T's (p) = exp[S+(9) J, 
where 8, is analytic for 7(p)>—e [which implies that 
I’, is analytic and nonzero for /(p)>—e] and is given 
by 


(20) 


(21) 


1 
B,(p) “a di{InI (#) ](t— p)—. 


Tl p 


The contour, D, is defined in the following way: if 
I(p)>0, D is the line (—, ~); if J(p)<0, Disa 
deformation of the line (—, ©) into the lower half 
plane which does not cross any of the singularities of 
I but which goes under the point ¢= p. 

Now, since we are interested only in |I',(p)|? for 
the values of » indicated above, we need calculate only 
R[B,(p) | for those values. It is this point that simplifies 
the calculation. 8,(p) itself is a complicated function 
involving Eulerian Dilogarithms (Spence functions). 

The evaluation of R[,(p)] is a straightforward 
exercise involving a certain amount of juggling and 
integrations by parts. One must, however, take some 
care in passing to the limit e— 0. The results are as 


®See A. Erdelyi, Asymptotic Expansions (Dover Publications, 
New York, 1956), p. 51. 
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follows for Ey= K?—C?>0: 


1 get k—-k 
p=K : lim R[6,(K) ]=—- In——- Inf ), (22a) 
i 2 € & k+ 


K 


p=real, p?<n?= Ey : lim RUB,(p) ] 


1 k+p 
=;in(—). (22b) 
2 k+p 
Inserting (22a) into Eq. (16), we can obtain the 
probability for an outgoing deuteron: 


k—«| /C \? 
(—), Ey>0. 
k+ki|\k 


For Eo<0 Eq. (22a) must be modified. One finds 
easily that 


(23) 


lim al=| 
0 


lim |Q|?=1, Eo<0, (23a) 
0 


a result which is easily anticipated. 
Similarly, inserting (22b) into Eq. (12a) we find that 


F,.(p)|?=2k(p+k)[(R+«)(k+p)(k—- pT, 
Ey>0, 


lim 
0 


p=real, p?<xk’. 


It is convenient to introduce the dimensionless 


variable 
t=xk", 


Ey>0, (25) 


from which it follows that ¢ goes from 0 to 1 as Ep goes 
from 0 to ©. Inserting Eq. (24) into Eq. (19), 


(1—t)t 1—cosé 1 





o (0) = | (6) |2= (26) 


mk 1—£cos?6 1+¢ cosé 


\Q|?=(1—2)?,  Eo>0. (27) 

In order to check (26) and (27) we can investigate the 
conservation of current condition in the xy plane. 
The current of Yin is simply RC-'= (1—f)~!; that for a 
plane wave of total energy Eo is simply x. Hence, the 
condition of conservation of current becomes 


(1-— 991A =f ooo, (28) 


Equations (26) and (27) satisfy Eq. (28). 

The cross section for the stripping reaction is o(@) 
as given by (26). Here it should be remembered that the 
original Hamiltonian admits of two different interpreta- 
tions: (a) as describing two particles in one dimension 
as stated above; (b) as describing one particle in two 
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dimensions. As it standls (26) is obviously adapted to 
the second interpretation, where @ is the direction of 
scattering. In the first interpretation @ must be con- 
nected with the distribution of energy between the 
stripping fragments. In order to work out this connec- 
tion it is convenient to revert to Eq. (18). In the 
neighborhood of a point Ro with coordinates (17), the 
exponential in (18) can be approximated by a plane 
wave exp{ix(« cosé+y sin#)}. If we reintroduce the 
original coordinates u and 2, this goes over into 


exp{ix[_(cos0+sin@)u+ (cosd—sin@)v]}. (29) 


Let us call the particle with the coordinate uw the 
proton and the particle with the coordinate v the 
neutron. Then their respective momenta are given by 


p=x(cos@+siné), 


(30) 
p’=x(cos@—siné). 


If we square both equations and add, we obtain 
(p+p")=V=E; py’=+(2E—$p’)!. Solving for cosé, 
we get cosd= (p+ p’)/2k or 


1 
cos (0,)=—[ pt (2E—p*)'] (31) 


There are two solutions corresponding to the positive 
or negative sign of p’. 

Finally, we obtain for the probabilities W,(), 
W_(p) that the proton emerges with momentum f, 
and the neutron is scattered backwards, or correspond- 
ingly forwards : 


Ws.(p) =o (04) |d0,/dp| =o (0,) (2E— p?)-}, 


32) 
W_(p)=0(6_) |d0_/dp| =o (6_) (2E—p’)"}. 


Since o(@) increases with decreasing cos@, and 
cosé_ < cosé,, W_ is always larger than W4, i.e., for a 
given proton momentum, , the neutron always prefers 
to be scattered forward. From (26) it can be seen that 
W,=0 for cosé=1, i.e., if both particles are scattered 
backwards with equal momenta. Since in this case they 
must remain close to each other, they would form a 
deuteron and it was to be expected that the stripping 
cross section is zero. o is largest for cos#=—1, which 
means that there is always a preference to forward 
scattering of both particles with equal momenta. This 
effect becomes more and more pronounced for high 
energies. 
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In a particular representation where the state vectors are not eigenstates of the Hamiltonian, coupling 
terms remain which cause “‘virtual’’ or “real’’ transitions among states. An appropriate choice of representa- 
tion depends upon the physical processes involved. The decay of a compound nucleus, expecially by fission, 
is considered. The strong coupling representation of the unified model is employed, with surface oscillations 
inducing transitions among states of the representation. A diffusion equation is derived to describe the flow of 
probability among the states available within constraints. An estimate of the characteristic relaxation 
time for arriving at statistical equilibrium is obtained. Only when the relaxation time is short compared 
with a basic reaction time are statistical arguments valid to evaluate the reaction rate. As an example the 
relevant reaction time in the fission process is a collective vibrational period. The necessary condition 
appears to be satisfied for excitation energies more than a few Mev above threshold. Arguments are presented 
to show why equilibrium may not be maintained at lower energy. Thus the usual estimate of the number 
of open channels, 2xT/D, would give a number lower than what one would estimate simply from penetrabil- 
ity of the fission barrier. This seems to explain, at least in part, the anomalously low numbers of channels 
obtained in this manner. Problems relating to the validity of oft made statistical assumptions at scission 


are also discussed. 


I. INTRODUCTION 


HE compound nucleus of Niels Bohr may be 

regarded as an ensemble of intermediate states 
in a nuclear reaction, the nature of which is independent 
of the manner of formation. The ensemble is, in some 
sense, statistical, for the model admits only a few 
constants of the motion. These constants include 
energy, angular momentum, and parity—the “‘rigorous”’ 
invariants for nuclear motion—but they may also 
include such approximate constants of the motion as 
the component of angular momentum along a nuclear 
symmetry axis. 

If one were able to write down a complete set of 
eigenstates of the system, then the wave function 
describing some particular process would be a linear 
combination, with certain phase relations, of such 
eigenstates. The statistical assumption in Bohr’s 
model is that all states available within specified 
constraints (the constants of motion) are equally 
probable, and that the phase relations among the 
various components are immaterial. In examining the 
development of the system, one might be tempted to 
assume, as does Pauli! in somewhat different context, 
that the phase relations among the components are 
random for all times. However, one must remember 
that the phases are intimately related to the mode of 
formation, and only after the passage of some character- 
istic relaxation time is the “importance” of these phase 
relations lost. The compound nuclear model is useful 
only if subsequent decay occurs after this relaxation 
time. 

An alternative description—that to be employed in 
this paper—is one which utilizes some appropriate 

* Supported in part by the U. S. Atomic Energy Commission. 


1'W. Pauli, Festschrift zum 60. Geburstage A. Sommerfelds 
(Hirzel, Leipzig, 1928), p. 30. 
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representation other than eigenstates. As the system 
develops in time, off-diagonal matrix elements of the 
Hamiltonian induce transitions among various states 
of the representation. The transitions are classified as 
“real” or ‘virtual’? depending upon whether or not 
energy is conserved. The classification is, of course, 
dependent upon the choice of representation. Through 
real transitions, excitations may pass among many 
states and via various paths before returning to the 
initial state. In such cases, interference terms are 
assumed to drop out. One then speaks in terms of 
probabilities rather than amplitudes. The rate of 
approach to statistical equilibrium is determined by a 
diffusion equation for probability flow. 

Both descriptions are manifestly incomplete, as 
must be any irreversible description. The question is not 
whether one has a complete description of a nuclear 
reaction, but rather whether one has an adequate 
description for processes of interest. The basic questions 
are essentially the same as those which arise generally 
in discussing irreversible processes in a microscopically 
reversible system. We will not attempt to justify the 
procedures here in such detail as has been done for 
infinite systems (see Van Hove’), but it must be noted 
that whatever validity the description does possess 
improves (except for questions related to the validity 
of perturbation theory) with increasing size and excita- 
tion of the nucleus. 

It is evident that a description based on a particular 
representation must lead to a characteristic relaxation 
time which is dependent upon the choice of representa- 
tion, since this choice determines the magnitude of the 
off-diagonal matrix elements. Fortunately, the choice of 
representation is not completely arbitrary, since it is 


2L. Van Hove, Physica 23, 441 (1957). Further references are 
given here. 
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governed by the physics of the process of interest, and 
by the requirement that the off-diagonal matrix 
elements not be so large that perturbation theory fails. 
Although there is no clear prescription for the choice, 
the present example may serve to illustrate some of 
the considerations. 

We will be particularly interested in decay of the 
compound nucleus by fission, and therefore choose the 
unified model representation of strong coupling between 
particle and collective (surface) modes. This provides a 
very convenient framework in which to follow the 
fission process. Indeed, any essentially different 
representation I can think of requires resolution back 
into the strong-coupling representation in order to 
discuss the fission process, and this would then require 
following phase relations. 

If we were interested in decay of the compound 
nucleus by neutron emission, we similarly might use 
the strong-coupling representation to find how much 
energy is concentrated in single particle modes. On the 
other hand, we might use a pure independent particle 
model for a representation, with “residual” two-body 
interactions inducing real transitions among the 
independent particle states. 

Virtual transitions induced by surface coupling play 
an important role in the determination of the mass 
parameter in collective rotations and vibrations, as 
first demonstrated by Inglis’ through his ‘cranking 
model.” In the case of low-energy spectrum, “‘real” 
transitions are not possible, since all transitions involve 
an increase in both particle and collective energies. 

Hill and Wheeler‘ discuss in some detail real transi- 
tions induced by surface coupling according to the 
time-dependent Hamiltonian formulation. They name 
the phenomenon “slippage,” with reference to the 
jump of excitation from one level to another at a near- 
crossing. The present paper was influenced considerably 
by their work, and is, in part, an attempt to put their 
considerations on a quantitative basis for high excita- 
tion. The reader is referred to the Hill-Wheeler paper 
for a clear physical picture of the mechanism. 

The surface coupling mechanism has a thoroughgoing 
analogy in atomic and molecular physics. In the 
collision of two atoms, for example, the interatomic 
(or internuclear) distance plays the role of a collective 
coordinate. If the collision is slow, the electronic wave 
functions adjust adiabatically to the changing potential. 
The adiabatic wave functions form a representation 
which for finite interatomic velocities are not solutions 
of the Schrédinger equation, although they do satisfy 
the equation long before or long after the collision. 
Real transitions induced during the collision give rise 
to atomic excitations which may persist after the atoms 
have separated. 

Transitions are computed below using first-order 


3D. R. Inglis, Phys. Rev. 96, 1059 (1954) ; 97, 701 (1955). 
‘D. L. Hill and J. A. Wheeler, Phys. Rev. 89, 1102 (1953). 
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perturbation theory. When the probability of making a 
transition becomes large (in a time compared with, say, 
a collective period divided by the quantum number of 
the collective state), the perturbation approach breaks 
down. When this happens, however, the relaxation 
time is already short compared with other physical 
processes. We are primarily concerned with obtaining 
an estimate of the relaxation time to determine if 
statistical equilibrium is reached before decay, or other 
processes, set in. 


II. DERIVATION OF THE DIFFUSION EQUATION 
A. The Strong-Coupling Representation 


The nuclear system is to be described by a Hamil- 
tonian 


H=H,+H,+H', (1) 


where H,=H,(Xi°°:Xa;\ Vir::Va) describes the 
particle degrees of freedom and H,=H,(8; 0/08) the 
collective (or surface or deformation) degrees of 
freedom.® There could be several collective coordinates, 
but we shall specifically refer to Bohr’s symmetric 
quadrupole deformation parameter 6. The interaction 
term H’=H'(x;--++x4; 8) is assumed to be independent 
of the particle or collective momenta. An alternative 
formulation of the problem in terms of a time-dependent 
Hamiltonian, such as Hill-Wheeler* and Inglis* have 
introduced, has certain conceptual advantages, but 
in the present context it would obscure the evaluation 
of certain important approximations. The time- 
dependent formulation treats 6=6(f) as a classical 
variable while treating the particle modes quantum 
mechanically. The development can be carried through 
in quite a para!lel way as for the full quantum-mechan- 
ical treatment. The results are identical in the limit 
that the collective mass parameter becomes infinite 
(and the collective frequency goes to zero). 

The strong-coupling representation (not approxima- 
tion) is defined by the following equations: 


(Hp +H')u;(x; 8) = €;(8)u;(x; 8), (2) 
[¢(8) +H, lbp(B) = Enda(), (3) 


where x= (X;"+-X,4). The functions u;(x;8)¢,(8) form 
a complete set in (x, 6)-space. Thus a general wave 
function for the system may be written 


W= doa Ca(du;(x; B)ba(B) exp(—ih IF yt). (4) 
The exponential time variation is introduced for 


5 The system possesses redundant variables, since the particle 
coordinates are sufficient. In principle subsidiary conditions 
should be stated, but we ignore the matter for two reasons. Firstly, 
the collective coordinates are few in number compared with the 
particle coordinates and the redundancy is relatively unimportant. 
Secondly, and perhaps more significantly, is the point that the 
particle degrees of freedom are not fully developed, and the 
collective coordinates may be regarded as describing the ‘un 
excited,” but adiabatically deformed, inner nucleonic shells. 
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Fic. 1. Nilsson spectra for protons from Z=50 to Z=82 
(below) and for neutrons from N =82 to N=126 as functions of 
nuclear deformation 6~0.95 6 (reproduced from Nilsson, reference 
6). 


convenience at this point, with the explicit choice of 
ial . = 
Ej; made in (7) below. 

Schrédinger’s equation, 


inv = HY, 


can now be written in the equivalent form 


ihC n= Cow f n° j*| Hy ,uj lon d*4adB 
7’ 
Xexplih7 (Ey —E jy) 1). (6) 


The diagonal terms in the sum, (j’\’) = (jd), have been 
removed (hence the prime on >°) by choosing 


Ba-Ent f bn*u;*_ Hu; kp nd*xdp. (7) 


The treatment to this point [assuming (1) ] is exact. 
A variety of approximations follow, of course. Although 
the nature of the approximations is mentioned in most 
cases, a critical discussion is deferred until Sec. IIF 
in order to give continuity to the development. 
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Some comments about the structure of u;(x; 8) and 
¢(8) are appropriate. In an independent-particle 
model the single-particle energy level spectrum, as a 
function of deformation, would assume a form like 
that calculated by Nilsson.* A section of Nilsson’s 
spectrum is shown in Fig. 1. The many-particle spectrum 
would be similar in nature except that it would be far 
denser and include frequent crossings of energy levels 
of the same character (spin and parity). This is rep- 
resented schematically by the dotted lines in Fig. 2. 
The inclusion of residual two-body forces will quite 
generally remove the degeneracy of states of the same 
character, and therefore we expect no crossings. The 
anticipated spectrum is represented schematically by 
the solid lines in Fig. 2. The single-particle structure of 
the u; (and here 7 labels a continuous solid line) 
changes rather abruptly at a near-crossing. This will 
be seen to be of considerable importance when discussing 
matrix elements of single-particle operators. 


B. Probability Flux and Diffusion 


The transition rate from state 7 to state 7’ (all \’) 
is given by the well-known expression’ 

a. 2r | |? dr 
R(j; ie? f bn°u tL Hsty rv ded sy (8) 


The formula is derived for a continuum (of collective 





DEFORMATION @ °———t— 

Fic. 2. A schematic representation of energy levels of an entire 
nucleus as a function of deformation. Levels of only one character 
(K and x) are considered. The broken lines correspond to an 
independent particle model, and exhibit possible level crossings. 
The solid lines include the effect of residual two-body interactions, 
which prevent level crossings. 

6S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd, 29, No. 16 (1955). 

7Cf. L. I. Schiff, Quantum Mechanics (McGraw-Hill Book 
Company, New York, 1949), Chap. VIII. 
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states) and is valid only to first order in perturbation 
theory. The factor d\/dE is the level density of collec- 
tive states. The transitions conserve energy (at least 
approximately in noncontinuum theory), so that 
Ejyy-=E,. (Henceforth, we will replace Ej; by Ep.) 
The transitions are what we call real, and the con- 
tinuum approximation will be seen to be valid (Sec. II 
F) only if the lifetime broadening of a state is larger 
than the collective level spacing. 

We are now in a position to write down anequation 
for probability flow. Let the probability that the state 
j is occupied be denoted by (7). We need not specify 
X, since it is determined by the requirement that Ej 
approximately equals the total nuclear excitation energy 
E*. Then the net flux, /, of probability from states 
with particle energies below ¢;(8) to states above 
e;(8) is given by 


n= LY RG IMG)-0") 1. 9) 


ap Fs5 


We wish to change from discrete indices (jA) to some 
variable which can go over to a continuum description 
conveniently. The particle energies ¢;(8) can fill this 
requirement, but the @-independence introduces some 
ambiguity. Therefore, we will label a particle state, /, 
by the energy ¢=€;(@8min), Where Bmin is the deformation 
where the particle energy is a minimum (equilibrium 
value of 8). The collective wave functions ¢, will be 
denoted by ¢z+_.. Actually, we are most interested in 
what happens near the equilibrium position anyway 
since that is where the collective velocity is greatest 
and the transition rate fastest. We will often encounter 
the difference €;(8)—.«;(8), which near equilibrium is 
a more slowly varying function of 6 than either ¢;(8) 
or €;'(8) ; we will generally set €;(8)—«,(8)=«—e’. 

As is made plausible below, R(e’; €’”) is taken to be 
of the form R(|e’—e’|) and is a generally falling 
function of the argument. To first order in the gradient 
of p, we have 


Ko=-Wwo— f wae’ de’ (e"’—e')R(e’—e’). (10) 


By extending the outer limits to +, we find 


® 


Op 
uj=-w f n’R(n)dn, (11) 
eo 


where the dummy variable 7 is ¢’’—e’. Here W(e) 
the particle energy level density and differs from the 
total level density. We define the diffusion coefficient 
to be 


o(d=W (df #PRa)dn, (12) 


and thus 


l(e)= —Wo(0p/de). (13) 
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We now write down a formal equation for the rate 
of change of the probability, pWde, that some state 
in the energy range ¢ to e+de is occupied. Neglecting 
other effects which tend to change the state of the 
system (radiation, particle emission, fission, etc.), 


we find 
Op (7) an} Op 
w(— ) =—-—=—Wo—. 
Ot diffusion Oe Oe de 


Integration of (14) over the available energy range 
reveals that total probability is conserved, since the 
flux must vanish at the end points. The steady state 
solution is p=constant, which follows immediately 
from the symmetry of the matrix elements. 


(14) 


C. Estimation of the Diffusion Coefficient 


The explicit form of the collective Hamiltonian is 
taken to be the kinetic energy operator 
? 3 


H,=T,=-——, 
2B ap? 


(15) 
with B assumed independent of 6. The effective 


potential energy for surface vibration is obtained from 


€;(8) [see (3) ]. Hence, 
i 0 
Ps —), (16) 


07u ; 
tiie = (= : 
a8 8B 


We will drop the first term in the parentheses compared 
with the second. Using the notation 


("01 7)= f se *Oeandlte, (17) 


0 

?)= (i |e +H, — i’) 
op 

= (er en)i" 


we find 


GE OH’ 


| 0 


and (18), 


By combining (8), (12), (16), we find for 


the diffusion coefficient, 


2rh*®W pr” dr 
o(e)=— s —d(e!’—e’) 
dE 


|0H’ | Ob p+’ 
xf omunQel ea! 9 
a | dp 


Except for details in fluctuation, we assume that the 
(e’’|0H’/dB |e’) do not depend on the energy difference 
e’’—e’, and that the ¢, are independent of 7. This 
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leads to the approximate sum rule 


2xh'W \0H'| \ ddy 
ff iH " n| oa a8 
B We >’) | OB | og 


2rhW \oH’| \? 
s— -{ (Ce ‘y ) H.,d8 
B | a6 | ry 


_ 2xhW 
ihr pL (ae 


a(e)= 


ell, (20) 


where the abbreviation (3g)... = (€’|0H'/dB| e’) has 
been introduced. 3Cs is, of course, a function of B. A 
term of the form 


f n’*g(8Hs/0B) (Ogy-/I8)dB 


has been neglected compared with 


J eerie oon /apras, 


A factor of one-half appears because the \’’-sum is 
only half compiete. 

If the ¢ were oscillator functions and if the elements 
5s were independent of 8 and ¢’’—e’, we would have 
the selection rule \’’=)’+1, with (20) holding exactly. 
[ Indeed, if the Ks are constant, no matter what the 
¢’s, (20) reduces to the dipole sum rule. | The selection 
rule is broken down both by the anharmonicity of the 
¢, and by the nonconstancy of 3s. Since 0H'’/0 is a 
sum of single-particle operators, it connects shell-model 
states which differ in at most one single particle 
constituent. Whenever the relative single-particle 
structure between states ¢’’ and e’ changes, as it does 
at near-crossings, the matrix element changes (unless 
it is zero anyway). Then 5 as a function of 6 consists 
of a series of segments. The shorter the segments, the 
less each contributes to (20), but then contributions 
come from further away in (e’’—e’). For high collective 
states, where the WKB approximation is valid, (20) 
represents a Fourier analysis of the 3Cs elements, and 
then a resumming of the absolute square values of the 
Fourier coefficients. This leads to the integral over the 
square of the elements. 

The derivation of (20) assumes only that the fluctua- 
tions in Hs, are, on the average, independent of e’—’. 
If anything, the fluctuations increase with ¢”—é’ 
because there are more opportunities for change, with 
8, of the single-particle structure. In that case, (20) 
represents a lower estimate of the diffusion coefficient. 

In order to estimate (5Cs”),, we adopt Nilsson’s form 
for the particle-deformation interaction : 


A 
1’ = —Bmw,? >> 1,°VY (21) 


p=1 


20(8,), 
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where wo is the shell-model oscillator frequency: 
hwy~ 40 A~* Mev. Then it follows that 


0H/dB= — mwa? > 1 ,7¥ (22) 


’20(8p), 


and for the mean square average of the matrix elements, 


we have 
0H| \? 1 \aH| \? 
(5Cs”) w= (<.” —|’) ) =—) (er — le) 
a8 | » Ne \ {ag| 


“AC(S))-G) } 


where N is the number of states, e’, joined to states, 
e’, by nonvanishing material elements. Since nonvanish- 
ing elements occur between oscillator shells differing in 
the major quantum number of 0 or +2, we estimate 


N=4hoW. (24) 


The quantity in square brackets is, up to a constant, 
the mean square fluctuation in the density quadrupole 
moment. In an independent-particle model, this is the 
sum of fluctuations for each particle, and these can be 
calculated easily for the anisotropic harmonic oscillator: 


o2 2. 1,,2)2 eee ae 
DL» L(*—§2°—49y*)*)— (8 —92°— 19°") 
<4, (thx by!)= (3/70) AR’, 
where A is the nuclear mass number and R the nuclear 
radius. Hence 


(25) 


3m*a°A R4 
2241rh 


wo V 0B 


; (26) 
144W 


(3Cg*) Ay ~ 
where 


(27) 


Vo=3mwoR? 
is the depth of the nuclear potential and 


By= (3/8r)mA R? (28) 


is the irrotational mass parameter for deformations of 
second order. We set B.= B. This gives, finally, 


o(€) = (1/7) rwoV oH. (29) 


D. Selection Rules 


Axially symmetric deformations of the type assumed 
here preserve the projection, A, of angular momentum 
along the nuclear symmetry axis as a good quantum 
number. The reflectional symmetry, furthermore, 
preserves the parity, 7, of particle states as a good 
quantum number. The symmetric 8-coupling does not 
mix states of different character (here character means 
K and z). 

Other coupling mechanisms are available to produce 
mixing of the various K-values and the two parity 
states. The Coriolis force due to nuclear rotation 
produces admixing of K-states with the selection rule’ 
AK=+1. Coriolis mixing decreases with increasing 
deformation, and is further limited by the requirement 
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K <I, with J a rigorous constant of the motion. 
Second-order non-axially-symmetric vibrations can 
produce admixtures of states differing by AK=+2. 
The parity states can be mixed by reflectionally non- 
invariant potentials (such as pear-shapes) or oscilla- 
tions. This in no way violates the invariance of parity 
for the entire nucleus. 

The expressions obtained for the diffusion coefficient 
and the relaxation time (next section) are for diffusion 
among the various states of a given character. When 
explicit expressions are needed for the level density 
(at high excitation), the tacit assumption is made 
that sufficiently strong couplings are available to 
maintain equilibrium among the sets of levels of 
different character (or at least of different K). 


E. Relaxation Time 


A relaxation time can be estimated if we take 
appropriate mean values for the parameters. Consider 
the mode 


p(t) =const exp(—al+ ike). (30) 


Insertion into (14) yields 


a=oh?—i[W-8(Wo)/de|wh. (31) 


The time dependence shows oscillation as well as decay, 
but it is only the decay which interests us here. The 
lowest mode, where the energy range is 0 to E*, is with 
k=ky=1/E*. (32) 

The e~ folding time is given by 

_ 4 
t= (6k?) = E*' /x’s =— —— -, (33) 
7 Vio, Wo 


which is independent of the level density. Note that 
H, is collective kinetic energy, so we set H,=43E, 
=}(£*—@). We estimate ~ from the equilibrium 
distribution. The density of nucleonic levels is given by 
the statistical formula‘ 

W (€) = Wo exp[.2(ae)? ], (34) 


where a= 12/Mev for heavy nuclei. The mean particle 
energy is thus 


E* E* 
0 0 


Thus, at high excitations 


H,=}3(E*/a)}, 


(35) 


[E*>a(hw,)?], (36a) 


but at low excitations we must satisfy 


H,>4hw,=} Mev, (36b) 


8 Cf. J. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Chap. VIII. 
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where «a, 
Therefore 


is the collective vibrational frequency. 


14 E* 1 
t, < ———--, 
3? V chew, Wo 


(37a) 


14 E*'a) 1 
> ————, [E*>a(hw,)*]. 


13 Vo WO 


(37b) 


The important thing to note is that the relaxation 
time is short. Indeed, for E*<9 Mev, (37a) yields 
!-<wo!. This is nonsense, of course, since the relaxation 
time cannot be shorter than the nucleonic period, 
which is the minimum time required for information to 
be transmitted through the nucleus. For a wide variety 
of reasons, the approximations which lead to (37a) 
break down for low excitation energy and 9 Mev is a 
reasonable lower limit for believing the statistical 
assumptions. However, either (37a) or (37b) give 
t-<wy! for E*<20 Mev. In general, a mode of wave 
number k=2/20 Mev will decay in a time shorter than 
wet, 


F. Questions of Validity 
1. The Collective Description 


Although the collective and unified models have had 
great success in describing the low-lying levels of most 
nuclei, one might still question the appropriateness of 
such a description for high excitation. However, recall 
that the shell-model oscillator frequency is of the 
order of 6 Mev/h and in heavy nuclei excitation energies 
even up to 100 Mev do not involve an appreciable 
fraction of nucleons. Thus we may reasonably expect the 
collective description to maintain some validity for 
such energies. 

At high excitations one should re-examine the 
evaluation of the collective parameters B, C (the 
restoring force constant), and w,= (C/B)!. The excita- 
tion process introduces an effect similar to viscosity 
which affects the vibrational period even if the param- 
eters B and C are unaffected (and we will not attempt 
to re-evaluate B and C here). 

Some estimate of the viscosity effect can be obtained 
in the following way. When the probability of making 
a transition within a collective oscillation period is 
large, the “path” of the system will tend to diffuse from 
one particle state to another, changing both its particle 
and collective energies to maintain constant total 
energy. The mean particle energy is given by (35) if 
we replace E* by E*—}C*. Thus the effective Hamil- 
tonian for collective motion assumes the form 


WV? 3? 1 
Heuw= —-— —+-Cp’*+ (8) 
2B 0p? 2 
(38) 
>? 3? 1 1 
o~—— —+——_X-C?+ const, 
2B 0B? (4ak*)} 2 
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which leads to a vibrational frequency 


Wy =w,(4aE*)*, [E*>a(huwy,)? }. (39) 


2. Perturbation Theory 


The use of first order perturbation theory to deter- 
mine the real transition rate requires that the virtual 
(energy nonconserving) transition rate be small by 
comparison. When the virtual transition rate is large, 
the representation becomes inconvenient for following 
the development of the system: certain processes of 
importance may not be easily describable. For example, 
in Sec. IV we will discuss the possibility of rapid 
fracture of the nucleus into two fragments, a process 
described better in terms of the sudden (impulse) 
approximation than as a small deviation from adiabatic. 
Indeed, one might well calculate a very high diffusion 
rate in terms of the adiabatic representation, but in 
fact one is only calculating the virtual transitions 
required to describe the true state, and is throwing 
away phase relations which could be important in 
reanalyzing the wave function into the adiabatic 
representation later. 


3. “Real” Transitions in Discrete Spectra 


The equation for the transition rate (8) is based on 
a continuum of (here, collective) final states. The 
continuum assures the existence of energy-conserving 
final states, a condition not available in general for 
discrete spectra. We are therefore faced with energy- 
nonconserving transitions which are, therefore, not 
“real,”’ in the sense that they feed back to the original 
state. Such “virtual” transitions persist a time of the 
order of #/AE, where AE is the energy difference 
between initial and final states and in present context, 
AE~hw,. The distinction between real and virtual 
becomes unimportant if the state has a high probability 
of making another transition within the period of its 
virtual existence. This is equivalent to saying that its 
lifetime-broadening is greater than the level spacing, 
so that we have, in effect, a continuum. Let 7 be the 
mean lifetime of a state against decay to all other 
states (as calculated). Then the consistency requirement 
is 


h/r>>he,, OF wyt<K1. 


We estimate (w,7)~! from the considerations of the 
previous section : 





2W(e) 7” 7 R(n) 
f Aa, 0) 


(w,7) =a," p I R(j"; j= 
led 


Wy Ne 7? 


where is the energy difference |e’’—e’| and 7, isa 
lower cutoff. The factor 7?R(n) is a reasonably well- 
behaved falling function of » (except for fluctuations). 
Let us approximate 


WR(n) = e-"%, (41) 
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where 4 is a mean range; the precise form is of little 
importance for a magnitude estimate. Then it follows 
that 


(ot) 20 —- lm wo Voll, 
| WyT Ss = ed ~ 
weno 7 we» NeNo 


120 (Mev)? 
NeNo 


The lower cutoff, 7, is given by the closest approach of 
single particle levels of the same character which, in 
the Nilsson scheme, is 2 or 3 Mev. Thus the require- 
ments for validity of continuum theory is 


no<50 Mev. (43) 


This criterion would seem to be easily satisfied, and 
is less restrictive than other (albeit less important) 
criteria which also depend upon 7p. 


4. Energy Range of Single Probability Jumps 


Although it does not enter explicitly into the calcula- 
tions, it would be well to obtain some estimate of the 
range, no, of energy differences wherein the transition 
rate R(n) is appreciable. This must be small compared 
with the wavelength (in energy space) of a relaxation 
mode in order that the diffusion formulation make sense. 
Also, the estimate of (3Cs”),4, was based on the assump- 
tion that mo<2%w. Both of these are quantitative 
questions, rather than questions relating to the general 
validity of the approach. 

The relevant integral 


Ody: 
f gn'*Ks—dB 
0p 


is appreciable only so long as 5s is appreciably constant 
over a distance at least comparable to the reduced 
length of y'* (0g) 0B), 


Ag~ (2h°E,/B)*/n. (44) 


This gives an implicit relationship for 7= when Xg 
is set equal to the sum of all single particle near-cross- 
ings per unit 8 within a (total) particle excitation of no. 
We do not have careful estimates of 9 available, but 
indications are that it is of the order of magnitude of 
10 Mev, which satisfies our conditions, although a 
closer estimate would be desirable. 


III. FISSION WIDTHS 


We here estimate fission widths in the framework of 
the unified model. In Fig. 3 the spectrum of nuclear 
levels for an even-even nucleus is shown as a function 
of the symmetric deformation parameter, which may 
be thought of as 6. The energy surface is actually 
many-dimensional in terms of collective parameters 
describing the various deformations. We may imagine 
that this curve is a cut through the surface at the 
minimum values in the energy for the other parameters. 

The low-lying energy levels of the system correspond 
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to the rotational states of a deformed nucleus. The 
2+ level is at about 50 kev. Also indicated are the odd 
parity (1—, 3—, ---) levels. At 1 Mev, single particle 
excitations appear and the level density increases 
exponentially with the square root of the energy. As 
the nucleus is deformed, energy is taken up in the 
potential energy of deformation. This curve actually 
is an envelope of nuclear energy levels. A saddle point 
is reached, after which further deformation gives up 
energy to either collective or particle modes. Finally 
scission takes place and the fragments fly apart. 

Near the saddle point, the nucleus is relatively 
cool and strongly deformed, and thus collective states 
appear. The levels at the saddle point are indicated by 
diffuse lines to indicate that the nucleus does not remain 
long at the saddle point and, according to the un- 
certainty principle, the energies cannot be well defined. 
For relatively low energies—near threshold—the 
nucleus does spend appreciably more time at the saddle 
point than elsewhere. 

In the region of the fission saddle point for the jth 
particle state, let the collective potential energy be 
given by the inverted parabola 


€;(8) = €;"*— > Buy? (B—Ben)’. 


Hill and Wheeler‘ have shown that the probability of 
barrier penetration can then be written 


P;= (A+exp[— 24 (E*— 6") /hay ]}, 


(45) 


(46) 


where £* is the total (excitation) energy of the system 
and ¢;" is the ‘‘threshold” energy for the jth particle 
state. Hwy varies considerably from nuclide to nuclide, 
but is of the order of one Mev, so that the penetrability 
falls rapidly over a few tenths of a Mev. 

There are two times of consequence involved in the 
determinaton of fission half-widths. One is the collective 
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Fic. 3. Schematic representation of level spectrum of an 
even-even nucleus as a function of the symmetric deformation 
parameter (8) up to the point of scission. The level structure 
indicated beyond the saddle point shows crossings. Levels of the 
same character (K and 7) will not cross. 
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vibrational period 27/w, (or 21/w,-). The other is the 
relaxation time, ¢,, required to establish statistical 
equilibrium, and here we mean establishing equilibrium 
from a state of the system which is deficient in the 
probability that the fissioning channels (¢;*< E*) are 
occupied. This point requires special attention, since 
the lowest particle states are usually nonstatistical in 
some way. 


A. Near Threshold 


Let us consider the example where a nucleus is 
excited to some energy where 10° particle states are 
available; for one channel P=1, and for all others 
P=O. Further let us assume that the excitation mechan- 
ism produces equilibrium, but there is no coupling to 
maintain equilibrium. The probability is then 10-6 
that the nucleus will fission promptly—within a time 
2r/w». If the coupling is finite but so small that t,>>27/ 
w,, then the fission rate is determined by the relaxation 
rate, and is equal to ¢,;'. If, however, ¢<<2x/w,, the 
fission rate is 10~® w,/2r. We take up the latter case in 
more detail first. 

Let us assume that /,<27/w,, so that even though 
the fission channels are depleted in a time 27/w,, 
statistical equilibrium is being maintained. Then the 
fission width is given by 


h&X (effective No. of open channels) 


ry= 





(vibrational period) X (total No. of particle states) 


hon 
—. - (47) 


> 
2r/w, N 


where the effective number, , of open channels is the 
sum over all channels (particle states) weighted by the 
penetrability P. The total number, JN, of particle 
states is not the grand total of states since, in our 
representation, each particle state has vibrational states 
built upon it. Indeed, for large excitations, most of the 
states one sees are excited vibrational states, and so 


N=hw,/D, (48) 


where D is the observed level spacing at the excitation 
energy E* and N is, of course, the number of particle 
states with energy less than £*. This leads to the 
expression for the effective number of open channels, 


n=2nT,/D, (49) 


which is identical with the expression first given by 
Bohr and Wheeler.‘ For thermal neutrons on 
fissionable nuclei, one sometimes finds that 7, as given 
by (49), is less than unity, even though the excitation 


9N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939). 

10 J. A. Wheeler, Proceedings of the International Conference on 
the Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 2; Proceedings of the International Confer- 
ence on Nuclear Reactions, Amsterdam, 1956 (Nederlunde Natuur- 
kundige Verenigig, Amsterdam, 1956), p. 1103. 
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TABLE I, Effective number of open channels in thermal] neutron- 
induced fission as determined from two prescriptions: 2z1';/D is 
the Bohr-Wheeler*~* formula based on the magnitude of the 
fission widths ; experimental errors in this column are of the order 
of 35%. The values of » are obtained from the Porter-Thomas” 
expression for the statistical distribution of fission widths; 
these numbers are meaningful only to within a factor of about 2. 
In both cases, the numerical values are averages per spin state. 
Because one is dealing with two states (Jo+4, where Jo is the 
target spin), the analyses should properly be carried out separately 
for each. In particular, the Porter-Thomas distribution should be 
a composite of two distributions’ characterized by separate sets 
of parameters I'y and ». The column labelled gives the best 
available guess as to target parity. 


2xly/D 


0.6° 
0.21! 


Py 0.114 


* See reference 4. 

> See reference 9. 

© See reference 10. 

4 Bollinger, Cote and Thomas, Proceedings of the Second United Nations 
International Conference on the Peaceful Uses of Atomic Energy, Geneva, 
1958 (United Nations, Geneva, 1959), P/687. 

¢ Fluharty, Moore, and Evans, Proceedings of the Second United Nations 
International Conference on the Peaceful Uses of Atomic Energy, Geneva, 
1958 (United Nations, Geneva, 1959), P/645. 

‘W. W. Havens, Jr. and E. Melkonian, Proceedings of the Second United 
Nations International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1958 (United Nations, Geneva, 1959), P/655. 


energy is a Mev or two over the lowest threshold, and 
one expects the effective number of channels to be 
greater than unity. Table I contains values of 
determined by the Bohr-Wheeler formula (49) for three 
nuclides. Also listed are values for the effective number 
of open channels determined from statistical fluctua- 
tions in the fission widths, according to Porter and 
Thomas." The Porter-Thomas number is generally 
larger than the Bohr-Wheeler number, but this can 
be understood by noting that partially open channels 
(P<1) can contribute fully to statistical fluctuations, 
but only partially to the absolute value of the fission 
widths. 

The paradox of the small number of open channels, 
which has long been noted, can be resolved reasonably 
by observing that the coupling is, in all probability, 
insufficient to assure the condition (,<2m/w,. Before 
delving into this further, let us re-examine an early 
(and more general) interpretation® of (49). 4/D is the 
period of complete nuclear motion, that is, the time 
required for the nucleus to pass through all modes and 
return to some original configuration. Thus each open 
channel decays with the rate of D/h. (The present 
derivation is consistent with this interpretation.) We 
see that there is the implicit assumption that all 
modes are strongly coupled to one another. If, for 
example, the lowest fissioning channels are not strongly 
coupled to the other modes, the nucleus will not have 
equal probability of passing through them during each 
period D/h. 

The lowest particle states are special in several ways. 
The compound nuclei corresponding to thermal neutron 
fissioners are even-even, and the lowest fissioning state 
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belongs to the K=0+ band. The first 0+ particle 
excitation is separated from the lowest state by an 
energy gap’?-"‘ of at least a Mev, and probably signif- 
icantly more. Although level density does not appear 
explicitly in the estimate of relaxation time, it has 
dropped out by cancellation. The cancellation was 
effected on the assumption that the level density is a 
smoothly varying function near the point where flux is 
calculated. This is not the case at the bottom end of the 
energy spectrum where the level density goes to zero 
(and there are no levels below the ground state). The 
diffusion coefficient has in the numerator a level density 
factor corresponding to the region across which transi- 
tions occur, and in the denominator a level density 
factor used in computing (5Cs*),, corresponding to the 
average over several fwo{_(23) and (24) }. At the bottom 
end, the ratio of the level density factors can be very 
considerably less than unity. 

One must also consider whether there is sufficient 
coupling to states of different K to maintain equilibrium 
(see Sec. II.D). Presumably states are excited with all 
K-values up to Jo+ 3, where Jo is the target spin. This 
consideration becomes progressively more important 
with increasing Jo. If only a K=O channel can fission, 
insufficient coupling would lead to a small fission width. 
Table I does not, however, indicate any, systematic 
dependence of 2xI';/D on target spin. 

These effects can be compounded by the failure of the 
continuum criterion (Sec. II.F.3) when the lifetimes 
of the states are smaller than the collective level 
spacings. 

It is not surprising, then, that the coupling to the 
lowest states of an even-even nucleus should be anomal- 
ously small, and that 22I';/D overestimates the number 
of open (defined according to penetrability) channels. 


B. High Excitation 


At energies which are sufficiently high to employ 
statistical considerations (a few Mev above threshold) 


we expect /,<2m/w, for most open channels, and 
evaluate the number of open channels by the formula 


(50) 


E* 
n= f W (6) P(E*—e— ede, 


where e"= ;"—¢€;(8=0) is assumed to be the same for 


''C, Porter and R. G. Thomas, Phys. Rev. 104, 483 (1956). 

2 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957). 

‘8 Bohr, Mottelson, and Pines, Phys. Rév. 110, 936 (1958). 

4C. De Dominicis and P. Martin, Bull. Am. Phys. Soc. 3 
224 (1958). 

t Note added in proof.—The lowest lying particle states best 
fulfill the conditions necessary for enforcement of the selection 
rule A\=+1: the level structure ¢;(8) is very nearly harmonic 
near 8=Bmin; the character of the states and hence 3Cg does not 
change abruptly with 8. This means that the partial energy jump 
during a transition is of order hw», which is about 1 Mev. If the 
energy gap is appreciably greater than 1 Mev, the diffusion of 
probability to the lowest particle state should be significantly 
inhibited. i 


’ 
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all particle states, and also represents the lowest 
threshold energy. By closely approximating the 
integration in (50), it was found that replacing P by 
a step function results in only a few percent error at a 
few Mev above threshold and progressively less at 
higher energies. This is sufficient for present purposes. 
Denoting by N(£) the total number of particl states 
with energy less than £, we obtain 


N(E*—e) 2 (E* thy} 2 E*} (51 ) 
N(E*) ~exp{2|a(E*—e sil tai 


n 
—— exp[—e(a/E*)*], (E>) 
V 


(51b) 


Wy 


expL—e(a/E*)*], (E*>e*). (52) 


Ty mae 
Tv 


The fission width does not increase indefinitely, but 
rather approaches the limiting value tw,/2r~ 150 kev. 
It seems hardly necessary to caution the reader to 
regard (52) as no more than an order of magnitude 
estimate. For one thing, we have already seen that at 
high excitation energies w, should be replaced by 
wy (39). 


IV. FROM SADDLE TO SCISSION 


Once the nucleus has crossed the saddle point (top 
of the barrier) configuration, it appears unlikely 
(although by no means impossible) for it to return to 
a relatively undeformed state, since most nucleonic 
states do turn down. 

A unique feature which enters the picture beyond the 
saddle point is the dominance of the Coulomb field. 
Internucleonic forces are of short range, and a nucleonic 
period is required to “feel” out the positions of the 
various nucleons. The Coulomb field, on the other hand, 
is long range and acts instantaneously (as far as the 
velocities here are concerned) on all protons. Here, in 
principle, is a mechanism capable of disrupting the 
nucleus within a time which could be shorter than either 
the vibrational or nucleonic periods. The question is 
not whether the collective velocities are so slow that 
the motion is adiabatic but rather whether they are so 
rapid—within a time less than a nucleonic period—that 
the nucleus is disrupted impulsively. In the latter case, 
the nuclear “path” follows the independent particle 
states (dotted lines in Fig. 2; see Hill and Wheeler‘). 

Three nuclear models have been proposed to describe 
the fission process beyond the saddle point. The first 
and oldest is the liquid drop model of Bohr and Wheeler.® 
The nuclear motion is assumed to be that of an irrota- 
tional, viscosity-free liquid, and in the latter sense 
the motion is adiabatic. 

A second is the statistical model proposed by Fong,!° 


15 P. Fong, Phys. Rev. 102, 434 (1956). 
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and refined by Newton'* and Cameron."’ In this model, 
statistical equilibrium is assumed at the time of scission, 
and the probability of fissioning into a particular mass 
distribution is determined by statistical weights alone. 

The third model proposed by Bohr'* and Wheeler,'° 
invokes the unified model and would say that certain 
constraints—A and m—are determined by saddle point 
considerations. The model has had considerable success 
with respect to angular distribution of fragments,!**! 
but without further assumptions does not provide a 
real theory of mass distributions. The model is con- 
sistent with almost any descent from the saddle— 
adiabatic, statistical, or impulsive—so long as the 
constraints are maintained. (This means K, since z is 
a “rigorously” good quantum number.) 

The quantity of interest is the ratio between the 
time from saddle to scission and a nucleonic (reduced) 
period. This is given by 


~ (Ad?/55E cou)}, 


where £,.11 is a mean collective kinetic energy in Mev 
and d is the relative distance in fermis, which the 
“fragment centers’ travel from saddle to scission. 
When this ratio is appreciably less than unity, impulsive 
tearing at the saddle is likely to take place. For the 
thermal fissioners around uranium, £011, which cannot 
exceed the total non-Coulomb energy available at 
scission, is <20 Mev. For d a few fermis, the ratio is 
greater than unity, but not by a large factor. 

Experimental indications are that, for low excitations 
at least, the kinetic energy is independent of excitation 
energy and probably small in magnitude at scission”; 
this is consistent with statistical equilibrium. 

Fairhall and Halpern®* have emphasized that the 
fissions occurring with symmetric or asymmetric mass 
distributions may behave as two distinct ‘‘modes,” 
with the symmetric mode increasing with energy more 
rapidly than the symmetric mode. In some light-heavy 
nuclei, such as radium, three distinct peaks in the 
mass distribution have been observed.” The relative 


16 T, D. Newton, Proceedings of the Symposium on the Physics of 
Fission, Chalk River Report CRP-642-A (unpublished) ; Atomic 
Energy of Canada Limited Report AECL-329, 1956 (unpublished), 
»: SH. 

17 A. G. W. Cameron, Proceedings of the Second United Nations 
International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1958 (United Nations, Geneva, 1959), P/198. 

18 A. Bohr, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 2, p. 151. 

19 L., Wilets and D. M. Chase, Phys. Rev. 103, 1296 (1956). 

207, Halpern and V. M. Strutinskii, Proceedings of the Second 
United Nations International Conference on the Peaceful Uses of 
Atomic Energy, Geneva, 1958 (United Nations, Geneva, 1959), 
P/1513. 

"1 J. J. Griffin, Bull. Am. Phys. Soc. 3, 337 (1958), and Phys. 
Rev. 116, 107 (1959). 

2 A comprehensive review of experimental results with theoreti 
cal interpretation is given by I. Halpern, Annual Review of Nuclear 
Science [Annual Reviews, Inc., Palo Alto (to be published) ], 
Vol. 59. 

A. Fairhall and I. Halpern, University of Washington, 
Seattle (private communication). 
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energy dependence of the two modes can be understood 
in a qualitative way if one is willing to assume that the 
saddle point favors equal distribution in mass between 
the undivided lobes, as the simple liquid drop model 
predicts, while at scission an asymmetric division is 
favored as far as phase space is concerned, as Fong 
predicts from shell structure considerations. At low 
energies, then, statistical equilibrium is expected to 
obtain for just the reasons given above. At higher 
energies, however, the collective motion may develop 
sufficient velocity to produce impulsive tearing soon 
after the symmetric saddle point is passed, with the 
result that symmetric fission obtains. 

A test of this interpretation of symmetric and 
asymmetric fission can be sought in the kinetic energies 
of the fragments. As stated above, low-energy (asym- 
metric) fissions probably possess small kinetic energy 
at scission, consistent with equilibrium. If symmetric 
fission originates in the nonstatistical tearing process, 
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the kinetic energy of such fragments should be consider- 
ably larger. This could be detected by separate measure- 
ment of the kinetic energies of the fragments from each 
mode, or by an examination of the mean kinetic energy 
when the relative intensities of the two modes are 
varying appreciably with excitation. These questions 
are currently being investigated by Nicholson and 
Halpern.”* 
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Cross sections and excitation functions have been determined 
for spallation and fission products from bombardments of Th** 
with helium ions (15 to 46 Mev) and U** with deuterons (9 to 
24 Mev). This work extends a series of investigations of charged 
particle (a, d, and p) induced reactions in heavy elements (Z > 88). 
Radiochemical methods were employed to isolate products 
corresponding to the following spallation reactions: neutron 
emission, (a,4n), (a,5n), (dn), (d,2n), and (d,3n) ; emission of one 
proton and neutrons (a,p), (a,pn), (a,p2n), and (a,p3n); and 
emission of two protons and neutrons, (a@,2p), (a,2pm), and 
(a,an), and (d,an). In addition, the following fission products were 
isolated from one or more bombardments: Zn”, Ge7’, As7’, 
Br®:83 Rb8*, Sr. V9 7795.97, Nb Mo” Ry!03.105.106 pqio9,112, 
Ag", Cd'5.15m,117 | [ist 133 Cg!36, Ba!s9,140 La, Celt 11 Nd"7, 
Eu'’, and Gd'®, 

The results show that fission is the predominant reaction at all 
energies for Th and to an even greater extent for U". The data 
for the surviving spallation products are consistent with several 
mechanisms of reaction, including compound-nucleus formation 
and evaporation, direct interactions between nucleons of the 
incoming helium ion or deuteron and nucleons of the nucleus, 
and a combination of these types of processes (direct interaction 
followed by evaporation). In general, the results confirm and 
extend previously established concepts. 

The neutron-emission spallation reactions as well as fission are 
best explained as proceeding through compound-nucleus forma- 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. It is based in part on the Ph.D. 
theses of Bruce M. Foreman, Jr., University of California, June, 
1958, and Walter M. Gibson, University of California, June, 
1957. One of us (W. M. G.) wishes to acknowledge the support 
of the U.S. Air Force Institute of Technology during this research. 


tion. The shapes and magnitudes of (a,4m), (d,2n), and (d,3n) 
excitation functions correlate well with a compound-nucleus 
treatment modified to include fission competition. According to 
this treatment, ratios of neutron to total-reaction level width, 
I’,/ 2; Ti, are 0.49 for U23*-283 [from Th®?(a,4n) ], 0.17 for Np*™-2% 
[from U*5(d,2n)], and 0.20 for Np*5*3 [from U*3(d,3n)]. In 
addition the total-reaction excitation functions (consisting mostly 
of the fission excitation functions) are consistent with theoretical 
cross sections for compound-nucleus formation calculated with 
a nuclear radius parameter r9= 1.5 10~" A}. 

The fission mass-yield curves are similar to those found for 
other heavy target isotopes (for elements from thorium to plu- 
tonium). The minimum in the curves in the region of mass 120 
tends to disappear as helium-ion or deuteron energy is increased. 

The (a,pxn), (a,2pxn), (a,an), (dyn), and (d,an) products are 
attributed to direct interactions, with complex particles emitted in 
preference to a series of protons and neutrons. Thus (a,d), (a,t), 
and (a,fn) mechanisms would account for most of the (a,pn), 
(a,p2n), and (a,p3n) products, respectively. In the case of the 
(a,t) and (a,in) reactions, analysis of the ratio o(a,tn)/o(a,t) leads 
one to the conclusion that with 35-Mev helium ions only 9% of 
outgoing tritons leave the residual nucleus with sufficient energy 
to evaporate a neutron or undergo fission, and with 44-Mev 
helium ions only 20% do so. The (d,n) product probably results 
from the stripping reaction. 


} Present address: Brookhaven National Laboratory, Upton, 
New York. 

t Present address: Bell Telephone Laboratories, Murray Hill, 
New Jersey. 

§ Present address: Stanford Research Institute, Menlo Park, 
California. 





SPALLATION-FISSION 


I. INTRODUCTION 


HIS paper extends a series of radiochemical in- 
vestigations of excitation functions for spallation 
and fission reactions induced in heavy elements (Z > 88) 
by medium-energy charged particles.’~® 
A number of studies'** in the medium-energy 
range (5 to 50 Mev) have involved compound systems" 
of high total charge (between Z=94 and Z=100), in 
which fission accounts for more than 90% of the total 
cross section observed. Other studies'*~!® have involved 
compound systems of lower total charge (Z<90), in 
which the percentage of the reactions proceeding by 
fission is small (<10%). This paper considers compound 
systems in an intermediate region, where the contri- 
bution from fission and spallation should be more 
nearly equal. Some investigations on fission'*** and 
spallation-** in this region have previously been 
reported. 


1 Glass, Carr, Cobble, and Seaborg, Phys. Rev. 104, 434 (1956). 

? Chetham-Strode, Choppin, and Harvey, Phys. Rev. 102, 747 
(1956). 

3 Harvey, Chetham-Strode, Ghiorso, Choppin, and Thompson, 
Phys. Rev. 104, 1315 (1956). 

4 Wade, Gonzalez-Vidal, Glass, and Seaborg, Phys. Rev. 107, 
1311 (1957). 

5 Vandenbosch, Thomas, 
Phys. Rev. 111, 1358 (1958). 

6 Sikkeland, Amiel, and Thompson (to be published). 

7E. Victor Luoma, University of California Radiation Labora- 
tory Report UCRL -3495, November, 1956 (unpublished). 

8A. Chetham-Strode, U niversity of California Radiation 
Laboratory Report UCRL-3322, June, 1956 (unpublished). 

® Joseph A. Coleman, University of California Radiation 
Laboratory Report UCRL-8186, February, 1958 (unpublished). 

10 Glen E. Gordon, University of California Radiation Labora- 
tory Report UCRL-8215, March, 1958 (unpublished). 

4 A compound system is considered to be a combination of an 
incident particle and a target nucleus, whether or not a compound 
nucleus is formed. 

12 Elmer L. Kelly, University of California Radiation Laboratory 
Report UCRL-1044, December, 1950 (unpublished) ; E. L. Kelley 
and E. Segré, Phys. Rev. 75, 999 (1949). 

13 W. John, Jr., Phys. Rev. 103, 704 (1956). 

4 A.W. Fairhall, Phys. Rev. 102, 1335 (1956). 

15R.C. Jensen and A. W. Fairhall, Bull. Am. Phys. Soc. 2, 378 
(1957). 

16 J. Jungerman and S. C. Wright, Phys. Rev. 
J. Jungerman, Phys. Rev. 79, 632 (1950). 

17 A. S. Newton, Phys. Rev. 75, 17 (1949) ; 
Rev. 75, 1209 (1949). 

18 Jones, Timnick, Paehler, and Handley, Phys. Rev. 99, 184 
(1955). 

19H. G. Hicks and R. S. Gilbert, Phys. Rev. 100, 1286 (1955) ; 
Stevenson, Hicks, Nervik, and Nethaway, Phys. Rev. 111, 886 
(1958). 

% Sugihara, Drevinsky, Troianello, and Alexander, Phys. Rev. 
108, 1264 (1957). 

21 J. M. Alexander and C. D. Coryell, Phys. Rev. 108, 1274 (1957). 

2H. A. Tewes and R. A. James, Phys. Rev. 88, 860 (1952); 
H. A. Tewes, Phys. Rev. 98, 25 (1955). 

2% Richard M. Lessler, University of California Radiation 
Laboratory Report UCRL-8439, October, 1958 (unpublished). 

*% Batzel, Crane, and Iddings, University of California Radia- 
tion Laboratory Report UCRL-1680, February, 1952 (un- 
published); W. W. T. Crane and G. M. Iddings, University of 
California Radiation Laboratory Reports, UCRL-1774, May, 
1952, UCRL-1903, August, 1952, UCRL-2043, December, 1952 
(unpublished). 

25 Louis M. Slater, University of California Radiation Labora- 
tory Report UCRL-2441, March, 1954 (unpublished). 

26 Meinke, Wick, and Seaborg, J. Inorg. Nuclear Chem. 3, 69 
(1956). 


Vandenbosch, Glass, and Seaborg, 


74, 150 (1948); 


A. S. Newton, Phys. 
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Both Th*” and U** provide a further opportunity for 
studying spallation products that survive the fission 
reaction, whether by successful competition in the 
compound-nucleus-evaporation chain or by avoiding 
the competition in direct interaction.! Thorium-232 
presents an ideal case for studying reactions of the 
(a,pan) and (a,2pxn) type,” which may contain 
contributions from (a,d), (a,t), (a,He*®) and other direct 
interactions. Uranium-233 presents a convenient case 
for the exploration of deuteron-induced reactions in 
the heavy-element region, for comparison with the 
large amount of data available from helium-ion- 
reactions. 

It is also of interest to compare the fission mass- 
yield distribution in this intermediate region®® with 
the results obtained for compound systems of higher 
Z':5.7 and those of lower Z.'4: 


II. EXPERIMENTAL PROCEDURES” 


Uniform 1-mil thorium metal foils were used for 
most of the thorium bombardments. A few of the 
thorium targets as well as all the U*® targets (96% U?%, 
3% U8, <1% U™*) were thin uniform deposits 
(~500 yg/cm*) of the hydrated thorium or uranium 
oxide electrodeposited! on aluminum. The amount of 
Th?® or U? was determined by alpha counting of the 
resulting thin deposits. For thorium, corrections were 
applied to account for the contribution from alpha- 
particle-emitting daughters of the Th?*.® 

The targets were bombarded in a_ water-cooled 
microtarget holder which also served as a Faraday cup 
for beam-intensity measurements.** The helium-ion 
beam (48.0-++0.5 Mev) or the deuteron beam (24.0+0.5 
Mev) of the Berkeley 60-inch cyclotron was used. 
Aluminum or platinum foils were used to degrade the 
helium-ion or deuteron beam to the desired energy.” 

For the thorium foil bombardments the large amounts 
of activity produced allowed separate aliquots of the 
dissolved target to be used for the various fractions 
analyzed. In the other cases the carriers and tracers 
were all present during the dissolution and a sequential 
separation was performed. For the thorium bombard- 

27 In each case the cross section indicated is the cross section for 
formation of a particular product nuclide. Therefore, except for 
special cases [such as (a,an), (dan) ] in which the reaction 
indicated is the only one energetically possible, the reactions 
indicated should be regarded as general and do not imply the order 
or arrangement of the emitted particles. For example, the indi- 
cated (a,p2n) reaction could contain contributions from the 
(a,p2n), (a,dn), and (a,t) reactions, since all lead to the same 
product. 

28 See also the fission-yield curves in references 17 through 20, 
22, and 23. 

% For details of the experimental procedures see references 30 
and 35. 

#® Bruce M. Foreman, Jr., University of California Radiation 
Laboratory Report UCRL-8223, April, 1958 (unpublished). 

31 For further details see Susanne E. Ritsema, University of 
California Radiation Laboratory Report UCRL-3266, January, 
1956 (unpublished). 

® The range-energy curves of Aron, Hoffman, and Willians 
were used: U. S. Atomic Energy Commission Report AECU-6631, 
May, 1951 (unpublished). 
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TABLE J. Spallation-product cross 


Reaction*® ( (a,5n) (a,p) (a,pn) 
Product Um 
Mode of decay a, E.C,. 8 


B 8 
Half-life 4.3 day 23.7 min 6.7 hr 27.0 day 1.31 day 
23.3¢ 


Threshold (Mev) 36.9 11.9 
Eq (Mev)4 


15.0-18.0 
19.9-22.4 
21.6-23.9 

25.5 (1 
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sections for Th**+ He‘ (millibarns). 


(a,p2n) (a,p3n) (a faze") 
2 1 


Pas Pa™®(UZ)! Paws Pa%? 


B 
23.3 min 
23.7¢ 


29.9¢ 





0.21 +0.02 0.11 +0.002 
0.21 +0.03 0.016 +0,03 0.11 40,06 
0.41 +0.05 0.020 +0,006 <0.14 


.14+0.2)¢ (<0.013)¢ 


25.9 0.31 +0.05 


3 +0.4)¢ 


<2.1 
28.1 1.14+0.4 0.61 +0.20 3.3 +0.4 0.16 +0.08 0.54+0.27 
28.9 0.008 (6.21 +1.3) 
29.1 (0.94 +0.6)¢ +0.2)¢ 


29.9 0.64 +0.21 

31.8 +0.06 3.4 +0.6 
(8.1 +4.0) 

33.4 ‘ +0.1 

33.7 1240.01 


% 


36.9 
37.7 
37.7 
37.8 


Co 


41.0 
41.6 
42.2 
45.4 
45.9 
45.9 
45.9 
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« See reference 27. 

b Only one isomer determined; UXze yields not measured. 

¢ Thresholds for reactions in which d, t, or He are emitted are lower than 
4 All energy values are uncertain by 0.5 Mev. A range of energies indicat 


+0.02 
+0.1 0.055 +0.028 0.62 +0.31 


+0.15)¢ <0.01 

+0.05 <0.08 2.9 +1.1 
<0,2 

+0.2 0.36 +0.19 
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those listed by approximately 2.2, 8.7, and 7.7 Mev, respectively. 
es a foil target; a single energy, an electroplated target. 


¢ This cross section was measured through the use of a preliminary protactinium chemistry which did not include the anion-exchange column elution. 


It is consequently considered unreliable and is therefore not shown in Fig. 


ments the protactinium fraction was purified by 
extraction with diisopropyl ketone (DIPK) and elution 
on an anion-exchange column.” The thorium fraction 
was extracted into thenoyltrifluoroacetone (TTA), re- 
extracted into 3M HNOs, precipitated as the iodate, 
dissolved and passed through an anion-exchange 
column. The uranium fraction was purified by an 
anion-exchange-column elution. For the U?* bombard- 
ments the chemical separation of the neptunium 
fraction was essentially that described by Vandenbosch 
et al.* The protactinium fraction was separated from the 
neptunium by carrying neptunium (IV) fluoride on 
LaF;. The protactinium was purified further by 
extraction into DIPK from hydrochloric acid solution. 

The fission products were purified by techniques 


TABLE IT. Spallation-product cross sections 
for U*8+d (millibarns). 


Reaction d,n) (d,2n) (d,3n) (d,an) 
Product Np™ N p33 Np Pa 
Mode of decay tice A. a. 8% Bb, 
02% E.C. 

Half-life 4 g 35 min 13 min 17.7 day 
Proportional-counter 342 80 +20 80 +20 

efficiency used* 
rhreshold (Mev) 
Deuteron energy 

(Mev)* 


0.08 +0.03 
0.10 +0.04 
0.91 +0.36 


1.86 +0.74 


* Value for Np™ measured; others were estimated. 
> All energy values are uncertain by 0.5 Mev. 


adopted from those described by Meinke* and 
Lindner.* 

The counting rates of alpha-particle-emitting spalla- 
tion products were measured by use of a multichannel 
alpha-pulse-height analyzer. The counting rates of 
spallation products which decay by orbital electron 
capture were determined with a methane-flow window- 
less proportional counter. The counting efficiency of 
this counter for Np** was measured as 6342% by 
milking the daughter U** and determining its alpha- 
disintegration rate. The counting efficiencies for Np** 
and Np” were estimated to be 80+20%.°* The 
counting rates of the protactinium, thorium, and 
fission-product samples were determined by using 
end-window “Amperex” Geiger counter tubes. Ap- 
propriate correction factors*** were applied to obtain 
disintegration rates from the measured counting rates. 


III. RESULTS 
A. Spallation 


The measured spallation cross sections”’ for helium- 
ion-induced reactions in Th?” are listed in Table I. 
The limits of error are estimated. The excitation 
functions constructed from these data are shown in 
Figs. 1 and 2. 


33W. Wayne Meinke, University of California Radiation 
Laboratory Report UCRL-432, August, 1949 (unpublished). 

% Manfred Lindner, University of California Radiation Labora- 
tory Report UCRL-4377, August, 1954 (unpublished). 

86 Walter M. Gibson, University of California Radiation Labora- 
tory Report UCRL-3493, November, 1956 (unpublished). 





SPALLATION-FISSION COMPETITION IN 


HIGH-Z 


385 


REACTIONS 





232 (a, p) 


(mb) 


Fic. 1. Spallation exci- 


T 


(a,pn) 








tation functions for the 





(a,pxn) products of Th? 
+ He’. All curves shown are 
empirical. Only one (a,pn) 
product isomer was 
measured. 


Cross section 





| 
| 
| 
| 














The cross sections for the spallation reactions induced 
in U*% by deuterons are listed in Table II. The cross 
sections for the (d,am) reaction are based on a value of 
8% for the B~ branching of Pa®®,?* and were determined 
by observing the growth and decay of U*” in the 
protactinium fraction. The quoted limits of error in 
the spallation cross sections do not include uncertainties 
in the counting efficiencies used. The U** excitation 
functions are shown in Fig. 3. 
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B. Fission 


The measured cross sections for the formation of 
various nuclides in helium-ion-induced fission of Th? 
are listed in Table III. Once again the limits of error 
are estimated. These cross sections were increased by a 
small amount to account for the mass-chain yields not 
represented by the measured fission product®’ (because 
of products of higher atomic number which do not 
decay to the observed fission product), in order to 
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Fic. 2. Spallation excitation functions for the (a,4n), (a,an) and (a,2pn) products of Th*+ Het. The solid 
curve is theoretical; the dashed curves are empirical. 


36 Peter R. Gray, University of California Radiation Laboratory Report UCRL-3104, August, 1955 (unpublished). 

37 To establish a basis for this correction, Gibson® analyzed available primary-yield information to obtain an empirical curve 
showing percent of mass yield vs charge displacement of (Z) from the most probable charge (Z,) for the mass number. Both 
equal-charge-displacement and constant-charge-to-mass-number-ratio concepts were used to determine Z,, with a slightly better 


fit resulting from the latter assumption. 
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Fic. 3. Spallation excitation functions for U-+d. The solid 
curves are theoretical; the dashed curves are empirical. 


obtain total fission yields for each mass number (also 
given in Table III). 

The fission mass-yield curves for Th?” are shown in 
Fig. 4. Complementary fission-product cross sections 
were obtained by assuming that the average number 
of neutrons, v, emitted per fission is an integral number 
near the value given by the empirical formula*®* 


b= 2+E../8, 


where F,x is the excitation energy of the compound 
nucleus. 

The total fission cross sections indicated in Table III 
were obtained by summation under the smooth fission 
mass-yield curves of Fig. 4. 

The measured and corrected fission-product cross 
sections for U** are listed in Table IV and shown in 
Fig. 5. Very fast chemical procedures were required to 
separate and characterize the short-lived neptunium 
isotopes produced in the bombardments, particularly 
at the highest energies. Consequently, some of the 
fission-product decay chains were broken before 
sufficient time had elapsed for all the short-lived 
predecessors of some of the fission products to decay. 
Corrections for this effect were applied where possible. 
The limits of error are estimated to be about 20 to 30%. 

IV. DISCUSSION 


Previous studies'~* of spallation-fission competition 
in the heaviest elements have indicated that the (a,2n), 
(a,3n), and (a,4m) reaction products arise principally 
from de-excitation of the compound nucleus and are 
drastically reduced by the competition of the fission 
reaction, while certain other reactions such as the 
(a,p2n) appear to be due to non-compound-nucleus 
processes and are relatively unaffected by fission 
competition. The results of this study are discussed 
in terms of the same general concepts. 


38 T. Darrah Thomas, University of California Radiation 
Laboratory Report UCRL-3791, July, 1957 (unpublished). 
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A. Compound-Nucleus Spallation Reactions 


The general features of the excitation functions for 
the reactions involving only neutron emission 
are similar to those noted for other heavy ele- 
ments.! 3,5—10 ,22—26 

Let us first consider the shape of the excitation 
functions for reactions involving only neutron emission. 
The theoretical curves (solid lines), on the graphs of 
the excitation functions for the (a,4”) reaction on 
Th?” in Fig. 2 and the (d,n), (d,2nm), and (d,3n) re- 
actions on U** in Fig. 3 were calculated according to 
the modified Jackson compound-nucleus model de- 
scribed by Vandenbosch e/ al.° using a nuclear tempera- 
ture of 1.35 Mev (in agreement with previous studies).° 
The good fit of the shape (the normalization is discussed 
below) of the theoretical curves to the experimentally 
determined excitation functions for the (a,4n) and the 
(d,3n) reactions indicates that these reactions proceed 
by a compound-nucleus mechanism. The excitation 
function for the (d,2m) reaction indicates that in the 
region of maximum cross section the reaction proceeds 
predominantly by a compound-nucleus mechanism. At 
higher energies an increasing direct-interaction contri- 























Fic. 4. Fission mass-yield curves for Th*-+ He‘, Points: O, 
corrected cross sections; @, cross sections for complementary 
(reflected) fission products obtained with the assumption of 3 to 
7 neutrons emitted [15.6-19.6 Mev (3), 25.7-28.9 Mev (4), 
34.9-37.7 Mev (6), 43.4-45.9 Mev (7) ]. 
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TABLE IV. Fission cross sections for U**+d (millibarns).* 


Deuteron energy (Mev) 


15.4 23.4 


9.0 12.1 14.0 19.6 21.5 


Isotope 


Sr® 
Sr%! 
Zr** 
Zr9 
Ru 
Pd'™ 
Pdi 
Cds 
Cdisme 


o meas. o Mass 


4.59 
3.90 
6.45 
4.59 
5.03 


Cd™54 Cqusm 


Cd" 
Ba'® 
Ba'® 
Nd!47 
Eu? 


4.64 
4.01 
6.55 
4.80 
5.11 


o meas. @ mass 


14.6 
23.8 


26.8 


o meas. 


18.9 
18.7 
44.8 
39.3 


@ mass @o meas. @o mass 
26.7 
32.0 


26.4 
31.0 


19.1 
19.2 
45.6 
41.1 


“RNR 
S 


o meas. 


46.5 
36.9 
58.5 
49.8 


44.0 
5.58 
49.6 
41.8 
49.2 
37.5 


og mass 


@o meas. 
34.6 
52.5 
61.6 
61.8 


46.7 
52.9 
47. 


5 
50. 
46.5 
3 


o mass 
35.1 
54.6 
63.0 
66.0 


o meas, 


63.9 
4.8 
68.7 
59.0 
34.0 
31.5 
122 
0.76 
0.54 


@o mass 


65.7 
4.9 
70.6 
63.5 
45.3 
47.0 
13.3 
1.03 
0.70 


Gd 
Total fission 
cross section 


125+34 605+ 163 8574231 


® +20 to 30%. b +0.5 Mev. ¢ Upper limit. 
bution is suggested by the fact that the observed cross 
sections are higher than calculated. 

The very large reduction in the magnitude of the cross 
sections for the (a,4n), (d,2n), and (d,3n) reactions 
observed in this study, as compared with the cross 
sections for heavy nuclei that are nonfissionable,'*:" 
shows the effect of fission competition and also suggests 
that these reactions proceed primarily by compound- 
nucleus de-excitation. The magnitude of the maximum 
cross section for (a,4) reactions on various nuclides 
has been used as a sensitive measure of the fissionability 
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Fic. 5. Fission mass-yield curves for U**+d. Points: O, 
corrected cross sections; @, cross sections for complementary 
fission products obtained with the assumption of 3 to 5 neutrons 
emitted [9.0 Mev (3), 12.1 Mev (3), 14.0 Mev (3), 15.4 Mev (4), 
19.6 Mev (4), 21.5 Mev (5), 23.4 Mev (5) ]. 


1093+ 295 1502+406 1687+456 1861+503 


of those nuclides.” In order to determine quantitatively 
the degree of fission competition we define (following 
Vandenbosch ef al.*) the neutron branching ratio G, as 


Gr=Ir n a ry, 


where I’, is the probability (level width) for neutron 
emission and )°;I; contains terms for all possible 
modes of decay for the compound nucleus. In practice 
>; I; is assumed to contain only Tl’, and I’; terms, where 
I’; is the level width for fission. A geometric mean value 
G,, is obtained from the normalization factor necessary 
to fit the magnitude of the theoretical curves based on 
the modified Jackson model® to the experimental cross 
sections. The values of G, used to normalize the 
(a,4n), (d,2n), and (d,3n) curves are 0.49, 0.17, and 
0.20, respectively.” Within the limits of experimental 
error, the average neutron-branching ratios of the 
neptunium and uranium isotopes produced as inter- 
mediates in this study are consistent with the considera- 
tions of Vandenbosch and Seaborg.® 


B. Fission 


Figures 6 and 7 show the total fission yields from 
helium-ion reactions on Th? and deuteron reactions 
on U**, These were determined by summing under the 
curves of Figs. 4 and 5. The dashed lines above the 
points represent the total cross sections and include 
the measured and estimated" spallation cross sections 
in addition to the measured fission cross sections. 

8 R. Vandenbosch and G. T. Seaborg, Phys. Rev. 110, 507 
(1958). 

For the (d,2m) and (d,3m) reactions this normalization is 
based on an assumed counting efficiency which may be in error 
by 20 to 30%. For this reason care should be exercised in inter- 
preting the neutron branching ratios obtained for these two 
cases. 

41 For Th” the cross sections for the (a,2n), (a,3n), and (a,5n) 
reactions were estimated from the modified Jackson compound- 
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Fic. 6. Total reaction excitation function for Th*+He'. 
Diamonds represent total fission cross section and dashed bars 
(above diamonds) represent empirical total reaction cross sections. 
The dashed curve represents ionization-chamber measurements of 
total fission cross section from reference 16. The solid curves are 
theoretical. 


The solid curves in Figs. 6 and 7 show the theoretical 
compound-nucleus-formation cross sections of Blatt 
and Weisskopf® (in Fig. 6) and Shapiro* (in Fig. 7) 
for nuclear radius parameters rop=1.3X10-' cm and 
ro=1.5X10-" cm, where the nuclear radius is given 
by R=rA!. It can be seen that the best fit to the 
experimental data is given in both cases by ro~1.5 
X10-% cm. This is in agreement with the results of 
studies on heavier nuclides.':*** For deuterons on U*% 
the experimental points at the lower energies fall above 
the theoretical curves. This is well outside the experi- 
mental error, and is not noted in cases in which helium 
nuclei are the incident particles. This deviation is 
probably due to the contribution from (d,p) strip- 
ping”’!.?5 followed by fission at the lower energies. 

Although the compound systems studied here are 
intermediate between the very heavy region, where 
fission is predominent, and the lighter region, where 
fission is a minor contributor, it is apparent from Figs. 
6 and 7 that fission still accounts for most of the 
geometric cross section. In fact, for deuterons on U% 
the fission branching ratio (I'y/f1—G,) is even 
higher than for some heavier nuclides.’ In thorium 
nucleus model (see reference 5), using G, values estimated from 
reference 39 along with the G, value obtained from the measured 
excitation function for the (a,4n) reaction. 

#1. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 


(John Wiley & Sons, Inc., New York, 1952), p. 352. 
’ M. M. Shapiro, Phys. Rev. 90, 171 (1953). 
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Fic. 7. Total reaction excitation function for U2*+d. Diamonds 
represent total fission cross sections and dashed bars (above 
diamonds) represent empirical total reaction cross sections. The 
solid curves are theoretical. 


the average fission branching ratio is lower than 
observed for most heavier nuclides by about 0.2. 
Even here, however, fission accounts for most of the 
total cross section. 

The fission mass-yield curves from this study show 
the same general trends as were observed in helium-ion 
bombardments on uranium® and plutonium isotopes.! 
Predominantly asymmetric fission occurs at the lowest 
energies and the degree of asymmetry decreases rapidly 
as the energy of the incident particle is increased. The 
asymmetry characteristics of U** fission are similar to 
those of many of the heavier nuclides.':>** It is perhaps 
significant that Th?*, on the other hand 
able nuclide—appears to undergo more asymmetric 
fission for a given excitation energy. The fission-yield 
curves in Fig. 4 are similar in shape to those found by 
Newton" for 38.5-Mev helium-ion bombardment of 
Th?®, but the cross sections are higher (for comparable 
energies) by a factor of about two. However, Newton’s 
measurement of the cyclotron current was probably 
uncertain by a factor of at least two. No indication 
of the usual characteristics noted for the fission mass- 
yield curves of Ra®**'!® and Bi? was apparent in these 
studies, but it should be noted that the sensitivity of 
the measurements is not high, since the determination 


a less fission- 


of detailed fission yields was not a primary aim of these 


experiments. 


“A. S. Newton, Lawrence Radiation Laboratory (private 
communication, 1958). 
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C. Direct Interactions 


High-energy nuclear reactions are generally inter- 
preted in terms of a two-stage process in which the 
first stage is a ‘‘cascade” involving direct interactions 
between the incoming particle and individual particles 
in the nucleus. The second stage consists of evaporation 
of nucleons from the residual nucleus in a manner similar 
to that of a compound-nucleus reaction. It is of interest 
to examine the question whether a two-step process of 
this sort can occur in the energy region considered here. 
Previous papers in the present series have already 
given considerable evidence that both direct-interaction 
and evaporation processes do indeed take place. 

The fact that cross sections for the (a,2p) reaction 
on Th*® are extremely small below 50 Mev leads one to 
hypothesize that direct interactions in which two 
particles of any type are emitted do not occur with 
appreciable probability. This is consistent with Monte 
Carlo calculations, which indicate that below about 
100-Mev absolute values of the cross sections for 
multiple-particle cascades are small,‘* while direct 
interactions in which only one particle is ejected have 
appreciable probability. These Monte Carlo calcu- 
lations were done on the basis of protons impinging 
on U**, but the systems studied in the work reported 
herein should behave similarly so far as general trends 
are concerned. 

The mechanism for emission of charged particles is 
probably a cascade or direct ejection and not evapora- 
tion of protons (or other charged particles). This is 
suggested by comparing the cross sections for reactions 
involving charged-particle emission with the cross 
sections for reactions involving only neutron emission. 
In particular the excitation function for the (a,p) 
reaction (in Fig. 1) is comparable to that calculated for 
the (a,#) reaction (on the basis of the modified Jackson 
model mentioned above®) below 25 Mev, and much 
greater above 25 Mev. If the proton were evaporated 


o*(a,p) for EatQ(a,p)<£,, 


a(a,p) = + 


EatQ(a,p) 
o(a,pn) =o*(a,p)Ga! f N(E,)P(Eex!,1)dEox! +: 


By! 


Eat+Q(a,p) 


o(a,p2n) = Hap)GiGe f 


Bo»! 


GLASS, 


rom 


N(E,)P(Eex!,2)dEcx!+0* (a,d)G x2 f 


AND SEABORG 

from a compound nucleus the cross section for the 
(a,p) reaction would be affected by the Coulomb 
barrier and would be much smaller than the cross 
section for the (a,m) reaction over the entire energy 
range. We may therefore reasonably assume that the 
(a,pxn) reactions observed in this work proceed by 
single-particle ejections followed (in some cases) by 
evaporation of neutrons. 

The observed yield of the (a,p2n) product can be 
explained by the ejection of tritons.‘ However, as will 
be shown later, a small contribution from (a,dn) 
reactions at the highest energies is probable. 

Most of the (@,pm) reaction probably proceeds by 
deuteron ejection, which leaves the nucleus with 
insufficient energy either to emit a neutron or to 
undergo fission. This conclusion is based on the fact 
that yields for the (@,pm) reaction change gradually 
from one element to another“ without any discontinuity 
between the heavy-element region in which fission is 
the predominant reaction and the slightly lower region 
where fission is not important. If the mechanism were 
largely proton emission followed by neutron evapora- 
tion, the cross sections for the (a,pm) reaction would 
decrease suddenly where fission begins to compete 
favorably with evaporation. The decrease in the 
excitation function for formation of the (@,pn) product 
at the highest energies indicates that some of the 
residual nuclei from deuteron emission are highly 
enough excited to be removed by fission or by evapora- 
tion of a neutron. With neutron evaporation this 
process would make some small contribution to the 
observed cross section for formation of the (a,p2m) 
reaction product. 

If the (a,pxn) products result from mechanisms in 
which a proton, deuteron, or triton is ejected followed 
by neutron evaporation, the following general expres- 
sions for the cross sections hold (in which the super- 
scripts 1, 2, and 3 designate the nuclides Pa***, Pa, 
and Pa*, respectively, for the Th-+-a reactions) : 


(1) 


Ea! 
o*(a,p) f N(Ep)dEcx! for Ea+Q(a,p)> Ea; 


for E.+Q(a,d)<B,?’, 


Br? 
lor ad) | N(EadE.x? for E.tQ(a,d)>B,?; 
\ 0 


Eat+Q(a,d) 

N (Eq) P(Eex?,1) dE? 
B,? 
o*(a,) for E.tQ(a,l)<E,’, 


+ Bot 
o*(a,!) f N(E,)dEx* for Fet+Q(a,)>E2; 
0 


* Metropolis, Bivins, Storm, Turkevitch, Miller, and Friedlander, Phys. Rev. 110, 185 (1958). 


46 Silva, Harvey, and Wade, Bull. Am. Phys. Soc. 2, 385 (1957). 
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EatQ(a,p) 
o(a,p3n) =0*(a GGG. f 


B3n' 


where o* (a,p), o*(a,d), and o*(a,t) are the cross sections 
for the primary ejection of protons, deuterons, and 
tritons, respectively, and where £,x‘ is the excitation 
energy of the residual nucleus Pa™**-‘ after the cascade, 
E,* is the activation energy for fission® of Pa‘, 
N(E,), N(Ea), and N(E;,) are the probabilities that 
the protons, deuterons, and tritons, respectively, will be 
emitted with energy E (normalized so that /o>#«+@NdE.x 
=1), E,=E.tQ(a,p)—Eex', Ea=EatQ(a,d)— Ecx’, 
E.= Ext QO(a,t)—E.x*, Bjn‘ is the binding energy of the 
last 7 neutrons in Pa™**, G,* is the ratio T',/T, for 
Pa*8&-* (assumed independent of excitation energy), 
P(E.x‘,j) is the probability of evaporating exactly 7 
neutrons from a Pa*** nucleus with initial excitation 
energy E.x'[P(E.x‘,j) can be calculated by the modified 
Jackson method*’?], Q(a,p)=—11.7 Mev,** Q(a,d) 
=—15.5 Mev,"* Q(a,t)=—14.4 Mev,"* and £, is the 
energy of the incident helium ion in the center-of-mass 
system. 

In order to compare these expressions rigorously 
with experimental data, we need, but do not have, 
information on the cross sections for the primary 
ejection processes and the spectra of outgoing particles. 
However, some information on the energy spectra of 
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Fic. 8. Experimental ratio of the cross section for the (a,tm) re- 
action to that for the (a,t) reaction for Th*?+ Het. 

47 J. D. Jackson, Can. J. Phys. 34, 767 (1956). 

48 B. M. Foreman and G. T. Seaborg, J. Inorg. Nuclear Chem. 

7, 305 (1958). 
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EatQ(a,d) 
N (Ey) P (Eex!,3)dEex'!+0* (a,d)G"G,* f N (Ea) P (Eex’,2)d Ex" 
B2n? 


EatQ (a, t) 


+ot(aiGe f 
B a 


n 


N(E,)P(Eex',1)dEcx’, (4) 





ejected tritons can be obtained by the use of Eqs. (3) 
and (4) with the following approximations: 

(a) Contributions to the observed cross section for 
the (a,p2m) product from sources other than direct 
triton ejection can be neglected. The results of Wade 
et al.‘ support this assumption. 

(b) The observed yield for the (a,p3n) product is 
due almost entirely to triton ejection followed by 
neutron evaporation. This is consistent with assumption 
(a). Furthermore, the only other process that could 
contribute appreciably to the observed yield for this 
reaction is the (a,d2n) reaction, whose yield is even 
more drastically reduced by fission competition than 
is that of the (a,t) process. 

(c) The function P(£.x*,1) can be approximated by 
a constant value, independent of energy, over a fixed 
range of excitation energy. That this is a reasonably 
good approximation can be seen from Jackson’s graph 
of a similar function.” 

With the above approximations, in the region where 
the (a,{m) reaction is energetically permitted, we may 
write Eqs. (3) and (4) as follows: 


(3’) 


E,° 
a(a,l)= ota) [ N(E, dE.x', 
0 


Eat Q(a,t) 
a(a,tn) = o(a)P f 
Br? 


where F is a combination of G,’ and the constant 
P(E.x3,1) assumed above. Its numerical value (based 
on the branching-ratio systematics of Lessler*’), is 
(0.65. Combining Eqs. (3’) and (4’) we obtain” 


o(a,tn) Eat+Q (a, t) E, 
—_= 0.65 [ N(E deat | f N(E,dE.x'. 
a(a,t) Br} 0 


(3) 


N(E)dEx3, (4) 


The N (£;) function in Eq. (5) represents the emitted 
triton spectrum and together the integrals include 
nearly all tritons emitted. The integral in the numerator 
corresponds to all reactions in which lower energy 
tritons are emitted (allowing emission of a neutron) 
while the integral in the denominator corresponds to 
reactions in which higher energy tritons are emitted 
(preventing both fission and neutron emission). 
Measurement of the a(a,tn)/a(a,t) ratio therefore allows 
one to calculate the fraction of the emitted tritons 


4 Those tritons emitted with energy such that the residual 
nucleus is left with E.3< E.x3<B,', ie., 5.7<Eex8<6.5, are not 
included by the integrals. 
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which are of low enough energy that the residual 
nucleus is left with sufficient excitation energy to 
evaporate a neutron. The experimental values of 
a(a,tn)/o(a,t) taken from the smooth curves of Fig. 1 
are shown in Fig. 8. From Fig. 8 and Eq. (5) we calcu- 
late that at 35 Mev about 9% of the outgoing tritons 
are of sufficiently low energy that the residual nucleus 
is left with more than 6.5 Mev of excitation energy 
(i.e., triton energy <13.9 Mev), while at 44 Mev about 
20% of the emerging tritons leave the nucleus with 
more than 6.5 Mev of excitation energy (triton energy 
<22 Mev). 

Since the cross sections for the (a,2p) reaction are 
very small below 46 Mev, the cross section for the 
emission of two protons and a neutron is probably also 
very small. Thus the only plausible mechanism for the 
formation of the observed (a,2pn) product is direct 
emission of a He® nucleus. Possibly the mechanism for 
this reaction, as well as the (a,/) reaction, is one in which 
a single nucleon is stripped from the incident helium 
nucleus. 

The (a,an) reaction™ can be described by a mecha- 
nism involving inelastic scattering of the incident 
helium ion followed by neutron evaporation. It can also 
be described as a collision between the incident helium 
ion and a neutron, after which both escape from the 
nucleus. The latter process would be unique in this 
energy range (<50 Mev), since it involves direct 
emission of more than one particle. A determination of 
the excitation function for the (a,ap) reaction would 
help to differentiate between the two possible mecha- 
nisms noted above. The cross sections for the (d,m) 
product (Fig. 3) are higher than those for the (d,2n) 
product over the entire energy range studied. This is the 


In this case we can be somewhat more exact about the 
reaction involved since the (a,2p3m) reaction is not energetically 
possible. 
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first time that this has been observed and illustrates 
in a striking manner both the fissionability of the 
Np**** compound system and the fact that the (d,n) 
reaction has little contribution from compound-nucleus 
processes. The magnitude of the compound-nucleus 
contribution is indicated by the theoretical curve of 
Fig. 3. The observed cross section is probably due 
almost entirely to a stripping mechanism which leaves 
the nucleus with insufficient energy to emit a neutron 
or to undergo fission. The shape and magnitude of the 
excitation function for this reaction are similar to those 
observed for the heaviest nonfissionable nuclides and 
to those predicted by Peaslee for a stripping reaction.” 
The high cross sections for the (d,2m) reaction at the 
highest energies studied (Fig. 3) are probably due to 
(d,n) stripping followed by evaporation of one neutron. 
The mechanism for the (d,am) reaction on U** is not 
clear. The most plausible mechanism is an ejection of 
an alpha particle followed by evaporation of a neutron. 
The ejection may take place either through pickup of a 
neutron and a proton by the incident deuteron or by 
“knock-on” of an alpha particle with capture of the 
incident deuteron by the residual nucleus. Some 
support for the proposed double pickup process comes 
from the measurement of sizable cross sections for the 
(p,t) reaction or heavy nuclides by Wade et al.4 
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The nuclear spin, the magnetic dipole, and the electric quadrupole interaction constants have been 
measured for 35-hr bromine-82 by the method of atomic beams. The results are /=5, |a| =205.04+0.05 
Mc/sec, |b| =870.7+0.9 Mc/sec, and b/a= —4.246+0.001. 

The nuclear magnetic and electric quadrupole moments obtained from these values of a and b are |p! 
= 1.6264+0.0005 nm, and |Q| =0.76+0.03 barn. While only the relative sign of » and Q is determined, 
both uw and Q are almost certainly positive. A new method for solving the interaction Hamiltonian with 
magnetic field, for arbitrary 7 and J, by using an IBM 650 computer, is described. 


INTRODUCTION 


HIS paper reports the results of a measurement 

by the method of atomic beams of the spin and 
hyperfine-interaction constants of bromine-82. The 
measured hyperfine constants have been used to calcu- 
late the nuclear magnetic dipole and electric quadrupole 
moments of bromine-82. The work reported here is 
part of a continuing program whose aim is the deter- 
mination of the nuclear spins and moments of those 
radioactive halogens amenable to study by the method 
of atomic beams. 

The measurement of the nuclear spins of odd-odd 
isotopes is of interest, for such spins are not, in general, 
predictable with certainty by any nuclear model. In 
addition a direct determination of the ground-state 
spin of a radioactive nucleus is useful in checking the 
spin assignments to ground and intermediate states 
made by the methods of nuclear spectroscopy. A deter- 
mination of the moments of a series of isotopes where 
one of the nuclear parameters (in this case the charge) 
is held constant should aid understanding of the reasons 
for the deviations of these quantities from the values 
predicted by different nuclear models. 


1. METHOD 


The method employed in this experiment is the 
atomic-beams ‘“‘flop-in” technique due to Zacharias.! 
This method has been extensively used in recent years 
for the study of radioactive species and has been 
adequately described in recent review articles.?2* The 
electronic ground state of bromine atoms is ?P;, and 
with this configuration there are two “flop-in” transi- 
tions observable at low field, with normal ordering of 
the hyperfine levels. These transitions are labeled a and 
G in the energy-level diagram of Fig. 1, and observation 
of one or both of these transitions at two or three known 
low magnetic fields is usually sufficient to establish the 

t This work was done under the auspices of the U. S. Atomic 
Energy Commission and the Air Force Office of Scientific Research. 

* At present in the Miller Institute for Basic Research in 
Science, University of California, Berkeley, California. 

1 J. R. Zacharias, Phys. Rev. 61, 270 (1942). 

2W. A. Nierenberg, Annual Review of Nuclear Science (Annual 


Reviews, Inc., Stanford, California, 1957), Vol. 7, p. 349. 
3K. F. Smith, Progr. in Nuclear Phys. 6, 52 (1957). 


spin. A detailed description of the method used to 
determine the spins of ?P?; ground-state atoms has been 
given elsewhere‘ and need not be reproduced here. 

In order to appreciate the method used to determine 
the hyperfine-interaction constants it is necessary to 
examine the Hamiltonian of the interaction between 
the electrons and nucleus in the presence of an external 
magnetic field H. This Hamiltonian can be written as°® 


H=al-J+60.,— gs -H—giuol-H, (1) 
also 


(I-J)=3[F(F4+1)—J(J+1)—1 (+1) ], 
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Fic. 1. Hyperfine-structure levels of bromine-82 as a function 
of magnetic field, calculated by using an IBM 650 computer and 
the program described in the text. The value of b/a used is —4.24. 
The magnetic field p is in units of gy(uoll/ha). 

‘Garvin, Green, and Lipworth, Phys. Rev. 111, 534 (1958). 

5N. F. Ramsey, Molecular Beams (Oxford University Press, 
London, 1956), Chap. 9. 
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3(1-J)?+3(1-J)-—1+1)J (J +1) 
Qop=—— ae 


2211) (2-1) 


where F= I+-J. The above Hamiltonian does not include 
octupole and higher-order interactions or any terms 
due to nuclear structure effects, and it also presupposes 
negligible perturbation by the upper state of the fine 
structure (?P;) and negligible configuration interaction. 
Here a and 6 are, respectively, the nuclear-magnetic- 
dipole and electric-quadrupole interaction constants. 
The effective electronic and nuclear magnetic moments 
have been defined as +g yu0J and +gzol, respectively. 
With this notation, and with the fact taken into account 
that the valence-electronic configuration is 4p° (i.e., 
closed shell minus one), the constants a and 8 are related 
to the nuclear gyromagnetic ratio g; and nuclear quad- 
rupole moment ( by the expressions®:’ 


wo? 2L(L+1) 
7 gid — 
Ite 


—(1/r*), (2a) 


a= 


(2b) 


Here § and & are relativistic correction factors; for 
bromine $= 1.0261 and R= 1.0535.* The nuclear gyro- 
magnetic ratio g, is related to the nuclear moment u by 
gi=(m/M)(u/T), uw being expressed in nuclear mag- 
netons; m and M are the electron mass and proton 
mass, respectively; other symbols have their common 
meanings. 

In order to determine uw and Q it is necessary to 
determine a, b, and (1/r*); a and 6 can be expressed in 
terms of the zero-field hfs separations by solving the 
Hamiltonian (1) with H set equal to zero. 

For bromine-82, 7=5,° and we have 


Av(13/2,11/2) = (13/2)a+ (351/540), 
Av(11/2,9/2) = (11/2)a— (99/540)b; 


(1/r*) can be obtained from the known moments of the 
stable isotopes. 

When one is dealing with a stable isotopic species it 
may weil be that some information is available from 
optical spectroscopy on the magnitudes of the zero- 
field hfs splittings, and it may be feasible to make an 

®H. B. G. Casimir, On the Interaction Between Atomic Nuclei and 
Electrons (Teylers Tweede Genootschap, Haarlem, 1936), pp. 57 
and 58. 

7 Davis, Feld, Zabel, and Zacharias, Phys. Rev. 76, 1076 (1949). 
Note that the difference in sign between the or for a and 
b above and those in reference 7 is due to our having defined the 
electronic and nuclear moments as +g yoJ and +g ol. Usually a 
minus sign is placed in front of each term, but the definition used 
here seems preferable because it is logical. 

®H. Kopfermann, Nuclear Moments (Academic Press, Inc., 
New York, 1958), pp. 445 and 448. 

® This value of J=5 has been reported earlier: Garvin, Green, 


and Lipworth, Bull. Am. Phys. Soc. 2, 344 (1957). 
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immediate search for the AF=+1 transitions. Unfor- 
tunately, this is rarely possible for short-lived radio- 
active isotopes, where the paucity of material is an 
additional complication. The procedure adopted here 
to determine a and 3 is as follows: 

A search is made for the two flop-in transitions a 
and @ at a field high enough so that an appreciable shift 
of the resonance centers from the linear prediction is 
induced, but low enough that the search problem is 
manageable. A perturbation solution of the Hamiltonian 
(1) is made to second or third order and approximate 
values of the constants a and 6b are calculated. These 
values of a and 6 are used to predict the positions of the 
two resonances at a higher field, where the deviations 
of the levels from linearity are larger still. Once the 
resonances have been observed at the new field more 
precise values of a and 6b can be estimated and the 
procedure continued. Obviously some judgment must 
be exercised in the choice of the field increment. One 
would like to make as large a step as possible, but the 
size of the step must depend on the precision with which 
the new resonance positions can be calculated. Thus the 
uncertainties in a and 6 at any point in the series, to- 
gether with the resulting search problem, determine the 
size of the step that can be made. After a certain point 
the perturbation solution becomes inadequate and an 
exact solution of the Hamiltonian becomes necessary. 
An IBM-650 digital computer has been programed in 
two ways to facilitate the calculation of a and 6. (The 
programs are described in some detail in the Appendix.) 
The first program calculates the transition frequency 
between an arbitrary pair of levels as a function of the 
magnetic field H, given the values of a and b. The 
second program calculates the best value of a and 6 
from any given set of resonance data. These programs 
have enormously reduced the amount of labor involved 
in obtaining more and more precise values of a and 8. 
It should be emphasized at this point that the second 
of the above programs is not restricted by any particular 
set of levels. Any and all transitions whether they be 
AF=0 or AF=+1 (whether they obey first-order 
selection rules or not!), can be fitted into the program to 
contribute their quota to knowledge of the hyperfine 
constants. Provision is made for feeding in uncertainties 
arising from the finite width of the resonance, and the 
uncertainty in the magnetic field. The second routine 
may also be used for the determination of the absolute 
sign of a and thus of the nuclear moment. As is explained 
in detail in the Appendix, the term in g; in the Hamil- 
tonian enters as a small additive correction to the 
observed frequencies and fields. Initially g; is assumed 
zero, but when a reasonably precise value of a has been 
found g; is computed by using Eq. (2a), and the 
moments and a values of the stable isotope. This value 
of g, is then included in the calculation and the calcula- 
tion iterated until consistency is obtained. Two sets of 
input data are prepared, one with g; taken positive, the 
other with g; taken negative. The routine makes a least- 
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squares fit to the data for both signs of g; and compares 
the fit by the x? test of significance. An acceptable fit 
is obtained only for the correctly chosen sign of gy if 
observations have extended to sufficiently high fields 
and resolution is adequate. 

The energy-level diagram of Fig. 1 is an exact solution 
of the Hamiltonian (1) by the first routine, for a value 
of b/a differing but slightly from the final result. The 
contribution from the term in g; has been neglected in 
the plotting. 

When a and 8 are known with sufficient precision a 
search can be made for the direct hyperfine transitions. 
In this experiment direct transitions between both of 
the upper pairs of hyperfine levels have been observed. 
There is no observable flop-in transition between the 
lower pair of hyperfine levels. 


2. SAMPLE PREPARATION 


The active material was obtained from Oak Ridge 
National Laboratory in units of 1.2 grams of KBr 
powder, each containing approximately 100 mC of 
bromine-82. The atomic beam required for this experi- 
ment was obtained by dissociating a mixture of natural 
and active bromine in a discharge tube, and the sample 
was prepared by using the glass system illustrated in 
Fig. 2. Each of the four vessels was surrounded by a 
close-fitting 2-inch-thick lead shield, and the whole 
assembly was mounted inside a gloved box. The KBr 
powder was mixed with a predetermined amount of 
natural KBr (approximately 1.2 grams) to produce a 
convenient specific acitivty in the sample, and gently 
heated in the reaction vessel with manganese dioxide 
and concentrated sulfuric acid; the liberated bromine 
was carried over to the first cold trap by a slow stream 
of helium gas. When the reaction was complete the 
system to the right of the reaction vessel was evacuated 
and closed off and the bromine distilled, first to the 
flask containing P.O; to remove water, and then to the 
discharge-tube vial. A colorless liquid, thought to be 
sulfur dioxide, occasionally accompanied the bromine; 
this was removed quite effectively once the sample was 
attached to the discharge tube by cooling the vial with 
dry ice and pumping. The active beam was collected 
upon brass buttons coated with freshly evaporated 
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Fic. 2. Glassware used in the extraction of bromine 
from pile-activated KBr. 
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Fic. 3. A 5(a) resonance (13/2, —9/2) «+ (13/2, —11/2) ob- 
served at a field of 83.83 gauss. Note the substantial shift of the 
resonance center from the linear Zeeman prediction. 


silver. The buttons were subsequently counted in small- 
volume continuous-flow methane beta counters. 


3. APPARATUS 


As described elsewhere,‘ the present apparatus differs 
in many constructional details from the more con- 
ventional atomic-beams apparatus. In particular, the 
A, B, and C magnets are mounted externally to the 
vacuum system, and it is worth pointing out here that 
the external mounting of the C magnet enables one to 
control the resonance line width at will. One pole piece 
of the C magnet can be rotated with respect to the other 
or can be removed entirely. When the pole pieces are 
accurately lined up one with the other, the line width 
of the cesium resonance is approximately 100 kc/sec at 
low fields and rises to 0.5 Mc/sec at a field of 1500 gauss. 
With one pole piece removed the width is approximately 
0.5 Mc/sec up to fields of 50 gauss or so. Above 50 
gauss the width can be as large as several megacycles, 
and widths intermediate between these extremes can 
be realized by appropriate adjustment of the pole pieces. 
This provision has been most useful in reducing the 
difficulties of a high-field or high-frequency resonance 
search. The search is made with a broad line, and when 
a signal is observed the line is narrowed down and a 
detailed resonance curve traced out. 

The rf equipment for a given frequency band con- 
sisted of two signal generators, a coaxial switching 
circuit, and a Hewlett-Packard 524B frequency counter 
and its associated equipment. One oscillator was set on 
the cesium resonance frequency, the other on the bro- 
mine resonance frequency, and the rf loop could be 
rapidly switched between the two oscillators. At fre- 
quencies below 500 Mc/sec a General Radio type 805C 
oscillator and Hewlett-Packard type 608A oscillator 
were employed to observe bromine resonances; the 
output of the latter oscillator was amplified by a 
H.-P. type 460A wide-band amplifier. At frequencies 
above 500 Mc/sec a H.-P. type 612 signal generator 
followed by a traveling-wave tube amplifier provided 
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Fic. 4. A 5(8) resonance (11/2, —7/2) «> (11/2, —9/2) 
observed at a magnetic field of 164.02 gauss. 


the rf power. The output of the traveling-wave tube 
contained a considerable second harmonic component, 
and above 1200 Mc/sec considerable power at the second 
harmonic frequency could be tuned into the loop by 
stubs. At a later stage an Airborne Instruments power 
oscillator (type 124C) was used exclusively to observe 
high-frequency resonances. The rf could be monitored 
continuously and was held constant to a small fraction 
of a resonance line width. 

The C field was calibrated by observing the flop-in 
resonance in a beam of cesium atoms. Adjustment of the 
C field was made immediately before a button was 
exposed and was verified at the conclusion of an 
exposure. If any observable drift of the C field was 
noted (a rare occurrence) the button was discarded 
and a new exposure made. 


4. EXPERIMENTAL PROCEDURE 

The initial exposures were made in the linear Zeeman 
region to determine the spin. The spin has previously 
been reported as 5.° Both the a@ and 8 resonances were 
observed at five different values of magnetic field up 
to 417.4 gauss. Figure 3 shows an a resonance observed 
at a field of 83.83 gauss (vc,=30 Mc/sec) and Fig. 4 
a 8 resonance observed at a field of 164.03 gauss 
(ves=60 Me/sec). All the resonances observed are 
consistent with an assignment of 5 for the nuclear spin 
of bromine-82. In a typical run, for a 10-minute button 
exposure the full beam counting rate was 2500 cpm, the 
resonance heights approximately 35 cpm, and _ the 
apparatus background (i.e., the button-counting rate 
with the A and B fields switched on and the stopwire 
inserted into the path of the beam) was 10 cpm. The 
dissociation efficiency of the discharge was in a typical 
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instance ~80%. The a and 8 resonances observed at 
and below 417.4 gauss permitted calculation of the 
constants a and 6 with sufficient accuracy so that a 
search for the direct hyperfine transitions could be 
attempted. The searches were made with a broad line 
which was narrowed down once a resonance had been 
spotted. Figure 5 shows the AM r=0 resonance between 
the upper pair of hyperfine states at a field of 56.3 gauss 
(ves=20 Mc/sec). The line is a little broader than 
expected from measurements of the cesium resonance 
line width, probably because the resonance was ob- 
served in the fringing field of an rf loop designed for 
observation of AMr=+1 transitions. 

Figure 6 exhibits AMr=-++1 resonances between 
the two hyperfine states F=11/2, F=9/2 at a field 
of 0.95 gauss (vc,=0.3 Mc/sec). The line is broad 
because there are 17 possible AMr= +1 transitions 
between these two hyperfine states, all coincident 
at zero field but partially resolved at 0.95 gauss. 
In order to increase the precision of measurement of the 
F=11/2— F=9/2 interval, one of these resonances— 
the F= 11/2, Mp= —7/2— F=9/2, Mp=—5/2 transi- 
tion—was followed to fields high enough so that it 
became completely resolved from its partners, the 
measured gr value being used for positive identification. 
The resonance F=11/2, Mp=—5/2— F=9/2, Mr 
= —5/2 has also been observed at a field of 28.37 gauss 
(ves=10 Mc/sec). The frequencies and fields of all 
transitions that have been observed in bromine-82 
are given in Table I together with the uncertainties 
assigned to the positions of the resonance centers. The 
uncertainties have been computed by assigning an un- 
certainty of one third the resonance width at half 
maximum to both the bromine and cesium resonances 
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Fic. 5. The transition (13/2, —9/2) « (11/2, —9/2) between the 
upper pair of hyperfine levels observed at a field of 56.31 gauss. 
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TABLE I. Observed resonances in Br*, 
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Resonance 
frequency 


Resonance type (Mc/sec) 





Weighting 
factor 
(w) 


Compounded 
uncertainty 


(Mc/sec) 


Cesium 
frequency 


(Mc/sec) 


Magnetic 
field 


(gauss) 








a 1.25 
a 6.26 
B 3.54 
a 12.81 
B 7.19 
a 6.31 
a 41.13 
8 22.15 
a 90.30 
a 90.25 
B 173.05 
B 173.05 
a 304.70 
46.95 
727.50 
1281.50 
1273.10 
1281.60 
1281.60 
1273.03 
1265.91 


B 
(13/2, —9/2) — (11/2, —9/2) 
—7/2) — (9/2, —5/2) 
—5/2) 
—5/2) 
—5/2) 
—5/2) 
—5/2) 


(11/2, 
(11/2, 
(11/2, 
(11/2, 
(11/2, 
(11/2, 


—7/2) — (9/2, 
—7/2) — (9/2, 
—7/2) — (9/2, 
—7/2) — (9/2, 
—5/2) — (9/2, 


and compounding these errors by using Eq. (18) of 


the Appendix. 
5. RESULTS AND DISCUSSION 


An explained in the Appendix, the hyperfine constants 
were evaluated by using an IBM digital computer. The 
machine calculation gives 


a= 205.04+0.01 Mc/sec, b= —870.66+0.18 Mc/sec. 


In order to allow for unknown systematic sources of 
error that might be present, we adopt the values 


a= 205.04+0.05 Mc/sec, 6=—870.7+0.9 Mc/sec. 


The values of x? with g; assumed positive and negative 
are 

x? (gr>0)=3.5, 

x" (gr <0) = 6.4. 


In theory the value of x? for the correct choice of sign 
of g; should be equal to the number of observations, 
minus two—i.e., nineteen—for about 50% probability 
of being correct. The small values of x” above result from 
our unwillingness, in the absence of a theory of the 
resonance line shape, to split the resonance lines by 
more than a factor of three, despite the fact that purely 
Statistical arguments suggest that this would be 
justified (see Sec. 6). A value of gs(Br)=—1.3338 
+0.0003, obtained from the measurements by King 
and Jaccarino on stable bromine, has been used in the 
data reduction.” The effect of the uncertainty in g, 
upon the final values of a and 6 was obtained by reducing 
the data with a slightly different value of gy. The effect 
on the uncertainty in a and 6 is negligible. 

In order to check the internal consistency of the 
data the a and @ resonances (AF=0, Am= +1) and the 


"07, G. King and V. Jaccarino, Phys. Rev. 94, 1610 (1954). 
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251 
340 
192 
474 
325 
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0.06 
0.06 
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0.07 
0.05 
0.06 
0.11 
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0.11 
0.52 
0.66 
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0.07 
0.21 
0.18 
0.16 
0.14 
0.10 
0.10 
0.10 


2.86 
14.24 
14.24 
28.37 
28.37 
14.24 
83.83 
83.83 
164.02 
164.02 
417.38 
417.38 
417.38 
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AF=+1 resonances were run separately through the 
IBM program. The results are: 
Resonance 


group 


Alla, B 
All AF=+1 


a b 

(Mc/sec) (Mc/sec) 
205.28 +0.31 — 871.63+1.98 
205.038-+0.007 —870.66+0.18 
The uncertainties quoted are those resulting directly 
from the calculation; g; has been assumed positive. The 
internal consistency of the data is well demonstrated. 

No measurement appears to have been made of the 
magnetic interaction constant a; in the P; state of stable 
bromine. It is therefore difficult to say with certainty 
what the effect of configuration interaction is upon the 
present measurement of a; in Br®. The effect, however, 
is probably quite small, and has not been included as a 
correction. In addition, corrections to a; due to the 


26 
Br82AF=1 AMsti Resonances 


fms] 


tt 
tf 


Background 


per minute 
Ss 3 


Counts 








4 i 4 
1264 1266 7266 1290 


Frequency (Mc) 

Fic. 6. Superposition of Amr = +1 transitions observed between 
the F=11/2 and F=9/2 hyperfine levels. The resonance shown 
is a superposition of 17 partially resolved transitions. Individual 
resonances were resolved at higher fields. 
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finite size of the nuclear-charge distribution" and mag- 
netic-moment distribution” are negligible for atoms in 
pure *P; ground states and can be neglected. Perturba- 
tions of the *P; ground state by admixture of the *P; 
state do not affect the results significantly to the 
accuracy stated here. In any event, these considerations 
do not affect the value of u, for Br® obtained below. 


6. MAGNETIC MOMENT 
We have, from Eq. (2), 
a;(Br®) /ay(Br*) = (u®/u*) (1*/1™), (4) 


where yz’ is the nuclear magnetic moment and /* the 
nuclear spin of the stable bromine isotope Br*. Using the 
results of King and Jaccarino” for the a; values of Br” 
and Br*', together with the nuclear moments of the 
same isotopes measured by Walchli,'"* we find for both 
comparison isotopes 


uw’ = +1.6264 (5) nuclear magnetons (Br’), 
p= +1.6264 (4) nuclear magnetons (Br*), 


where the number in parentheses is the error in the last 
decimal place. The difference between the two values 
of x’ listed above is not sufficient to permit a definite 
statement as to the sign of the magnetic moment of 
Br*. However, if the weighting factors w; entering into 
the calculation of x? [see Appendix II, Eq. (17) ] are 
increased by a factor of 6, then x?(g;>0)=21 and 
x°(g,<0)=38.5. This is equivalent to splitting the 
resonance lines by the factor 3(6)'=7.3 instead of 3. 
The corresponding values of x’ indicate that it is 30 
times as probable that g; is positive rather than nega- 
tive.* However, for the reason stated in Sec. 5, we 
prefer not to rely heavily upon this statistical argument. 
Figure 7 shows a plot, for the a and # resonances, of the 
difference between the observed and calculated reso- 
nance frequencies with g; taken positive and negative, 
together with the experimental uncertainties obtained 
by splitting the resonance lines by a factor 3. Quite 
clearly the sign of g; is not unambiguously determined. 
While a measurement of the sign must await improve- 
ment of the C-field magnet, there are two reasons for 
believing that the sign is positive: 

(a) The magnetic moment of Rb™ has been measured 
to be +1.50 nm.'® The spin of Rb® is 5, the same as 
Br®, and one might expect nuclei differing by pairs of 
neutrons and protons to have comparable magnetic 
moments. 

(b) The magnetic moment calculated for Br® on the 
basis of a simple 77 coupling model is positive. The 

1M. F. Crawford and A. L. Schawlow, Phys. Rev. 76, 1310 
(1949). 

12 A. Bohr and V. F. Weisskopf, Phys. Rev. 77, 94 (1950). 

3H. E. Walchli, Oak Ridge National Laboratory Report 
ORNL-1469, Suppl. 2, February, 1955 (unpublished); see also 
ORNL-1775, October, 1954, by the same author. 

4 R. A. Fisher, Statistical Methods for Research Workers (Oliver 
and Boyd, London, 1948). 


16 Hubbs, Nierenberg, Shugart, Silsbee, and Sunderland, Phys. 
Rev. 107, 723 (1957). 
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Observed frequency minus calculated frequency (Mc) 


A 


-81 


Fic. 7. A plot, for the a and 6 resonances, of the difference 
between the observed frequencies and the calculated frequencies, 
the latter calculated with the best-fitting values of a and b. The 
two curves are these differences with g; assumed positive and 
negative, respectively. The horizontal bars are the experimental 
uncertainties. The horizontal scale is in order of increasing 
resonance frequency. It will be noted that though the curve for 
g1>0 lies always within the experimental limits, the curve with 
gi<0 does not lie sufficiently far outside these limits to warrant 
a definite statement as to the sign of the nuclear moment. 


magnetic moment of an odd-odd nucleus, based on a 

single-particle description, is given by the expression'® 

Bf : jo(Fo tl) —jn(Gn+1) a 

M+? (go+-g.)1+ (¢.—¢.)——————_ a | (5) 
(I+1) 


where g, and g, are the g factors of the odd neutron 
and proton, jp and j, are the proton and neutron 
angular momenta, and / the nuclear spin. If the mean 
of the nuclear moments of Br” and Br® (2.188 nm) 
and the observed spins of $ are used to define an effective 
g» for the proton part of the core of Br®, we find 
gp= 1.459. An effective g, for the neutron part of the 
core can be obtained from the known spins and moments 
of the neighboring odd-A odd-N nuclei 34Se43”’, 3sSeas”, 
and ssKr47*. By setting 7=5 and making use of Eq. (5), 
the following results are obtained: 


w(Br®)caio = (Br®)obs 
(nm) (nm) 


Configuration gn 


pire 1.068 
[ (gee)? I7/2 —0.291 
£9/2 —0.215 


Isotope Spin 


Se”? 1/2 

Se” 7/2 

9/2 

16 R. J. Blin-Stoyle, Theories of Nuclear Moments (Oxford Uni 
versity Press, London, 1957), p. 66. 


6.42 1.63 
1.17 
0.18 
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It is thus likely that the neutron part of Br® does not 
couple to J/=9/2; coupling to J=7/2 is a possibility. 
With the assignment [ (g9/2)” 7/2, Nordheim’s weak rule’” 
applies and predicts for Br® a nuclear spin of 5 or less. 
It is significant that for all reasonable choices of the 
neutron configuration the calculated magnetic moment 
is positive, and it is this that lends weight to the 
conclusion of the previous paragraph—i.e., that uw is 
positive. 


7. QUADRUPOLE MOMENT 


The uncorrected quadrupole moment Q, can be 
calculated from Eq. (2) Sec. I. We find 


8 Mo 2m Le F\b 
Liman. °° 
3\e7 MNIJ \@/a 
Introducing the measured values of a for the stable 
isotopes” Br” and Br*!, and the values of u listed by 
Walchli," we find in both cases Q.x,=0.730 barn. In 
order to obtain the true nuclear quadrupole moment 
Q, a correction factor C such that 0,=CQ, is introduced. 
This factor, first introduced by Sternheimer, allows 
for the changed interaction of the valence electron with 
the inner core of electrons in the presence of the polar- 
izing field due to the nuclear quadrupole moment. The 
constant C has been calculated for bromine by Stern- 
heimer'® but with the neglect of certain antishielding 
corrections.!® C is 1.040, but in view of the uncertainty 
associated with the exact value of C we have chosen to 
assign an uncertainty to Q; equal to the value of the 
correction itself. Thus 


Q,(Br®) =0.76+0.03 barn. 


If u is positive, the sign of the quadrupole moment is 
also positive. 

Q can be calculated by an alternative procedure by 
making use of the fine-structure separation 6 to obtain 
a value of (1/r*); 6 is related to (1/r*) by the expression” 


bo” 1 
5“ z(a+1)e{ —), 
he r 


Here 6 is 3685 cm™, Z; is the effective value of the 
nuclear charge, and 3C(Z;) is a relativistic correction 
factor tabulated by Kopfermann.*® Barnes and Smith 
have shown Z,=Z—n approximately, m being the 
radial quantum number of the valence electron.”' For 
bromine n=4 and Z;=31, and the value of Q, obtained 
by using (1/r’) from Eq. (7) is 0.69 barn and the 
corrected quadrupole moment Q;=0.72 barn. The un- 
certainty in this value of Q; arises both from the 


171,, W. Nordheim, Revs. Modern Phys. 23, 322 (1951). 

18 R. Sternheimer, Phys. Rev. 86, 316 (1952). 

19 R. Sternheimer, Phys. Rev. 95, 736 (1954). 

2H. B. G. Casimir, On the Interaction Between Atomic Nuclei 
and Electrons (Teylers Tweede Genootschap, Haarlem, 1936), 


p. So. 
21R. G. Barnes and W. V. Smith, Phys. Rev. 93, 95 (1954). 
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uncertainty in Z; and the uncertainty in the Stern- 
heimer correction. An examination of the results of 
Barnes and Smith and a comparison with some similar 
calculations by Koster” indicates that Z; is probably 
known to about 5%. Thus we have finally 


Q,=0.72+0.06 barn. 


The agreement between these two methods of calcu- 
lation is satisfactory. 


8. HYPERFINE SEPARATIONS 


The hyperfine separations in Br® are easily calculated 
from Eq. (3). The results are 


Av(13/2, 11/2)= 766.82+0.60 Mc/sec, 
Av(11/2, 9/2)=1287.32+0.43 Mc/sec, 


Av( 9/2, 7/2)=1488.6 +1.1 Mc/sec. 
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APPENDIX 


I. IBM Program for Calculation of Transition 
Frequencies for Given a and b Values 


As noted in the text, two IBM 650 routines have 
been used in this work. The first computes the eigen- 
values of the Hamiltonian for the hyperfine structure 
in a magnetic field as a function of the field. Dipole and 
quadrupole terms are the only interaction terms in- 
cluded, and it is assumed that configuration perturba- 
tions of the electronic states are absent. The answers 
are presented in dimensionless form as a table of dimen- 
sionless frequencies versus p, the dimensionless field, 
starting from p=0 to an indefinite value of p. The in- 
crements of p can be chosen at will. The input informa- 
tion is J, the spin of the nucleus; J, the electronic 
angular momentum; F), M,, F2, Mo, the total angular 
momenta and magnetic quantum numbers of the two 
levels involved; &, the ratio of the quadrupole to dipole 
interaction constants; and Ap, the increment in p. The 
output is the dimensionless frequency »v, this frequency 
divided by p, the two term values, and the derivative 
of the frequency with respect to p. 

The Hamiltonian can be written 


g 
a 
27 (27 —1)J(2J —1) 
—I(I+1)J (J +1) ]+pJ2—g1(uoH/ha) Fz. 
2 G. F. Koster, Phys. Rev. 86, 148 (1952). 
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This Hamiltonian is in units of a, which is itself in units 
of frequency, and 

and 


p= (—gst 21) (uoll/ha) gi <«K gu\- 


If the energies of Eq. (8), neglecting the term in g;, are 
Xrmu, then the true energies (including the nuclear 
term) are Xray’, where 


Xp y= Xr ” om (gruoll ha)M. (9) 
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If X, is the term value for Level 1 and X, that for 
Level 2 of the routine, then 


a v—[gimoll (M,— M2) ha], 


where y is the frequency computed by the routine that 
neglects the contribution from g7, and v’ the true 
frequency. 

The matrix elements employed by the routine are 
taken from Condon and Shortley. They are 


(FM\I-J| FM) =}{F(F+1)—1(1+1)—J(J+1)} =a,; 


(FM | Quadrupole operator| /M)=6,; 


(FM | Jz|FM)= 


(FM|Jz|F+1, M)?=— 


The diagonal elements of the Hamiltonian are A,=a, 
+6,t+pc,, and the square of the elements one off the 
diagonal (the only nonvanishing ones) are equal to 
p’d,. No others exist. 

The term p=1 for the diagonal elements corresponds 
to the lowest F value for the given M submatrix; p=1 
for the off-diagonal elements corresponds to the lowest 
row of the matrix and the next to the last column. It is 
understood that the lowest row is assigned the lowest 
F value. Let ||H|| be the submatrix to be solved. Then 
we require the solution of the secular determinant 


D=\||H—X;,||=0, (11) 


where X; are the eigenvalues. Let D; be the 1X1 deter- 
minant consisting of the lower right-hand corner of the 
matrix, Ds be the 2X2 determinant that includes the 
two lowest diagonal elements and associated off- 
diagonal element, etc. The pth determinant constructed 
in this way is given by the recursion relation 

D,= (Ay i-X)D, i—p'd» iD» 9, (12) 
where Dp=1, D_,=0. This may be differentiated with 
respect to X, giving 


aD, 
=(A,i—X) 


aD,-2 
—p'd» 1 


0D 
= 
Ox Ox 


a (13) 
ox 
By applying both recursion relations together to the 
value p=n, the matrix dimension, Newton’s method 
can be used to obtain a root. The increment in X is 
given by 
—D,, 


BX item, 
aD,,/aX 


F(F+1)+J(J+1)—1([4+1) 
OR(FH) 

(F+1—I4+J)(F+14+1—J)(I+J+2+F)(I+J—F)(F+I—M)(F+1+M) 

—_ 16(F4+1)2(2F+1)(2F4+3) tt” 


- =Cp; 


=>. 





Other derivatives may be easily found. For example, 
OD, OD y-1 
—=(A,1—X)——+¢,D)-1 

Op Op 


aD,y-2 
—p’dp+—— — 2pdy 1Dp-2. (15) 


Op 


This derivation is useful for estimating errors caused by 
the uncertainty in the field. The advantage of this 
method of decomposition is that it can be performed 
rapidly by the computer. They are one-dimensional 
recursion formulas that are made to terminate at d,=0. 
The routine is an open routine independent of the 
matrix dimension. One of the major problems is that of 
root identification. However, only one root is required 
from a given submatrix and the root is easily identified 
at p=0. By incrementing p, using the previous root as 
a trial root, the eigenvalue is followed adiabatically 
with p. The M noncrossing rule prevents the failure of 
Newton’s method caused by doubled roots. There are 
accidental degeneracies between M levels for p=0 for 
certain critical € values, but they can be easily treated. 


II. IBM Program for Calculation of Best Values 
of a and b from Experimental Data 


The second routine takes sets of observational data 
in the form of magnetic fields and frequencies for 
arbitrary hyperfine transitions for given but arbitrary 
I and J, and reduces the data by means of a least- 
squares fit to yield the magnetic dipole and electric 
quadrupole constants a and 6. It yields the errors in a 
and 6 (Aa and Ad) and the x’ for the optimum fit as 
well as the best-fitting term values for each observa- 
tional point. This routine operates with true magnetic 
fields and frequencies, and in order to appreciate the 
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methods of solution employed it is necessary to write 
the Hamiltonian (1) in dimensional form. We have 


Bol obs Bo obs . 
KH=al-J+60.,+(—gs+g1)— J .—gr1—_ ,. (16) 


h h 


The routine computes the eigenvalues and their various 
derivatives, using the first three terms on the right only; 
the last term enters as an additive correction. Rough 
preliminary values of a and b are required before the 
input cards are cut, but at the point where this routine 
is employed these values are always at hand from the 
previously described routine. The determinants to be 
solved are the same as those of Appendix I subject to 
the condition that 

=> i(fi— ari +ae2')*ai, 
be a minimum. The 7 sum is over the data sets. N, 
of course, is equal to x’, f' is the observed center fre- 
quency of the 7th resonance, and the statistical weight 
w; is given by 


(17) 


1 


w=, (18) 
(Af')?+(0f'/0H)*AH? 
where Af‘ is some fraction of the width of the observed 
line, AH is the uncertainty in the magnetic field, and 
0f'/0H can be estimated from the first routine. 

The method of finding the minimum of V has been 
described elsewhere® and is only briefly described here. 
The following linear equations in 6a and 60 are set up: 


dadb 0b? 


where the derivatives are treated as constants and 
calculated for the given a and b} values. The new a, b 
values (a,5;) are computed from 
a,=a—6a, 6,=b—60, 
23 W. A. Nierenberg, University of California Radiation Labora- 
tory Report UCRL-3816, June, 1957 (unpublished). 
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and the process is iterated. The variances in a and 6 are 
given by 


0?N/ob* 
((60)?)4=———, 
A 


_ &N/da? 
((68)*)n=——, 
A 


where A is he determinant of Eq. (19). For our purposes 
the usual x?/(m—m) factor has been omitted. 

In order to calculate x; and «2 it is necessary to solve 
the determinant, Eq. (11). Recursion relations between 
the various subdeterminants D,, D,-1, etc. are set up. 
Typical relations are 


D,=(Ap—X)Dp1—Ep1D p-2, 


Dp aD y-2 
x) -—E» 1 —Ds5-1, 


ax ax (20) 


OD »-2 


oD, 1 
: -+a,D, ly 


X) —E,y-1- 

0a da 
and the others required are easily found. The recursion 
relations are repeated m times and each equation 
(except the first) has terms depending upon some 
previous one, so that the recursion process is employed 
on all simultaneously. The roots of Dy(a,b,x)=0 are 
the eigenvalues of the Hamiltonian and they are found 
by using Newton’s method. 

The correction to x, 6x, is given by 


(i 


6x=- (21) 


OD,/0x 
and the new x is x—6x. When the root and all derivatives 
of the type of Eq. (20) have been found, the derivatives 
of the type 

Ox Ox Ox 


’ , ey a 
da dadb da 


are calculated, and it is these that are used in setting 
up Eq. (19). 
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Plausibility of a Nonlocal Optical Model* 


Y. C. Tanc, R. H. Lemmer, P. J. Wyatt,f anp A. E. S. Greent 
Department of Physics, Florida State University, Tallahassee, Florida 
(Received May 18, 1959) 


The implication of a simple two-kernei form of nonlocal potential is considered in the nuclear matter 
approximation. It is shown that this leads to a wave equation with a complex reduced mass. The parameters 
characterizing the real part of the optical potential are found to be in reasonable accord with expectations 
from two-body forces. The parameters associated with the imaginary part are handled only phenomeno- 
logically. A description is found which works quite well in the energy range 0 to 25 Mev. The results of 
this study compares favorably with the corresponding results of an investigation with a nonlocal model for 


finite nuclei. 


I. INTRODUCTION 


HE optical model! for nuclear reactions provides 
a good over-all description of scattering of 
nucleons by complex nuclei, if the effective scattering 
potential contains an absorptive (imaginary) term and 
is allowed to vary with the incident nucleon energy. 
The momentum dependence of the effective nucleon- 
nucleus interaction potential is evident from the self- 
consistent treatment of the nuclear many-body problem 
by Brueckner ef al.2 This analysis shows that the 
effective interaction of a nucleon with a nucleus must, 
for finite nuclei, be nonlocal in both coordinate and 
momentum space, and is described by a potential 
matrix (r/V{|r’) or (k|V|k’), rather than a local 
potential V(r). The self-consistent determination of this 
potential matrix from two-body forces is an extremely 
involved problem and only preliminary results of 
calculations of this type have been reported as yet.* 
For almost local potentials, however, a reasonable 
phenomenological form for the potential matrix may 
be taken as' 


(r/V\r')=VE(r+r’)/2 6.(r—r’), (1) 


where 6,(r) is a normalized approximation function of 
the delta function 6(r) with range parameter a. This 
range parameter, a, is a measure of the nonlocality in 
the potential, with a=0 corresponding to the local case. 

A nonlocal interaction of the type discussed above 
leads to an integro-differential wave equation in 
coordinate space for the motion of a nucleon in a 
nucleus. By using form (1) for (r| V |r’) and expanding 
the interaction term in the resulting integro-differential 
equation about r in a Taylor series, one obtains as a 


* This work was partially supported by the U. S. Atomic 
Energy Commission. 

¢t Now with Aeronutronics, Advanced Research Operations, 
Newport Beach, California. 

t Now with Convair San Diego, Physics Section, San Diego, 
California. 

' Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 

* See for instance, H. A. Bethe, Phys. Rev. 103, 1353 (1956). 

3 Brueckner, Gammel, and Weitzner, Phys. Rev. 110, 431 
(1958). 

‘W. E. 
(1957). 


Frahn and R. H. Lemmer, Nuovo cimento 5, 1564 


first approximation, an equivalent Schrédinger wave 
equation containing, however, a spatially variable 
effective nucleon mass which appears in a fully sym- 
metrized kinetic energy operator.* An equation of this 
type has been used recently by various authors to study 
the approximate effect of a nonlocal nucleon-nucleus 
interaction on single-particle level schemes®* and 
nuclear binding energies.’ 

The case of an infinitely extended nucleus (V=V, 
=constant) can be treated exactly within the above 
framework, since the matrix (1) then has translational 
invariance in coordinate space, and hence is diagonal 
in momentum space. One finds 


(k| V|k’) = (2e)!V 3.3 (k-+k’) o(k—k’), (2) 


in which 5,(k) is the Fourier transform of 6,(r) and hk 
is the nucleon momentum. 

Frahn® has shown that the phenomenological form 
(2) for the nucleon-nucleus interaction can qualitatively 
account for the modified propagation of nucleons in 
nuclear matter and the energy dependence of the real 
part of the optical potential. One might hope to include 
absorptive effects in (2) by simply letting Va be 
complex as is done in the local optical model. However, 
this procedure leads to an incorrect energy dependence 
of the imaginary part of the resulting optical potential 
as can be directly seen from the nonlocal continuity 
equation (Sec. II). In Sec. III, we discuss the inclusion 
of a repulsive (“chard core”) contribution to (2) in the 
light of recent work on the related bound-state prob- 
lem,*-° and show that an improvement may be obtained. 
Finally in Sec. IV, we compare the potential parameters 
derived here with those inferred from a phenomeno- 
logical study of finite nuclei using nonlocal optical 
potentials. 

5 Ross, Lawson, and Mark, Phys. Rev. 104, 401 (1956). 

*W. E. Frahn and R. H. Lemmer, Nuovo cimento 6, 1221 
TNE. S. Green, Revs. Modern Phys. 30, 569 (1958); A. E. S. 
Green and P. Sood, Phys. Rev. 111, 1147 (1958). 

8 W. E. Frahn, Nuovo cimento 4, 313 (1956). 

“— Walecka, and Weisskopf, Ann. Phys. (N. Y.) 3, 241 
WA E. S. Green, Proceedings of the Second United Nations 
International Conference on the Peaceful Uses of Atomic Energy, 
1958 (United Nations, Geneva, 1958). 
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PLAUSIBILITY OF NONLOCAEL OPTICAL MODEL 


II. CONTINUITY EQUATION 


The nonlocal wave equation for the motion of a 
nucleon in a nucleus may be written as 


(h?/2Mo)Ay(r) + Ey (r) 
-f UL3(r+r’) ba(r—r')y(r')dr’, (3) 


where Ug=V,.+iWa, with Va, W, real, and we assume 
the form (1) for (r| V |r’). 

Since the reaction cross section is proportional to the 
number of particles removed from the incident beam 
per second, this is easily found to be given by 


J aivsar= 07% free) 


X5a(r—r’)p(r,r’)drdr’, (4) 


where p(r,r’)=y*(r)y(r’) is the mixed nucleon density, 
and § is the usual probability current density vector. 

We confine the discussion to nucleons interacting in 
nuclear matter. Then W, is a constant, and we can 
describe the nucleons by plane waves. The mixed 
density then becomes 

p(r,r’) =exp[ —tk- (r—r’) ] (5) 

for a nucleon with momentum hk. The expression (5) 
essentially introduces the Fourier transform of 6,(r—r’) 
into (4). Taking a Gaussian representation for the 
function 6,(r—r’), the right-hand side of (4) becomes 
proportional to W, exp(— k?a?/4)=Werr(k). 

Clearly Wers(k), the effective absorptive potential, is 
a monotonically decreasing function of the nucleon 
momentum. This result is contrary to the findings based 
upon phenomenological fittings which indicate that the 
coefficient of the absorptive term is an increasing 
function of energy.'' While it must be recognized that 
such studies are based upon actual fittings to finite 
nuclei, it is reasonable to suppose that the coefficient 
in front of the form function represents the well depth 
for absorption in nuclear matter. Since the result of 
the monotonic decreasing function follows so immedi- 
ately from the continuity equation, one is greatly 
constrained as to how one can embody a theoretical 
modification which leads to an increasing absorptive 
part for scattering at low incident energies. A possible 
modification which may be made to the theory is to 
incorporate two nucleon-nuclear complex kernels. This 
seems reasonable in view of the work of Brueckner*® and 
others on nuclear structure in which the nucleon-nuclear 
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kernel contains an attractive part which arises from 
the attractive component of the two-body force and a 
repulsive part associated with the influence of the 
repulsive core when taken in conjunction with the 
exclusion principle. Assuming now that we do have 
two kernels, one associated with the attractive part 
and one with the repulsive part of the two-body force, 
we may write the single-particle wave equation as 


(h?/2M,) Ay (r) + EY (1) 


om fox (r+r’) }6.(r—r’)p(r’)dr’ 


+ [ULMe+H Bee weyde, (6) 


where U, and U, are related to the attractive and 
repulsive parts of the nucleon-nucleon potential, re- 
spectively. In the case of nuclear matter, the natural 
division’ of the total energy into contributions from 
those two parts also seems to favor a formulation of 
the type (6). 

Proceeding now to the continuity equation, we can 
determine the absorptive term in a similar fashion to 
the method used previously. The possibility of fitting 
the phenomenologically determined absorptive function 
now resolves about the relative magnitudes of U, and 
U. as well as the range parameters a and ¢ associated 
with them. 

III. EFFECTIVE LOCAL OPTICAL POTENTIALS 


For the interaction of nucleons in infinitely extended 
nuclear matter, the Fourier transform of (6) leads 
directly to the dispersion relation® 


= (hPR?/2M 0) + V ete(R)+iW est (h), 


- 


(7) 
where 
V ete (R) iW ote(k) = (VatiW.) exp(—ka?/4) 
+(V.+iW.) exp(—k’c?/4), 
if Gaussian forms are used for 6, and 6,. Ver(k) and 
W err(R) then represent the real and imaginary parts of 
the effective local potential felt by a nucleon. 
In view of the fact that &? is complex,”we write 
k?=k,*?+7k,? and use the approximation 
exp (—ik,?a?/4) = 1—1k,?a?/4. (9) 
Substituting (9) into (7) and (8), and making the 
reasonable assumption 
|W aka?/4V4|<1, 


it then follows that 


(8) 


|W kstc?/4V 1K, 


V ott(k) = Va exp(—hia?/4)+V. exp(—hirc?/4), 


W ett(k) = 





> 


W. exp(—k,?a?/4)+W, exp(—hyi’c?/4) 
1— (MoV ga2/2h*) exp(—hy2a2/4) — (MoV <c2/2h?) exp(—kic?/4) 


E= (h?/2Mo)ki?+ V4 exp(—hi’a"/4) + V. exp(—kc?/4). 


1 See for instance, A. E. Glassgold, Revs. Modern Phys. 30, 419 (1958). 
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Fic. 1. The effective real optical model potential as a function 
of incident nucleon energy. The empirical points are those referred 
to in articles by Glassgold.""5 Curve (a) is for the case: Va 
=—125 Mev, V.=43.4 Mev, a?=0.48 f?, and c?=0.12 f?. Curve 
(b) is for the case: Va=—117 Mev, V.-=43.4 Mev, a?=0.48 f? 
and ?=0. 


The method of Gomes, Walecka, and Weisskopf® as 
extended by Green” may be used to derive the param- 
eters V, and a from an assumed two-body interaction.” 
For example, choosing the Serber force with a repulsive 
core, 

V(r)= 2, <7 
=—43(1+p0)V0, re<r<q (13) 


(), Bae 


then it follows from the Born approximation that the 
potential due to the attractive part of the two-body 
force exerted on a single particle of momentum hk by 
3A unequal particles is 
V (k)= —3{AVo(r.?@—1.3)/2R® 

+ (Vo/m)[g(ra,k,ky) —g(re,k,ks) |}, (14) 


where 


g(rakyky) =4{Silra(k+k,) |+Silra(ks—k) | 


—2 sinksra sinkra/kra}. (15) 


where Si denotes the sine integral function. 

The momentum dependence of the g-function gives 
rise to the nonlocality or the effective mass associated 
with the single-particle potential. One may characterize 
the momentum dependence by means of a parameter 
8=(M,/M*—1) in terms of the effective nucleon mass 
M*. To evaluate 8, one assumes that the function g is 
parabolic in & in the neighborhood of the Fermi surface. 


2 J. H. Van Vleck, Phys. Rev. 48, 367 (1935); W. E. Frahn, 
Nuovo cimento 5, 393 (1957). 
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Letting R=roA! and A= 4/4, we have 


B= (3M V o/wh?k,?)LY (ra) —Y (12) J, (16) 
where 
VY (ra)=1 sin2k rat dh pra—sim’kyta/kyta. (17) 

If, for example, we assume the parameters’ r.= 2.3 f, 
V o= 28.34 Mev, r.=0.4f, which lead to a zero energy 
virtual singlet state of the deuteron, and take k; 
=1.52/ro, one obtains nuclear stability near ro=1.2 f 
with well parameters Vz=—117 Mev and 6=0.535. 
In terms of the nonlocality range a, it follows that 
B= M,V(k,)a*/2h?. Accordingly, these values of 8 and 
V, corresponds to a?=0.48 f?. 

If we assume that the effect of the two-body repulsive 
interaction leads to a local repulsive nucleon-nuclear 
force, then the methods of Huang and Yang" yield 
V.=43.4 Mev and c?=0 at the above core radius and 
nuclear radius constant. 

Using these values, one might now find the predicted 
energy dependence of Ver: from the dispersion relation 
(12) by evaluating &; as a function of the nucleon energy 
F. and inserting into (10). The result is shown in Fig. 1, 
curve (b). As is seen, the calculated values are, in general, 
larger than the empirical ones. The agreement is, 
however, improved if we assume that the core potential 
is also nonlocal, i.e., c?40. In modifying the previous 
expressions to embody this nonlocality, it is reasonable 
to hold B’= Mo Valky)a?+V-(ky)c? ]/ 2h? fixed at 0.535 
and to vary V, and c. The best agreement with the 
empirical data is obtained by choosing Vz= —125 Mev 
and c?=0.12 f? [Fig. 1(a)]. The former choice corre- 
sponds to a relatively small change in the well depth of 
the two-body force, and the latter to the type of 
nonlocality associated with the core term in the more 
detailed work of Brueckner." 

Wss(E) may now be obtained from (11) once the 
parameters W, and W, are chosen. Unfortunately, the 
derivation of these parameters from two-body forces 
constitutes an even more involved study than that 
associated with the real well parameters. Accordingly, 
only a limited phenomenological treatment of this term 
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Fic. 2. The effective imaginary optical model potential as a 
function of incident nucleon energy. The empirical points are 
those referred to in articles by Glassgold."15 The curve is for 
the case: W,=32 Mev, W.=—37 Mev, a?=0.48 f? and c?=0. 


13K, Huang and C. N. Yang, Phys. Rev. 105, 767 (1957). 

144K. A. Brueckner, Proceedings of the International Conference 
on the Optical Model, The Florida State University, Tallahassee, 
1959, p. 145. 
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will be made. It should be clear from the form of W ets(k) 
that rather unusual measures are needed to obtain a 
function which rises with k. Accepting @ and c from 
the derivation of the real potential, one is extremely 
restricted as to the choices of W, and W, which can 
accomplish such a behavior. The choice W,=32 Mev 
and W.=—37 Mev leads to the curve in Fig. 2. This 
gives a satisfactory description in the low-energy region 
(0 to 25 Mev). We feel, however, compelled to call 
attention to the implications of the negative sign 
associated with the core term which, if interpreted 
literally, would suggest that this component of the 
potential leads to emission rather than absorption. 
Since this is certainly rather nonphysical, we must 
conclude that either this representation of the imaginary 
term corresponds simply to a mathematical device, or 
else what is involved here is a type of interference effect 
as is also found in the case of Coulomb plus nuclear 
scattering. 

It is seen from Figs. 1 and 2 that the real part of the 
effective potential inferred from a two-kernel form for 
the potential matrix is in fair agreement with that 
resulting from phenomenological analyses using local 
potentials. As to the imaginary part, although it gives 
a satisfactory description in the low-energy region (0 
to 25 Mev), the over-all agreement is rather poor. The 
absence of a maximum around 70 Mev (as pointed out 
by many authors!®:'*) and the nonzero contribution at 
the top of the Fermi sea indicate that nonlocality alone 
when embodied in the form assumed here cannot 
explain the energy dependence of the imaginary 
potential over a wide energy range.'” 

Therefore, in view of the above discussions, it would 
appear that a nonlocal optical model of the two-kernel 
type with constant parameters may be successfully 
used at low energies. However, to correlate experimental 
data over a wide energy range, an explicit variation of 
the nonlocal potential parameters seems necessary; 
alternatively, at the present stage of data fitting, one 
might simply use a local imaginary potential with a 
larger explicit variation of the potential parameters. 

In our calculation, the nonlocality has been char- 
acterized by a Gaussian dependence. This assumption, 


TABLE I. Parameter combinations. 


W.W.G.4 
—70+3 Mev 
—14+6 Mev 
—47+3 Mev f? 
+3247 Mev f? 


This study 


—81 Mev 
W.itW. —10 Mev 
Voet+V —54 Mev f? 
W.@+W 2 +22 Mev f? 


VatV- 


® See reference 19. 


15 A. E. Glassgold and P. J. Kellogg, Phys. Rev. 109, 1291 
(1958). 

16 A. M. Lane and C. F. Wandel, Phys. Rev. 98, 1524 (1955) ; 
W. B. Riesenfeld and K. M. Watson, Phys. Rev. 102 (1956); 
E. Clementel and C. Villi, Nuovo cimento 10, 176 (1955) 

17H. Feshbach, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, 1958), Vol. 8, p. 49. 
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together with other simplifications, does not introduce 
any significant uncertainty in the behavior of the 
low-energy part of the curves. However, it does render 
the high-energy part somewhat doubtful, since the 
details here are expected to depend somewhat upon the 
shape of the nonlocality. 


IV. COMPARISON WITH RESULTS FOR 
A FINITE NUCLEUS 


In a study of Wyatt, Wills, and Green,'* an attempt 
has been made to find a phenomenological description 
of the nucleon-nuclear interaction for finite nuclei 
which could handle without explicit variations of the 
parameters, both bound and scattering phenomena. On 
the basis of their attempts to fit angular distributions 
and total cross sections as well as mass separation 
energies, they have arrived at parameters which might 
now be compared with the results of this current study. 
Let us assume a two-kernel nonlocal optical model 
potential of the type given by (6). In the case of almost 
local potentials given by (1), it can be easily shown 
that at low energies, the wave equation may be reduced 
to a form which is independent of the shape of the 
nonlocality.4 This equation may be written as 


— (h2/8){ A[1/M* (r) + V[2/M* (r) JV 
+[1/M*(r) JAW(n+L(VitV.é(r) 


+i(WoatW.)n(r) W(r)=Fv(r), (18) 


where 
M* (r) = Mo/{1— (Mo/2h?)[ (Vaa?+ V .c*)é(r) 


+i(W.a?+W .c?)n(r) ]} (19) 


is the effective mass and £(r), n(r) are the form functions 
for Va, V., Wa, W., respectively. It should be clear 
that insofar as this characterization of the problem is 
concerned, the combinations of parameters which are 
essential to the determination of the cross sections are 
those listed in Table I. In this table, the combinations 
deduced from the parameters of the preceding Sec. are 
given in the second column. In the third column are 
given the parameters deduced directly by fitting data 
for finite nuclei.’® The limits shown are based upon the 
range of parameters which lead to good fits. In com- 
paring the imaginary part, a correction was made for 
the differences in form factors used in the two studies. 

The agreement between the two sets of combinations 
is gratifying in view of the considerable difference in 
viewpoint used in arriving at these numbers. It is also 
gratifying that the agreement occurs at a nonlocality 
corresponding to a reduced mass at the center of the 
nucleus of the magnitude which has been used success- 
fully in fitting total energies and densities of nuclei in 


18 A. E. S. Green, Proceedings of the International Conference 
on the Optical Model, The Florida State University, Tallahassee, 
1959, p. 44. 

19 Wyatt, Wills, and Green (to be published). 
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various nuclear structure calculations. One might 
therefore expect that a good mass surface would result 
from a nuclear potential characterized by the param- 
eters arrived at here.’ In conclusion, we believe this 
study in conjunction with the work of Wyatt, Wills, 
and Green suggests that the simple nonlocal nucleon- 
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nuclear potentials when pursued in the Frahn-Lemmer 
approximation can serve to describe the average 
behavior of nucleons with nuclei in the range of energies 
from minus 70 Mev to plus 25 Mev which corresponds 
roughly to the entire range of concern of classical 
nuclear physics. : 
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Mass Assignments and Some Decay Characteristics of Gd’, Eu™®, Gd™*, and Eu™* 


J. Ross Grover 
Chemistry Department, Brookhaven National Laboratory, Upton, New York 
(Received May 21, 1959) 


The nuclides Gd'5, Eu'*, Gd'**, and Eu'® were prepared by the interactions of 20- to 40-Mev helium 
ions with Sm™, and found to decay with half-lives of 25+2 minutes, 5.6+0.3 days, 46+2 days, and 4.4+0.1 
days, respectively. The mass number assignments were made on the basis of excitation functions, and 
chemical evidence of parent-daughter relationships, with special reference to the previously known nuclide 
Eu'*, The most prominent gamma rays appearing in the decay of each of these four nuclides are as follows: 
in Gd" decay, at 0.80, 1.03, and 1.75-Mev; in Eu" decay, at 0.53, 0.64, and 0.89 Mev; in Gd"* decay, 
at 0.114 and 0.153 Mev; and in Eu™* decay, at 0.63 and 0.74 Mev. There is also a strong K x-ray line in 
each spectrum. In addition, Gd"* was found to emit positrons with an end-point energy of about 2.4+0.2 


Mev. 


INTRODUCTION 


ECENT reports by several workers’ suggest the 

existence of a gadolinium isotope with mass 
number less than 147, and having a half-life in the 
range between 25 and 70 days. The mass number of 
this nuclide has been estimated variously to be 145 
and 146. 

This paper reports work in which both Gd" and 
Gd"* were prepared and partially characterized under 
conditions in which the assignment of mass number was 
relatively unambiguous. In particular, the nuclides in 
question were prepared by the interaction of 20-Mev 
to 40-Mev helium ions with Sm™, the mass assignments 
being made on the basis of the excitation functions for 
their production. 

The observed half-lives were found to be 25 minutes 
and 46 days, respectively, for Gd“® and Gd"™*, suggest- 
ing that Gd" had been responsible for the observations 
mentioned above. 


t Research performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 J. R. Grover, thesis, University of California Report UCRL- 
3932, September, 1957 (unpublished). 

2 Shirley, Smith, and Rasmussen, Nuclear Phys. 4, 395 (1957). 

8 Gorodinskii, Murin, Pokrovskii, Preobrazhenskii, and Titov, 
Doklady Akad. Nauk S.S.S.R. 112, 405 (1957) (translation: 
Soviet Phys. Doklady 2, 39 (1957) ]. 

* Gorodinskii, Murin, Pokrovskii, and Preobrazhenskii, The 
Program and Abstracts of the Eighth Annual Conference for 
Nuclear Spectroscopy, Leningrad, January 27 to February 3, 
1958 (unpublished), p. 22; Gorodinskii, Murin, and Pokrovskii, 
Izvest. Akad. Nauk S.S.S.R. Ser. Fiz. 22, 811 (1958) [translation : 
Bull. Acad. Sciences U.S.S.R. 22, 805 (1958) ]. 


EXPERIMENTAL 
Target Foils 

By means of a Zapon painting technique described 
elsewhere,® reasonably uniform deposits of samarium 
oxide were formed on very pure (99.99%) 0.001-inch 
aluminum foil. The thickness of the samarium oxide 
layer in typical target foils was about 400 micrograms 
per cm’. A simple backscattering type of beta gauge 
was used to assure sufficient target uniformity in those 
experiments in which uniformity was necessary. The 
samarium oxide enriched in Sm' was obtained from 
Oak Ridge National Laboratory and had the following 
isotopic composition (expressed in atom percent) : Sm™, 
58.9% ; Sm™7, 13.5%; Sm™®, 5.3%; Sm™, 3.2%; Sm'™, 
1.4%; Sm!®™, 3.8%; Sm'*, 14.0%. Some foils were also 
prepared using natural samarium oxide (Sm™, 3.1%). 


Irradiations 


Bombardments were carried out in the 40-Mev 
external helium ion beam of the Brookhaven 60-inch 
cyclotron. The bombarding energy was adjusted by 
means of aluminum absorber foils, employing for this 
purpose the range-energy relation of Aron et al.6 The 
full energy of helium ions incident on the target stack 
was taken to be 40.5 Mev, on the basis of approximate 
range measurements. 


5 Dodson, Graves, Helmholz, Hufford, Potter, and Povelites, 
Miscellaneous Physical and Chemical Techniques of the Los Alamos 
Project, edited by A. C. Graves and D. K. Froman (McGraw-Hill 
Book Company, Inc., New York, 1952), p. 1. 

6 Aron, Hoffman, and Williams, U. S. Atomic Energy Com- 
mission Report AECU-663, May, 1951 (unpublished), 
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Chemistry 


Whenever the nuclides in question had half-lives of 
the order of a few hours or more, their chemical sepa- 
ration and identification was effected by means of a 
standard ion-exchange method.” Dowex 50(X12) resin 
was packed in a glass tube to form a bed 50 cm long 
and 1.5 cm in diameter. The resin bed was maintained 
at a constant temperature of 87°C, by means of a 
concentric outer jacket through which trichloroethylene 
vapor was continuously passing. The eluting agent was 
1.0M lactic acid adjusted to a pH of 3.4 with ammonium 
hydroxide. With these conditions it was possible to 
separate gadolinium, europium, and samarium satis- 
factorily from each other, even when as much as one 
to two milligrams of each element were present. 

Whenever the half-life of the species of interest was 
too short to permit its chemical identification by 
means of ion exchange, it was necessary to use a sodium 
amalgam extraction method, which is described else- 
where.”'* This operation permits a partial separation of 
europium and samarium from gadolinium, and it 
requires about ten minutes to perform. Since the 
separation factor is only about 8 to 1, at least two 
successive separation steps were always done. 

The purified rare earths were precipitated from 
solution as oxalates and mounted for counting on small 
disks of filter paper. 


Activity Measurement 


The photon radiations from the prepared samples 
were usually detected with a 22-inch NaI(TI) scintil- 
lation crystal-photomultiplier combination, and _ the 
resulting pulse-height spectra were displayed with the 
aid of a 100-channel analyzer. 

The intrinsic photopeak efficiency curves for this 
crystal, which were required in order to correct the 
observed relative photopeak areas to relative gamma- 
ray intensities, were prepared by interpolation in the 
total efficiency tables of Wolicki et a/.,° and by interpo- 
lation of the peak-to-total values of Bell."° The resulting 
approximate curves were corrected by measuring the 
intrinsic photopeak efficiencies at 0.662 and 1.276 Mev; 
the correction was smaller than 10% at worst, the 
experimental points being a little higher than the 
uncorrected curves. 

Routine counting of K x-rays was done with a thin 
sodium iodide crystal and single-channel analyzer, 
which was set to admit the K x-rays of Pm, Sm, Eu, 
and Gd. 


7W. E. Nervik, J. Phys. Chem. 59, 690 (1955). 

8 Rasmussen, Thompson, and Ghiorso, Phys. Rev. 89, 33 (1953). 

® Wolicki, Jastrow, and Brooks, Naval Research Laboratory 
Report NRL-4833, October, 1956 (unpublished). 

1 P. R. Bell, in Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (North-Holland Publishing Company, Amsterdam, 
1955), p. 133. 
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Fic. 1. (a) Gamma-ray spectrum of Gd!“*-Eu™® equilibrium 
mixture in the energy range 20-220 kev. Taken with a 22-inch 
NaI(T1) crystal; (b) gamma-ray spectrum of Gd!**-Eu™® equi- 
librium mixture in the energy range 100-1300 kev. Taken with a 
2X2-inch NaI (TI) crystal. 


RESULTS 
Gd'“ and Eu" 


Samarium-144 was bombarded with 28-Mev helium 
ions, and the gadolinium activities thus produced were 
radiochemically purified by ion exchange. 

The presence, in this preparation, of Gd", its Eu!” 
daughter, and Gd, was expected. They were easily 
identified by means of their known half-lives and 
gamma-ray spectra. In addition to these expected 
radiations, there appeared some unassigned gamma rays 
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Fic. 2. Results of chemical “milking” experiment showing 
that the gadolinium parent of 4.4-day Eu'® has a half-life of 
434-5 days. The points marked with stars represent the mean 
times of separation of the europium daughter from the reservoir 
of parent gadolinium. 


with energies of 114+2, 153+3, 635410, and 740+10 
kev, all of which eventually decayed with half-lives of 
roughly 40 days. Also, the 635- and 740-kev gamma rays 
were clearly growing in for the first few days after 
purification, and if it is assumed that they result from 
the decay of a daughter nuclide, the half-life of this 
daughter would be about 5 days. Figures 1(a) and 1(b) 
present the gamma spectrum of an equilibrium mixture 
of this new species and its daughter, taken at 8% 
geometry and at a time when Gd"’, Eu’, and Eu’ 
have decayed away appreciably, but before the contri- 
bution from 150-day Gd'*' has become too objection- 
able. The small photopeak appearing at about 85 kev 
[Fig. 1(a)] seems to be a little too large to be due 
entirely to the escape peak of the 114-kev gamma ray. 

The most trustworthy half-life of the gadolinium 
parent activity was obtained by following the decay of 
the 635- and 740-kev gamma rays in the equilibrium 
mixture for about four half-lives; the result was 
1,=46+2 days. 

In order to establish the chemical identity of the 
daughter activity, a preparation of the 46-day gado- 
linium was repeatedly separated from europium, by 
means of ion exchange, at intervals of several weeks, 
and observations were made of the radioactivity in the 
resulting europium samples. These samples all displayed 
prominent photopeaks at ~41 (K x-rays), 635, and 
740 kev, which decayed with half-lives of 4.4+0.1 
days. When appropriate corrections were made for 
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chemical losses and radioactive decay during separation, 
the parent half-life could be inferred from the activities 
of the successive daughter samples (Fig. 2); the result 
was 7,=43-+5 days, in good agreement with the 46-day 
half-life which was measured directly. 

In an auxiliary experiment, the 635- and 740-kev 
gamma rays were found to be in prompt coincidence. 

The mass number of this gadolinium-europium 
parent-daughter system was established by measuring 
the excitation function, by the method of stacked foils, 
for the production of 46-day gadolinium in the inter- 
actions of helium ions with samarium-144. The results 
are shown in Fig. 3. The threshold and maximum are 
in the neighborhood of 21 Mev and 34 Mev, respec- 
tively,"strongly suggesting that the parent nuclide is 
formed by an (a,2m) reaction. It was established that 
this activity does indeed arise from the interaction of 
helium ions with Sm™, rather than with some other 
isotope of Sm, by bombarding a target stack in which 
the foils were alternately natural samarium and 
enriched samarium-144. The 46-day species was unam- 
biguously detectable only in the samarium-144 foils, 
where it was the predominating activity for bombarding 
energies well above its threshold. These experiments 
indicate that the mass number of the 46-day gadolinium 
isotope (and therefore of its 4.4-day europium daughter) 
is 146, because it is apparently formed by the reaction 
Sm!" (a@,2n)Gd"6, 

The two most prominent gamma rays in the decay 
of Gd"™*, appearing at 114 and 153 kev (with relative 
intensities of 1.0 and 0.4, respectively), may well be 
identical with the most prominent gamma rays of 
114.7, 115.5, and 153.6 kev reported by Shirley et al.? 
to be present in an unidentified gadolinium activity 
which they did not attempt to assign, except to state 
that the half-life is >>9 days. It is quite probable that 
they were actually working with 46-day Gd™*. 

Gorodinskii ef al.‘ have reported a gadolinium isotope 
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Fic. 3. Excitation functions for the formation of various 
products in the bombardment of Sm with helium ions. A, 
29-hour Gd'*7; 0, 46-day Gd'#6; 9, 25-minute Gd'**; (J, Gd'6 
+Eu"® observed by means of 5.6-day Eu’ a few days after the 
end of bombardment. The expected reaction thresholds predicted 
by Cameron’s mass table [A. G. W. Cameron, Chalk River 
Project Report CRP-690, March 1957 (unpublished) ] are also 
indicated. 
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with a half-life of 52410 days, appearing among the 
products of the reactions of 660-Mev protons with 
tantalum. Moreover, they separated a (4.3-40.6)-day 
europium daughter from the gadolinium activity, and 
found the same gamma spectrum for each of these 
species as is reported in this paper. They found that 
the 115-kev gamma ray in the decay of their 50-day 
gadolinium was in reality two gamma rays of 115 kev 
each, in coincidence with each other. They concluded 
that the mass number of this decay chain is most 
likely 146, primarily on the basis of a comparison of 
their observed gamma spectra with the systematics of 
the known excited levels of neighboring nuclides 
(particularly the even-even isotopes of neodymium). 

The 38-hour species, which was observed by Hoff 
et al." and tentatively assigned to Eu™® on the basis of 
cross bombardments, was not observed in this work. 
Also, it was not observed among the products of the 
reactions of tantalum with 5.7-Bev protons,! where 
one might expect it to be formed in good yield. However, 
Gusev ef al.” report observing a 1.6-day neutron 
deficient europium activity among the spallation 
products resulting from the interactions of 660-Mev 
protons with tantalum. They also report that the 
half-life of the parent of this europium isotope is about 
12 hours. These results are in apparent contradiction 
with the results at 5.7 Bev. 

The relative energies of the two prominent gamma 


rays in the decay of Eu"*, and the fact that they are in 
prompt coincidence, suggests that Sm™“® may be an 


example of a “near-harmonic” nucleus.'* Indeed, this 


particular nuclear excitation pattern is expected of 
Sm"™°, because it is an even-even nucleus having a 
neutron number in the region 36¢ NV <88 (it has 84 
neutrons), which is exactly the situation in which the 
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Fic. 4. Proposed decay scheme for Eu"*, 
1 Hoff, Rasmussen, and Thompson, Phys. Rev. 83, 1068 (1951). 
2 Gusev, Lilova, Murin, Preobrazhenskii, and Iakovlev, J. 
Exptl. Theoret. Phys. U.S.S.R. 32, 1585 (1957) [translation: 
Soviet Phys. JETP 5, 1295 (1957) ]. 
13 G. Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212 
(1955) ; G. Scharff-Goldhaber, Phys. Rev. 103, 837 (1956). 
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near-harmonic nuclei are known to occur. This consider- 
ation guides one to assume that the first excited state 
of Sm"° is at 635 kev instead of 740 kev, and that the 
second excited state is therefore at 1375-kev excitation 
(Fig. 4), in order that the ratio (energy of second 
excited state)/(energy of first excited state)=2.17, to 
agree with a value of ~2.2 which is observed for the 
other near-harmonic nuclei which have about 600- to 
700-kev excitation for their first excited states (e.g., 
Cd")."8 In addition, no 1375-kev gamma ray was 
observed in the scintillation spectra (aside from a small 
peak explainable as an addition peak) to correspond to 
the forbidden two-phonon crossover transition; a 
conservative upper limit for the crossover branch of 
<5% can be assigned. 


Gd 145 


Samarium-144 was bombarded with 40.5-Mev helium 
ions, and europium and samarium were quickly sepa- 
rated from the resulting mixture of reaction products 
by extraction into sodium amalgam. The remaining 
rare earth products were carried from solution with a 
precipitate of gadolinium oxalate, and their radiations 
were examined. 

The decay of the AK x-ray peak revealed a very 
prominent component with a half-life of about 25 
minutes. Gamma rays with about this same half-life 
were also observed at 510, 800+10, 1035+15, and 
1750+20 kev. The 510-kev photopeak was considerably 
greater in intensity (~65%) when the sample was 
sandwiched between absorbers than it was when the 
upper absorber was omitted, and hence must be largely 
due to annihilation radiation. 

Figures 5(a) and 5(b) present the gamma-ray spec- 
trum observed for this nuclide (using a 33-inch 
Nal(T1) crystal). The contributions from the gamma 
spectra of Gd'® and Gd" interfere with attempts to 
observe gamma rays of small intensity in the region 
below ~300 kev. A channel-by-channel subtraction of 
two spectra taken about an hour apart yielded a spec- 
trum in which these gamma rays were effectively 
removed [Fig. 5(b)], which helped considerably in 
ascertaining that there were no prominent 25-minute 
gamma rays in this region. 

The best-determined half-life is a weighted mean 
value found by following the decay of K x-rays, 
positrons, and the 1.75-Mev gamma ray, the result 
being 7,=25+2 minutes. 

The combined europium-samarium fraction of the 
reaction products was extracted from the amalgam, 
recovered in the form of the precipitated oxalates, and 
examined with the gamma-ray spectrometer. Apart 
from a relatively small component of about 40 minutes 
half-life (probably some 25-minute impurity, at least 
in part), the main part of the radioactivity decayed 
with a half-life of about five days. The gamma-ray 
spectrum revealed that there was much Eu"? present, 
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Fic. 5. (a) Gamma spectrum of 25-minute Gd'**; (b) Upper 
curve: gamma spectrum of the gadolinium isotopes produced by 
the 40-Mev helium ion bombardment of enriched Sm™, taken 
two hours after the end of bombardment. Lower curve: same 
spectrum, but with the spectrum taken one hour later subtracted ; 
the result is an essentially pure spectrum for 25-minute Gd"*5, 


as expected, and that in addition there were unassigned 
gamma rays at ~530, 645+10, and 890+10 kev, all of 
which also decayed with half-lives of about five days. 
Since Eu™® has been identified" to be a five-day 
activity arising as the alpha decay daughter of Tb™, 
the unassigned gamma rays probably belong to Eu™®. 
In order to check this supposition, Sm'™* was bombarded 
with 12-Mev deuterons, and the resulting europium 
reaction products were carefully purified by ion ex- 
change. Gamma rays at 530, 645, and 890 kev, decaying 
with a half-life of 5.60.3 days, were again observed, 


and were initially the most prominent radiations in the 
sample. The gamma rays characteristic of Eu’** were 
definitely absent. 

In order to establish whether the 25-minute activity 
was the parent of 5.6-day europium, a fresh preparation 
of the 25-minute species was separated from europium, 
using sodium amalgam extraction, and set aside to 
form a reservoir. At regular timed intervals, aliquots 
were taken from this reservoir, and from these the 
europium was rapidly separated using sodium amalgam. 
These europium samples proved to be reasonably pure 
preparations of the 5.6-day europium species, displaying 
the same gamma spectrum (Fig. 6) as that observed 
for the 5.6-day europium freshly prepared in the 
deuteron bombardment. After suitable corrections were 
applied for chemical yield, etc., the half-life of the 
parent of the 5.6-day europium preparations was 
inferred to be 20+8 minutes, in reasonable agreement 
with the 25-minute half-life which was observed 
directly for the unknown activity. 

An excitation function was measured for this 25- 
minute activity by means of the method of stacked 
foils, with the results shown in Fig. 3. After the 25- 
minute material had decayed completely, another 
excitation function was measured in the same stack of 
foils, for the formation of the 5.6-day europium daughter 
(making use of the prominent and easily observed 
890-kev gamma ray). When a suitable scale factor was 
applied, the two excitation functions were identical, 
within experimental uncertainties. The threshold ap- 
pears to be in the neighborhood of 33 Mev, consistent 
with the assumption that the decay chain in question 
originates with the (a,32) reaction. Assurance that 
these species are formed by reaction with Sm™ was 
provided by bombarding a target stack in which the 
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Fic. 6. Gamma spectrum of 5.6-day Eu'®. This specimen was 
prepared by chemically “milking” the 25-minute Gd'**, The two 
small peaks at ~120 and 150 kev are due to a small amount of 
Gd"* impurity. 
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TABLE I. Summary of observations. 


Photon radiations 


Nuclide Half-life (Mev) 


Relative intensity 


Remarks 





Gdl46 25 +2 min K x-rays 


0.510 


0.800+0.010 
1.035+0.015 
1.750+0.020 
5.6+0.3 days K x-rays 
~0.53 
0.645+0.010 
0.890+0.010 
~1.30? 
~1.65? 


K x-rays 
0.114+0.002 
0.15340.003 


46 +2 days 


K x-rays 
0.635+0.010) 
0.740+0.010, 
(1.38) 


4.4+0.1 days 


target foils were alternately enriched samarium-144 and 
natural samarium. The 5.6-day europium activity, 
which was identified by means of its very prominent 
890-kev gamma ray, was detected definitely and 
unambiguously only in the foils prepared from enriched 
samarium-144. The mass number of the 25-minute 
activity is thus most probably 145. Also it is quite 
likely that it is a parent of the previously identified 
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Fic. 7. Positron energy spectrum of 25-minute Gd'*® observed 
with a plastic scintillator. Also included are the spectra of Ga*® 
and Ga®’ which were used for calibration. All spectra are normal- 
ized to equal total number of counts. 


This nuclide emits positrons with an end-point energy 
of 2.4+0.2 Mev. The 1.75-Mev gamma ray may be 
an unresolved doublet. 


These intensities are normalized to Eu'* (given below) 
via measurements on the equilibrium mixture. 


The 0.635- and 0.740-Mev gamma rays are in coinci 
dence, and are of nearly equal intensity. 


5-day Eu'*, and is therefore Gd"*, its formation being 
consistent with the reaction Sm! (a,32)Gd". 

An approximate value for the end-point energy of 
the positron spectrum was measured using a 2X 2-inch 
plastic scintillator with a 100-channel pulse-height 
analyzer. The pulse-height spectrum displayed by the 
decay of a freshly prepared Gd'* sample was observed, 
first directly, and then with sufficient beryllium ab- 
sorber interposed to stop all of the positrons. A spectrum 
which was obtained by subtracting the second spectrum 
from the first (after correcting for decay) was taken to 
represent the approximate positron spectrum of Gd"®, 
This spectrum was compared to the positron spectra 
of Ga® and Ga*, which have positron end-point 
energies at 1.89 Mev and 4.15 Mev, respectively. All 
three spectra were obtained in the same equipment at 
approximately the same time, with the results shown 
in Fig. 7. The positron end-point energy of Gd'*°, which 
was estimated by various interpolations between the 
known spectra, is 2.4+0.2 Mev. There appear to be 
no other obvious components in the spectrum, within 
the rather broad limits imposed by this admittedly 
crude experiment. 

The intensity of the 1.75-Mev gamma ray is so great 
(see Table I) that the bulk of the decay of Gd'*® must 
populate states which include this energetic transition 
in their de-excitation. Moreover, the energy and log ft 
value (~5.5) of the positron group are such that nearly 
all of the observed A x-rays must arise from electron 
capture transitions to the same level or levels as are 
populated by the positrons, in order to satisfy the 
theoretical A-capture to positron ratio for allowed 
transitions." 

Even if one assumes that the relative positron abun- 


44M. L. Perlman and M. Wolfsberg, Brookhaven National 
Laboratory Report BNL-485 (unpublished). 
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Fic. 8. Plot of beta-decay energies between the odd mass iso- 
tones which have 81 and 82 neutrons. The form of the plot follows 
that of Way and Wood,!* and the data for the solid points are taken 
from Strominger, Hollander, and Seaborg [ Revs. Modern Phys. 
30, 585 (1958) ]. The decay energy observed for Gd'*, plotted as 
an open circle, is consistent with reasonable extrapolations of the 
solid points. 


dance is overestimated by a factor of two (an unreason- 


ably large error) due to a contribution to the annihi- 


lation photopeak by a nuclear gamma ray of about 
500 kev, one still must conclude that the principal 
positron group populates some state or states decaying 
by means of the 1.75-Mev gamma ray, because it is not 
possible to arrange the decay scheme in any other way 
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which will also permit such a large intensity of 1.75-Mev 
gamma rays. 

If this conclusion is correct, then the total decay 
energy of Gd" is 5.2+0.3 Mev or greater. However, 
since there are no other gamma rays present with an 
intensity comparable to that of the 1.75-Mev gamma 
ray, the decay energy is unlikely to be higher than the 
calculated value. 

We may check these conclusions by employing the 
beta-decay systematics of Way and Wood" to estimate 
the expected total decay energy of Gd"*. The result is 
presented in Fig. 8, in which are plotted all of the 
known beta-decay energies occurring between isotones 
of 81 and 82 neutrons among odd-mass nuclides. The 
open circle corresponding to the decay of Gd'*® appears 
to be reasonably placed with respect to the other 
points. 

Table I summarizes the observations which were 
made concerning the decay of all of the nuclear species 
described in this paper. The errors in the estimated 
relative gamma-ray intensities probably do not exceed 
25% of the quoted values for the more intense photo- 
peaks, and are correspondingly higher for gamma rays 
of lesser intensity. 
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Search for Positron Emission in K‘°} 


D. R. TrtLEy* AND LEON MADANSKY 
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(Received May 19, 1958) 


A search for positron emission in K® has been made with the use of a triple coincidence technique. An 
upper limit of (3.61.8) X10~ positron per second per gram of natural potassium has been set. A corre- 
sponding upper limit of 0.59+0.28 has been computed for the ratio of the squares of the matrix elements, 


M ,?/M_2, for the K® 8* and 8~ transitions. 


INTRODUCTION 


HE search for positron emission in K* has been 
reported by several investigators, and the follow- 
ing upper limits have been set: 


Ng*/N.<0.01,! Ngt/Ng-<2X10-5/ 
Ngt/Ns-<6X10-43 


and Ng+/V,<0.01.4 These results were obtained by 
measurements of the intensity of the annihilation 
radiation from potassium. The upper limits for positron 
emission were arrived at by calculating the number of 
annihilation quanta expected from pair production by 
the 1.46-Mev gamma ray and subtracting it from the 
number observed. 

This experiment distinguishes the sources of the 
annihilation quanta from one another. The detection 
efficiency has been measured and, with the use of other 
known data, an upper limit for the ratio of the matrix 
elements for the 8* and 8 transitions has been deduced. 


EXPERIMENTAL PROCEDURE 


A block diagram of the apparatus is shown in Fig. 1. 
A 2 in.X2 in.X1 in. KI crystal is mounted on a 
phototube and placed between two 2 in.X2 in.X2 in. 
NalI(TI) scintillation counters. The sensitive volume is 
surrounded by a set of twelve 1-inch diameter Geiger 
counters, and the entire assembly is surrounded by an 
inner shield of three inches of steel, and in addition an 
outer one of four inches of lead. 

The single-channel analyzers are set on the 0.51-Mev 
annihilation peak obtained by replacing the KI crystal 
by a Na” source. Coincidences between 0.5-Mev Nal 
pulses not accompanied by an anticoincidence pulse 
from the Geiger tubes operate a gate which admits any 
KI pulse occurring within 1 microsecond to the 20- 
channel pulse-height analyzer. 

The background triples spectrum was obtained by 
substituting for the KI crystal a 13 in.X13 in.X1 in. 
NalI(TI) crystal. All three counters were calibrated once 
during each 24-hour run with the annihilation radiation 
from Na”. 

t This work supported by the U. S. Atomic Energy Commission. 

* Present address: Duke University, Durham, North Carolina. 

1P, R. Bell and J. M. Cassidy, Phys. Rev. 77, 409 (1950). 

2P.R. Bell and J. M. Cassidy, Phys. Rev. 79, 173 (1950). 

3S. A. Colgate, Phys. Rev. 81, 1063 (1951). 

4M. L. Good, Phys. Rev. 81, 1058 (1951). 


RESULTS 


The KI triples spectrum together with the back- 
ground Nal spectrum is shown in Fig. 2. The peak 
centered about channel 15 corresponds to an energy of 
0.44 Mev and represents those 1.46-Mev gamma rays 
which produce pairs in the KI with the annihilation 
quanta absorbed in the two Nal crystals. Since the 
K*—A® mass difference is about 1.48 Mev,® the 
positron spectrum would be expected to have a maxi- 
mum intensity at about 0.26 Mev and would then 
appear in the region below the gamma-ray peak. On the 
basis of the total number of counts in channels 1-10, the 
results are 0.334+0.037 count per hour from KI and 
0.276+0.037 count per hour from Nal. If-the triples 
background expected for the KI experiment is computed 
by correcting the NaI background for the difference 
in the total number of electrons contained in the 
crystals, the corrected difference is 0.000.059 
count/hr. If only the differences in the widths of the 
two crystals and the number of electrons per cc of the 
two crystals are considered, the corrected difference is 
0.115+0.053 count/hr. An approximate upper limit 
to the number of counts per hour from positrons is 
obtained by correcting this figure for the portion of the 
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Fic. 1. Block diagram of triple coincidence syste m. 
5P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
(1957). 
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Fic. 2. Spectrum of triple-coincidence pulses from KI and Nal. 
The peak centered at channel 15 is due to pair production by the 
1.46-Mev gamma ray. 


beta spectrum above channel 10 by a factor of 
1.51+0.11 from the computed shape of the spectrum 
for an assumed K“—A*® mass difference of 1.46 Mev. 
The result is 0.174+0.082 count/hr. 

The efficiency of the system is simply the probability 
that a positron produced in the KI crystal will cause 
a double coincidence in the two NaI counters. For a 
direct measurement of this efficiency, a Lucite con- 
tainer equivalent to the KI crystal motinting was packed 
with enough CuO to duplicate the 0.51-Mev gamma-ray 
absorption coefficient of KI, and irradiated with 
thermal neutrons. The Cu®™ positron activity produced 
thereby was measured by comparison with a calibrated 
Na” source. Point source geometry was approximated 
by putting the source at 14 inches from the counter. 
Appropriate absorption corrections were made. The 
double coincidence rate obtained with the CuO source 
in the system then furnished directly the efficiency 

= (2.8+0.4) X 10~ coincidence per positron. 

The system efficiency together with the upper limit 
of 0.174+0.082 count/hr gives an upper limit for the 
number of positrons emitted per second per gram of 
natural potassium of (3.6+1.8)X10~*. If the number 
of B- per second per gram of natural potassium is 
taken to be 27.50+0.25,° an upper limit of (1.30.7) 
X 10~° is obtained for the B+ /8- ratio. 


CONCLUSIONS 
The decay scheme of K* is shown in Fig. 3.° Both 
the 8+ and 8 transitions are unique third forbidden. 
The decay constant for a unique mth forbidden beta 
transition is given by’ 


2 Wo 


Ax -—f dW F(Z, W)pW(W.—-W)? 
2r' 1 
XSn"tY (gq, p, FZ), (1) 


~ McNair, Glover, and Wilson, Phil. Mag. 1, 199 (1956). 

7E. Konopinski, in Beta- and Gamma-Ray Spectroscopy, edited 
by K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 
p. 304. 
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where 


4r(n+1)! 
Sn) (q, , FZ) =Crcay>———— 
(2n+3)!! 


n 


xX———Ma,(q, p, +#Z), (2) 
(2n+1)! 


(2n+3)!!=1X3X5X +++ (2n+3), 

n  (2n+1)!(2v+1)! 

a,(q, p, #Z)= 3 
v= 2?”(y!)?(2n—2v+-1)! 


XG L, (p, +Z). (3) 





In the above expression, the upper sign refers to 
positron emission, the lower to electron emission. 
F(Z, W) and L,(p, #Z) are functions tabulated in 
Appendices II and III of reference 7. The squared 


matrix element, M?, is 
aoe m(@)| , 


Mt=> 


where 
Yi m(o) = (t/lh)e-pr'V 1 m(9,¢), 


and 
Since the squared matrix element, M’, enters the 


expression for A, only as a proportionality constant, 
the 6+/8- ratio for K* should depend only on the 





Fic. 3. Decay scheme of K®. 


available energies and the ratio of the matrix elements 
for the two transitions. A lower limit for \,/A_ can be 
computed in terms of the ratio of the matrix elements 
by using the known # transition energy for Wo in the 
expression for \_, and the lower limit for Wo (corre- 
sponding to zero energy for the electron capture 
transition to the 1.46-Mev excited state of A‘) in the 
expression for \,. The result of the numerical inte- 
gration is 


d,/A_> (2.2140.16)X 10-°M,2/M_2, 


where M, and M_ are the matrix elements for the 
positron transition to A® and the electron transition 
to Ca®, respectively. 
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Then from the experimental upper limit and the 
calculated lower limit, one has 


(1.30.7) 10-®>,/A_> (2.21+0.16) 
X10-°M,2/M_2, (6) 
and 
M,2/M_2<0.5940.28. (7) 


On the basis of the shell model the 8+ and 8~ transi- 
tions can be represented, respectively, by (d3/2)? > 
(frj2)" and (fr/2)"— (ds2)?.8 It is expected therefore 
that M,2M_*. 

The upper limit obtained for M,?/M_? is not sur- 


§ P. Morrison, Phys. Rev. 82, 209 (1951). 
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prising, however. As an indication of values to be 
expected, Feenberg® has pointed out that the squares 
of the matrix elements for unique first forbidden 
transitions spread over a range of 10 according to the 
empirical evidence. For example, in 33Asq:", (/it);/ 
(fit)_-=0.63," [fi=(1/20)(WeF—1)f]; and in 53I'26, 
(fit),/(fit)-=0.12." 

We would like to thank Professor F. 
many helpful discussions. 
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Reactions of Alpha Particles with Germanium-70 and Zinc-70* 
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(Received May 21, 1959) 


The reactions Ge*(a,2n)Se”, Ge" (a,pn) As”, Zn (a,pn)Ga™, and Zn"°(a,2p)Zn” were studied with alpha 


particles of 20-40 Mev, 


and their excitation functions were measured. 


The results are compared with 


evaporation calculations based on the assumption of compound-nucleus formation. 


INTRODUCTION 


HE mechanisms of nuclear reactions at moderate 
energies, 20 to 40 Mev, have long been the subject 

of discussion and much contradictory evidence has been 
presented! In particular, the fact that (a,pm) and 
(p,pm) cross sections are often larger than the cross 
sections of competing (a,2”) and (p,2m) reactions has, 
on the one hand, been cited? as supporting evidence for 
a direct-interaction mechanism, and has, on the other 
hand, been interpreted** in terms of level density 
effects in the framework of compound-nucleus theory. 
It seemed of interest to investigate comparable 
a-induced reactions with two isobaric target nuclei, and 
to see whether the measured cross sections and their 
energy dependence could be accounted for by the 
statistical theory. The target nuclei chosen were Zn” 
and Ge” and the reactions studied were Zn”(a,2p)Zn™, 


* Research performed under the auspices of the U. S. Atomic 
Energy Commission. 

+ Present address: Israel Atomic Energy Commission, at the 
Weizmann Institute of Science, Rehovoth, Israel. 

1 See, e.g., Conference on the Statistical Aspects of the Com- 
pound Nucleus, Eisberg, Gugelot and Porter, Brookhaven 
National Laboratory Report BNL-331, 1955 (unpublished). 

2B. L. Cohen and E. Newman, Phys. Rev. 99, 718 (1955). 

3S. N. Goshal, Phys. Rev. 80, 939 (1950). 

4 Miller, Friedlander, and Markowitz, Phys. Rev. 98, 

(A) (1955). 

5 J. Miller and F. S. Houck, Bull. Am. Phys. Soc. Ser. II, 2, 60 
(1957). 

6 J. Meadows, Phys. Rev. 91, 885 (1953) ; 98, 744 (1955). 
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Zn™(a,pn)Ga”, Ge(a,pn)As”, and Ge™(a,2n)Se”. Fig- 
ure 1 shows in detail the evaporation paths which can 
lead to these products under the assumption of a com- 
pound-nucleus mechanism. 


EXPERIMENTAL 


Targets.—Natural germanium was used for the study 
of Ge(a,2n)Se” and Ge”(a,pn)As™ reactions. The 
targets were prepared by evaporation of metallic 
germanium in a high vacuum onto 0.001-inch gold foils 
to thicknesses of 0.151+0.002 and 0.85+0.04 mg/cm?. 
The reactions Zn”(a,pn)Ga” and Zn”(a,2p)Zn™ were 
studied with targets of enriched zinc-70 (48 and 59 
atom-percent Zn”) electroplated on 0.001-inch gold 
foils to thicknesses in the range of 0.20 to 0.85 mg/cm’. 


ce”? ta=e, Zn + ae oe 


OA 
PP AK, 


ee 0-0 e-e 0-0 e-e 


Fic. 1. Evaporation paths leading from the compound nuclei 
Se™ and Ge” to the product nuclei of A=72. The neutron and 
proton separation energies!*.“ (in Mev) are shown. The even-even 
(e-e) and odd-odd (0-0) character of the product nuclei is indicated. 
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ie a ee i Targets were dissolved in HCI containing minimum 

HNO;. Selenium and arsenic were separated from 
the germanium-gold solution by distillation of their 
bromides. Selenium was reduced to the metallic form, 
arsenic was precipitated as the As2S;. Gallium was 
extracted with isopropyl ether after removal of gold 
from the HCI solution, and then precipitated as the 
8-hydroxy quinoline derivative. Zinc-72 production was 
determined through its daughter Ga” which was 
extracted and processed the same way as the Ga fraction 
some 48 hours after the purification of the zinc fraction. 
All final samples were precipitated on fixed-diameter 
filter paper disks and mounted on aluminum plates. 
Chemical yields were determined by addition of known 
amounts of carriers during dissolution of the targets, 
and by a subsequent quantitative instrumental chemical 
analysis of the measured samples. 

Measurements.—The measurements of the sample 
activities were performed at calibrated geometries with 
a 3X3 inch Nal(TI) crystal connected to a 100-channel 
pulse-height analyzer. In the determination of the 
individual reaction products advantage was taken of 
their characteristic gamma spectra and decay half-lives. 

| a. 26-hour arsenic-72 was determined by the photopeak 
“3a 36 38 40 of its 0.835-Mev gamma ray whose abundance is 

76.6%.” 


8.4-day selenium-72 was determined through its 
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Fic. 2. Measured cross sections for the Ge” (a,2n) 
and Ge™(a,pn) reactions. 





The thicknesses of the deposited elements on the target 
foils were determined both by weighing and by direct 
chemical analysis. 

Bombardments.—Stacks of target foils were bom- 
barded in the deflected He**+ beam of the Brookhaven 
60-in. cyclotron. In the bombardments the target layers 
faced the incoming beam, thereby avoiding the loss of 
recoiling products from the target foil. With this 
arrangement, the recoils are captured in the gold back- 
ing of the target foil. The exposed target area was of the 
order of 0.3 cm*. The energy of the 41.6+0.5 Mev alpha 
particles was degraded with aluminum foils of measured 
thicknesses.” The beam was monitored by means of a 
Faraday cup. The beam intensities used for the bom- 
bardments were of the order of 1-3 microamperes. 
Irradiation times were in the range of 1 to 5 hours. 

A detailed description of the target assembly used as 
well as an analysis of the performance of the Faraday 
cup, used in this experiment, have been published 
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elsewhere.® 
Chemistry.—The products of the reactions were 
chemically separated by conventional radiochemical 
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7 The alpha energies were calculated according to the range- 
energy curves of Aron, Hoffman, and Williams, U. S. Atomic Eg (Leb) Mev 
Energy Commission Report AECU-663 (unpublished). 
8S. Amiel and N. T. Porile, Rev. Sci. Instr. 29, 1112 (1958). Fic. 3. Measured cross sections for the Zn™(a,pn) 
®W. W. Meinke, U. S. Atomic Energy Commission Report and Zn”(a,2p) reactions. 
AECD-3084 (unpublished); J. Kleinberg, Los Alamos Report _—————— 
LA-1566 (unpublished). © Brun, Kraushaar, and Meyerhof, Phys. Rev. 102, 808 (1956). 
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daughter As”; thus the ratio of As” and Se” yields is 
free from counting efficiency corrections. 

14.3-hour gallium-72 was determined by the photo- 
peak of its 0.84-Mev gamma ray whose abundance is 
96.7%. 

49-hour zinc-72 was determined through its daughter, 
Ga”; this again eliminates counting efficiency correc- 
tions in the relative yields. 

The counting efficiencies of all measured gammas 
were the same, because they are of the same energy. 
The geometry, as well as the total counting efficiency 
were calibrated by means of the 1.28-Mev gamma ray 
of a calibrated standard sodium-22 source.” 


RESULTS 


The measured cross sections for the reactions studied 
are shown in Figs. 2 and 3. The estimated errors (+10% 
for the Ge”®+a, and +25% for the Zn”+a reactions) 
are shown. The uncertainty in energy is £<0.5 Mev at 
the upper end of the energy scale and increases to 
~1 Mev at the lowest energies. The alpha-particle 
threshold energies for the reactions studied, as com- 
puted from mass and decay energy data, are: 18.8 
Mev for Ge”(a,2n), 16.0 Mev for Ge(a,pn), 14.5 Mev 
for Zn(a,pn), and 14.9 Mev for Zn™(a,2p). 


DISCUSSION 


The shape of the Ge”(a,2”)Se”, Ge (a,pn)As”, and 
Zn”(a,pn)Ga™ excitation function curves follow the 
general characteristics of a compound nucleus mecha- 
nism for similar reactions in the same mass region. The 
Zn” (a,2p)Zn” excitation function differs in its shape 
from the three other curves. This is probably due to the 
effect of the large barrier for two proton evaporations, 
which results in shifting of the peak to higher energies. 
On the other hand, one cannot exclude the possibility 
of a non-compound-nucleus mechanism for this reaction. 

It may be noted that Zn”°(a,pm) cross sections are 
substantially lower than the Ge(a,pm) cross sections. 
One can conclude that the unobserved Ge’(a,2n) 
reaction must, at the peak value of the two-particle 


1! Kraushaar, Brun, and Meyerhof, F hys. Rev. 101, 139 (1956). 

The correction to the 0.835-Mev gamma ray was done 
according to Lazar, Davis, and Bell, Nucleonics 14, No. 4, 52 
(1956). 

13 A, H. Wapstra, Physica 21, 367, 385 (1956). 

4 Strominger, Hollander, and Seaborg, Revs. Modern Phys. 30, 
585 (1958). 
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emission functions, have a cross section of the order of 
10 times that of the Ge”(a,pm) reaction. Thus the ratio 
of (a,pn)/(a,2n) cross sections is greatly different on the 
two sides of the stability valley, a result which would 
not be expected if direct interaction were the pre- 
dominant mechanism for the (a@,pm) reactions. 

An attempt was made to calculate the cross sections 
of the reactions according to the statistical theory.'® The 
method was exactly that used by Porile'® in his analysis 
of the a-particle reactions of Zn™, Odd-even effects on 
level densities were taken into account by the formalism 
of a characteristic level,!’ and for the displacements 6 
of the characteristic levels Cameron’s'* shell and pairing 
energies were used. Semiquantitative agreement with 
the experimental data was obtained and the large 
difference in (a,pn) cross sections for Ge” and Zn” 
was well reproduced; but the calculated ratio of 
(a,pn)/(a,2n) cross sections on Ge” was too small by 
about a factor 2 at the peak of the excitation function. 
This ratio was found to be very sensitive, however, to 
the choice of 6 values, and much better agreement with 
the experimental results reported here has been obtained 
with a different choice of pairing energies in the course 
of extensive evaporation calculations by Dostrovsky, 
Fraenkel, and Friedlander.’ The parameter @ in the 
level density expression W(E)=C exp[2(aE)!] was 
varied between 4/10 and 4/20 and this was found not 
to affect the calculated cross sections substantially. 
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The total reaction cross sections for 22.8-Mev protons on uranium isotopes were determined by measuring 
cross sections for (, fission), (p,p’), (~,d), (p,t), and (p,a). These data are combined with previously 
measured (p,xn) cross sections to give total reaction cross sections of 1.43+0.10, 1.44+0.10, and 1.39+0.10 
barns for 22.8-Mev protons on U**, U5, and U*8, respectively. Angular distributions of (p,p’), (p,d), (p,t), 
(p,a), and proton elastic scattering cross sections are shown for U5 and U8, 


INTRODUCTION 


HERE exists considerable evidence that neutron, 

proton, and alpha-particle elastic scattering cross 
sections are described by the optical model of the 
nucleus.'~* Numerous sets of experimental data have 
been successfully fitted by analyses involving proper 
selection of optical model parameters.?-'® However, 
sets of parameters are not unique. In particular, it 
has been shown that if VR? (V is the depth of the real 
part of the nuclear potential, and R is the nuclear 
radius) is held fixed, the individual parameters can vary 
over a considerable range of values. 

It has been emphasized***"” that experimental 
measurements of total reaction cross sections would 
provide a desirable check on the results of optical model 
analyses and determine the nuclear radius parameter, R, 
and hence the real nuclear potential parameter V. 

McCormick and Cohen"* have shown that the fission 
cross section is almost the total compound nucleus cross 
section for medium energy protons on uranium isotopes ; 
they determined the (,xm) cross sections and the 
(p, fission) cross section for 22-Mev protons on U8 
with an uncertainty of +15%. 

In the work reported here, total reaction cross 
sections for 22.8-Mev protons on the uranium isotopes 
Us, U5, and U** were determined by measuring 


* Operated for the U. S. Atomic Energy Commission by 
Union Carbide Corporation. 

1 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 

2 A. E. Glassgold et al., Phys. Rev. 106, 1207 (1957). 

3 Melkanoff, Nodvik, Saxon, and Woods, Phys. Rev. 106, 793 
(1957). 

4G. Igo and R. M. Thaler, Phys. Rev. 106, 126 (1957). 

5 A. E. Glassgold and P. J. Kellogg, Phys. Rev. 107, 1372 (1957). 

6 A. E. Glassgold and P. J. Kellogg, Phys. Rev. 109, 1291 (1958). 

7 Melkanoff, Moszkowski, Nodvik, and Saxon, Phys. Rev. 101, 
507 (1956). 

® R. W. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 

9G. Igo, Phys. Rev. Letters 1, 72 (1958). 

10 W. B. Cheston and A. E. Glassgold, Phys. Rev. 106, 1215 
(1957). 

1 Fernbach, Heckrotte, and Lepore, Phys. Rev. 97, 1059 (1955). 

12 R. M. Sternheimer, Phys. Rev. 97, 1314 (1955). 

13 R. M. Sternheimer, Phys. Rev. 100, 886 (1955). 

4 W. Heckrotte, Phys. Rev. 101, 1406 (1956). 

16 T. Eriksson, Nuovo cimento 2, 907 (1955). 

16S, Kohler, Nuovo cimento 2, 911 (1955). 

17N. M. Hintz, Phys. Rev. 106, 1201 (1957). 

18G. H. McCormick and B. L. Cohen, Phys. Rev. 96, 722 
(1954). 


individual components of the reaction cross section. 
Elastic scattering cross sections for 22.8-Mev protons 
on U*> and U8 were also measured over a large 
angular range. The former, when compared with results 
of optical model analyses of the latter, should establish 
the nuclear radius and the real nuclear potential 
parameters. 


EXPERIMENTAL 


The energy-analyzed external proton beam of the 
ORNL 86-inch cyclotron was used for these experiments. 
The experimental arrangement used for (9, fission) 
cross section measurements is shown in Fig. 1. The 
proton beam is defined by a }-in. diam collimator, 
passes through the target, and is then monitored in a 
Faraday cup. 

The targets used for the fission measurements consist 
of electroplatings of uranium ~1 mg/cm? thick on 
backings of metallic nickel 0.002-in. thick. The isotopic 
purities of the targets are U**—98.6340.03%, U**— 
93.18+0.01%, and U?8—99,9997+0.003%. The targets 
were prepared by electroplating a surface of several 
square inches, scanning the surface with a small end- 
window alpha-particle counter to check for uniformity 
of uranium thickness, and cutting out }-in. square 
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Fic. 1. Experimental arrangement used for (, fission) 
cross sections measurements. 
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specimens of uniform uranium thickness. The uranium 
thickness of each target was then determined by 
measuring the specific alpha activity with a 2x counter.” 
The uncertainty of the thicknesses of targets plated 
with U5 and U8 is +1%; the uncertainty of the 
thicknesses of the U*-plated targets is +5%. Several 
targets of a range of thickness were used; thus a check 
on the validity of the thickness determinations was 
provided. 

Fission rates are determined by counting the outgoing 
fission fragments with a 2-in. thick proportional counter 
which is filled to a pressure of ~2 cm Hg with a 90% 
argon-10% methane gas mixture. The }-in. diam mica 
window (1.6 mg/cm? thick) defines the counter geom- 
etry. Antiscattering slits, made of 0.001-in. aluminum 
foil, prevent fragments scattered by the walls of the 
assembly from entering the proportional counter. The 
fission fragments, after escaping from the target and 
passing through the mica window, have energies of 
~15 Mev and ~30 Mev for the average heavy and 
light fragments, respectively,” and thus produce large 
pulses in the thin proportional counter. Other particles 
produce smaller pulses that are readily distinguished 
from the fission-fragment pulses by pulse-height analysis. 
The target foils are clamped to the end of a metal rod 
which passes through an O-ring seal to the exterior of 
the vacuum chamber; thus the target can be rotated 
while the vacuum is maintained. For checking the 
validity of a fission-fragment count, the target may be 
rotated 180 deg so that the detector observes the nickel 
backing which is opaque to fission fragments, and the 
detector count repeated. This test was made frequently 
during the experiments. 

Since the fission cross section is a large fraction of the 
total reaction cross section for 22-Mev protons on 
uranium, a precision measurement of the former is 
essential for an accurate determination of the latter. 
One potentially important source of experimental un- 
certainty in this type of experiment is the beam current 
monitoring system. Errors can arise from three sources: 
(1) ionization of gas molecules, (2) secondary electrons 
entering or leaving the Faraday cup, and (3) multiple 
scattering. The permanent magnet (see Fig. 1) main- 
tains a field of ~ 1000 gauss in the region of the Faraday 
cup entrance. This is sufficient field intensity to ‘curl 
up” secondary electrons and prevent them from entering 
or leaving the Faraday cup unless they originate within 
a few millimeters of the entrance. The pressure in the 
system was maintained sufficiently low for these experi- 
ments that <0.01 ion pair could be formed by each 
23-Mev proton between the target and the back of the 
Faraday cup and <0.001 ion pair per proton could be 
formed sufficiently near to the Faraday cup entrance 
that either member of the pair could traverse the 


19 The plated uranium targets were prepared and the uranium 
thicknesses determined by G. S. Petit of the Uranium Measure- 
ments Department of the Oak Ridge Gaseous Diffusion Plant. 

2” C. B. Fulmer, Phys. Rev. 108, 1113 (1957). 
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Fic. 2. Relative fission fragment count vs target-Faraday cup 
distance. These data show the adequacy of the experimental 
arrangement for reducing the effects of secondary electrons and 
multiple scattering. 


entrance in the presence of the field of the permanent 
magnet. A movable section of the Faraday cup allows 
the target-to-Faraday cup distance to be varied, and 
hence the solid angle subtended by the latter. The 
relative fission-fragment count observed for a range of 
target-to-Faraday cup distances is shown in Fig. 2. The 
calculated curve was computed by use of an approxima- 
tion method”! based on the Moliére theory of multiple 
scattering. It is seen that over a reasonable range of 
target-to-Faraday cup distance, the relative count does 
not change appreciably. The datum point obtained with 
the magnet removed demonstrates the effect of second- 
ary electrons from the target that enter the Faraday cup 
and hence the need for the magnet. 

Since fission fragments from proton fission of uranium 
are not emitted isotropically, a precision measurement 
of the number of fission fragments emitted at one 
angular position is not sufficient for a determination of 
the fission cross section. The form of the angular 
distribution and the magnitude of the anistropies 
(averaged over the full range of masses) of fission 
fragments were investigated. For these measurements, 
the plated targets and a 24-in. diam scattering chamber 
were used. 

The chamber” consists of two cylindrical parts 
separated by an O-ring seal and ball bearing assembly. 
The lower cylinder is stationary; the top cylinder can 
be rotated (an electric motor and chain drive are used) 
while the scattering chamber vacuum is maintained. 
The proton beam enters the chamber through a 
horizontal pipe near the top of the lower cylinder. There 
are several flanged circular ports for particle detectors, 
etc., in the wall of the top cylinder. The flanges are 
inclined so that the axis of each port intersects the 
proton beam at the target position. A machined scale 
on the lower cylinder serves to indicate the angular 


21 W. C. Dickinson and D. C. Dodder, Rev. Sci. Instr. 24, 428 
(1953). 

*% The scattering chamber was designed in collaboration with 
B. L. Cohen, J. E. Mann, and M. B. Marshall. 
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position of the top cylinder and hence of the particle 
detector. There are several ports located in the lower 
cylinder for particle detectors, electrical leads, etc. 

For the proton elastic scattering experiments, the 
incident proton beam is defined by a {-in. diam colli- 
mator, passes through the target and thence to a 
Faraday cup, located inside the scattering chamber. 
The Faraday cup and a stationary scintillation detector, 
which counts protons elastically scattered from the 
target, are used to monitor the beam. For obtaining 
data at angles smaller than ~ 20 deg, the Faraday cup 
is removed, and the scintillation detector, which is 
previously calibrated with the Faraday cup for the 
target being used, serves as the beam monitor. 

Self-supporting 0.001-in. thick targets of metallic 
U8 (99.7% isotopic purity) and U** (93% isotopic 
purity) were used for measurement of proton elastic 
scattering, (p,p’), (p,d), (p,t), and (p,q) reaction cross 
sections. 

A }-in. diam collimator for the outgoing particles 
defined the counting geometry of the detector for the 
proton elastic scattering experiments. A 4-in. diam 
collimator was used for the (p,p’), (p,d), (p,/), and 
(pa) experiments. The detector consisted of a 0.1-in. 
thick CsI(TI) scintillation crystal and photomultiplier 
tube; pulse-height analysis was used to distinguish the 
pulses due to elastically scattered protons from those 
due to background radiations. The energy resolution 
(defined here as full width at half maximum) of the 
CsI(TI) scintillation detector was ~4% for 22-Mev 
protons. The results were checked with another scintilla- 
tion detector which used a NaI(T]) crystal (energy reso- 
lution for protons was ~2%); the better resolution 
detector yielded measurements that are in good agree- 
ment with those obtained with the CsI(TI) detector. 

Elastic scattering cross sections were measured for 
the U** and U*** targets at intervals of ~5 deg over the 
angular range of 9 deg-171 deg; two complete sets of 
data were obtained to test the reproducibility of the 
measurements. 

For measurements of proton inelastic scattering cross 
sections, the U** and U™* targets were carefully polished 
to remove the uranium oxide coat that had formed on 
the surfaces of the metal foils. 

The detector used for (p,p’), (p,d), (p,4), and (p,q) 
reaction cross section measurements consists of a 
proportional counter-scintillation counter telescope. The 
detector was used with a particle identification system™ 
which can be adjusted to select pulses from a single type 
of particle to trigger a coincidence gate on the twenty- 
channel pulse-height analyzer which measures the 
scintillator pulse-height spectrum. Thus background 
pulses are eliminated from the energy spectra data. The 
(p,d) angular distribution data were checked by pulse- 
height analysis of the output pulses from the particle 
identification system; triton and alpha-particle pulses 


3 C. D. Goodman and J. B. Ball (to be published). 
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were simultaneously counted by the 20-channel pulse- 
height analyzer. Approximate measurements of the 
particle energy distributions were made by displaying 
the particle identification system pulses on the screen 
of a cathode-ray oscilloscope and making time-exposure 
photographs of the screen. This type of display served 
principally, however, as a qualitative indication to guide 
the experiment. 


RESULTS AND DISCUSSION 
(1) Proton Elastic Scattering 


The differential elastic scattering cross sections for 
22.8-Mev protons on U** and U8 are shown in Fig. 3. 
The same data are shown again in Fig. 4 as the ratio of 
the cross sections to the Rutherford scattering cross 
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Fic. 3. Differential elastic scattering cross sections 
for 22.8-Mev protons on U** and U8, 
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section to emphasize the details of the angular distribu- 
tions. The data represent the average of two complete 
runs. The counting statistics allow standard deviations 
of +3% or less in the angular range of 30 deg—-140 deg 
and +8% or less for the remainder of the data. The 
variation of data from different runs, that occurred 
several weeks apart, was less than 10% except at 
angles <30 deg and >150 deg. However, the data con- 
tain contributions of inelastically scattered protons that 
leave the nuclei in low-energy excited states that are not 
resolved from the pulse-height peak of elastically 
scattered protons. 

The general features of the data are consistent with 
the pattern of angular distributions of 22-Mev protons 
elastically scattered by various elements from Be to Th 
as observed by Cohen and Neidigh,” i.e., the maxima 
and minima in the angular distributions occur at 
positions that could be extrapolated from the earlier 
data. There are some variations in absolute magnitude 
of the scattering cross sections for the two isotopes at 
certain angular regions, e.g., 60 deg-100 deg. These may 
be associated with the different spins of the two 
isotopes or possibly with details of the nuclear potential. 
For instance, Green has suggested” that there is an 
(N—Z)/A dependence of the depth of the real nuclear 
potential. 


(2) Fission Cross Sections 


(a) The following fission cross sections for 22.8-Mev 
protons on uranium isotopes were measured by counting 
fission fragments emitted at 90-deg from the proton 
beam: 

for U**, o(f, fission) = 1.20+0.06 barns; 

for U**, o({, fission) = 1.20+0.05 barns; 

for U8, o(p, fission) = 1.14++0.04 barns. 
The data were obtained with several target specimens 
of different thicknesses and repeated on subsequent 
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Fic. 4. Differential elastic scattering cross sections for 22.8-Mev 
protons on U*> and U** plotted as ratios to the Rutherford 
scattering cross sections. 

4B. L. Cohen and R. V. Neidigh, Phys. Rev. 93, 282 (1954). 

*5 A. E. S. Green (private communication); A. E. S. Green and 
P. C. Sood, Phys. Rev. 111, 1147 (1958). 
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runs. The uncertainties shown are the standard devia- 
tions of all the data obtained. A test showed that the 
fission rate of a U** target due to neutrons in the scatter- 
ing chamber is less than 0.5% of the fission rate produced 
by protons when the target is exposed to the beam used 
for these experiments. 

(b) The angular distributions of fission fragments 
were investigated. The relation 7(@)=a+6 cos’@ [/(@) 
is the relative, intensity observed at angle 6 from the 
proton beam] was checked and found to hold for the 
entire mass spectrum of fragments as well as for single 
mass fragments.2® The following anisotropies were 
observed : 


for U2, (b/a)=0.23-40.04; 
for U5, (b/a)=0.21+0.03; 
for U8, (6/a)=0.22+0.02. 


The values obtained here are larger than those 
observed earlier for single mass fragments.?” However, 
the sensitivity of total fission cross sections toanisot- 
ropy values is not large. The total cross section for the 
(p, fission) reaction can be written as 4ra[1+}3(b/a) ], 
where 47a is the value obtained from measurements 
with the detector at 90 deg. Thus the discrepancy 
between these and earlier anistropy measurements is not 
a large source of error. 

From the combined results of (a) and (b) the fission 
cross sections are 


for U**, o(p, fission) = 1.29+0.07 barns; 
for U*, o(, fission) = 1.280.06 barns; 


for U*S, o(p, fission) = 1.22+0.05 barns. 


To be more precise, the above values are o(p,xn/f) 
values. The prediction of some theories of nuclear fission 
that the probability of fission increases with (Z?/A) is 
not contradicted here; no experimental distinction is 
made between fission before and after one or more 
neutrons are boiled off the compound nucleus. The 
combined probability of fission of compound nuclei, 
formed from U*, U3, and U8 nuclei and 23-Mev 
protons before neutron emission lowers the excitation 


energy below the fission threshold, was computed using 


Huizenga’s values of I’,,/I'; 1s mass number.”° For each 
of the three nuclei, the combined probabilities are ~ 0.98 
for cases where the first particle is emitted with low 
energy. This is for compound nucleus reactions and 
does not include (p,p’), (p,d), or any other direct- 
interaction reactions. 

26 Cohen, Jones, McCormick, and Ferrell, Phys. Rev. 94, 625 
(1954). 

27 Cohen, Ferrell-Bryan, Coombe, and Hullings, Phys. Rev. 98, 
685 (1955). 

28 J. R. Huizenga, Proceedings of the Conference on Reactions 
Between Complex Nuclei [Oak Ridge National Laboratory Report 
ORNL-2606, 1958 (unpublished) ]. 
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Fic. 5. Differential (p,p’), (p,d), (p,t), and (p,q) reaction 
cross sections for 22.2-Mev protons on U5 and U™®. 


(3) (p,d) Reaction Cross Sections 


The angular distributions of observed differential (p,d) 
reaction cross sections for 22.2-Mev* protons on U** 
and U™* are shown in Fig. 5. Probable errors are shown 
for typical data points. The particle identification 
system used for the experiment insured that all the 
particles counted were deuterons. The energy spectra 
of the dueterons extend from ~8 Mev to ~18 Mev and 
are peaked at ~16 Mev. 


(4) (p,f) Reaction Cross Sections 


The angular distributions of observed (p,/) reaction 
cross sections for 22.2-Mev protons on U**® and U** are 
shown in Fig. 5. The data were all obtained by pulse- 
height analysis of the particle identification system 
output pulses. The energy distributions of the tritons, 
as determined by photographs of oscilloscope displays 
which are discussed above, are approximately the same 
as that of the deuterons. 


(5) (p,w) Reaction Cross Sections 


The angular distributions of (f,@) reaction cross 
sections for 22.2-Mev protons on U*** and U8 are shown 
in Fig. 5. The data were all obtained in the same 
manner as the (#,/) data. The large spread of alpha- 
particle energy loss in the thick targets used (~60 


® These measurements were made somewhat later than the 
earlier ones. During the interval, repairs were made on the 
cyclotron with the result that the spectrum of the external beam is 
peaked at 22.2 Mev rather than 22.8 Mev. 


FULMER 


mg/cm*), and the energy loss of the alpha-particles in 
traversing the proportional counter make the energy 
distribution determinations from the oscilloscope dis- 
play photographs rather inaccurate. Qualitatively the 
spectra are similar, however, to those previously ob- 
served for Pt and Au.” The strongly forward-peaked 
angular distributions are also very similar to those 
observed for (~,@) reactions in Pt and Au. 


(6) Proton Inelastic Scattering 


The cross section for inelastic scattering of 22.2-Mev 
protons by U** and U** was measured over an angular 
range of 19 deg-120 deg for Q values extending to 
—7 Mev which is the fission activation energy for these 
uranium isotopes. The pulse-height spectra observed 
at a few angular positions are shown in Fig. 6. A pulse- 
height spectrum obtained with the scintillation detector 
at O-deg position, the target removed, and the ion 
source of the cyclotron turned off is also shown in Fig. 6; 
this spectrum contains pulses below the principal peak. 
These could result from low-energy protons due to slit 
scattering, etc., and from proton-induced nuclear 
reactions in the scintillation crystal. The inelastic 
scattering data obtained at forward angles were 
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Fic. 6. Pulse-height distributions for protons observed at 0-deg 
and at other angular positions. The peaks are normalized to show 
the magnitude of the corrections that were made for pulse-height 
contamination before the (p,p’) cross sections were computed. 


* C. B. Fulmer and B. L. Cohen, Phys. Rev. 112, 1672 (1958). 
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corrected for this contamination of the pulse-height 
spectra before the (p,p’) cross sections were computed. 

The (p,p’) cross section values for 22.2-Mev protons 
on U** and U8 with Q values extending to —7 Mev 
are shown in Fig. 5. The data do not include contribu- 
tions from scattering events that leave the residual 
nucleus in low levels (up to ~500 kev) of excitation 
which are not resolved from the elastic peak. When 
averaged over all angles, the (p,p’) cross section is 
65+20 mb for U8 and 68+25 mb for U*, 


(7) Other Reactions 


Cross sections for (p,m) reactions in U8 have been 
previously investigated.'® It was found that the (p,3m) 
reaction is the predominant (p,m) reaction (without 
subsequent fission) for 21.5-Mev protons. The measured 
absolute value at that energy is 32+13 mb. Other (p,xn) 
reactions were found to be much smaller. 

Usually one would need to include contributions for 
(p,y) reactions in experimental determinations of total 
reaction cross sections. However, if the fission cross 
section is a large part of the total reaction cross section, 
(p,y) reactions occur with very small cross sections; for 
instance, the (p,y) cross section for 23-Mev protons on 
Bi*® is ~0.2 mb.*! 

The results discussed above, of various parts of the 
total reaction cross sections for protons on uranium 
isotopes, are summarized in Table I. Although a self- 
supporting target of U** was not available for measuring 
the proton elastic scattering, (p,p’), (p,d), (p,4), and 
(p,a) cross sections of that isotope, it is well known that 
for heavy elements, they vary very slowly with 
A-values. The combined total reaction cross sections 


31 E. L. Kelley, University of California Radiation Laboratory 
Report UCRL-1044, 1952 (unpublished). 
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TABLE I. Reaction cross sections for 22.8-Mev protons on uranium 
isotopes. All cross sections are in barns. 


Reaction Us Um Us 


(p,f) 1.22 +0.05 
(p,xn) 0.35 +15> 

(p,d) 0.050+0.005 
(p,t) 0.013+-0.004 
(p,a) 0.003+0.001 
(p,b’) 0.065+0.020 
Total 1.39 +0.10 


1.29+0.07 1.28 +0.06 
0.035 0.035" 
0.050" 0.050+0.005 
0.013" 0.011--0.004 
0.004* 0.004+0.001 
0.065* 0.068+0.025 

1.43+0.10 1.44 +0.10 








® These cross sections are inferred from the data for other uranium 
isotopes. 
b See reference 18, 


given in Table I include allowances in the uncertainties 
for low-lying levels excited in (p,p’) reactions. No 
allowance is made for rotational levels, however; for 
neutrons the cross sections for excitation of these levels 
are rather large.** However, rotational levels are pre- 
dominantly excited in elongated nuclei. Although it is 
likely that uranium nuclei are elongated, the optical 
model analysis of elastic scattering data employs a 
spherical nuclear model and hence the reaction cross 
sections thus obtained do not include contributions 
due to nuclear eccentricity. 
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Modified Hartree-Fock Method for the Finite Nucleus* 


K. A. BRuECKNERt AND D. T. GOLDMAN 
Department of Physics, University of Pennsylvania, Philadelphia, Pennsylvania 
(Received June 1, 1959) 


A procedure is given for including the rearrangement energy term in the Brueckner-Gammel method for 
evaluating the structure of finite nuclei. A variational technique is used to derive the single-particle energy 


from the total binding energy of the nucleus. 


It is seen that although a rearrangement energy term does not appear explicitly in the total nuclear 
binding energy, it is derivable from the binding energy and influences the eigenfunctions of the total nuclear 
system, and thus its energy eigenvalues. The rearrangement energy has a noticeable effect on the single- 
particle wave equation and must be included in finite nucleus calculations. To a good approximation, it 
is shown that it is possible to evaluate the rearrangement potential and to express it as a simple function 


of the mean nuclear density, i.e., 


V r= (240 Mev)p?X (10-8 cm)®. 


METHOD has been described! for determining 

the structure of finite nuclei by a modified 
Hartree-Fock procedure. This method is based on the 
approximation that the local correlation structure of a 
finite nucleus is identical to that of nuclear matter at 
the same local density. In this approximation, which is 
discussed extensively in I, the effective particle-particle 
interaction in the finite system is the nonlocal K-matrix 


(ri2| K(p) |t12’), (1) 


which is determined from the self-consistent A-matrix 
evaluated in the study of nuclear matter by Brueckner 
and Gammel.’ The density p appearing in the K-matrix 
is an average density over the correlation range and 
may approximately be taken to be that at the center 
of gravity of the two interacting particles, 


R= (r; +f) Ht 


The A-matrix of Eq. (1) can be considered to be the 
operator whose matrix element taken with respect to 
the eigenstates of the finite system determines the 
energy. Our problem is to determine the form of the 
eigenstates, the energy eigenvalues, and other nuclear 
parameters. 

We start by defining an orthonormal set of single- 
particle states y,(r;) of a form to be determined. The 
model wave function for the system then is 


+, Tv)=Avwilt):: -yy(rw), (2) 


where A is the antisymmetrizing operator and JN is the 
total number of particles in the system. The effective 
Hamiltonian for the system is 


V(r, ot 


weiss # 
H= > meh yO i (r,;| K (p) | 1:3’), (3) 
1 2m 2 i=! j=! 


* Supported in part by a grant from the National Science 
Foundation. 

t Present address: University of California, La Jolla, California. 

1 Brueckner, Gammel, and Weitzner, Phys. Rev. 110, 431 
(1958). We shall refer to this paper in the following as I. 

*K. A. Brueckner and J. L. Gammel, Phys. Rev. 109, 1023 
(1958). 


where 
rjj=i—T;. 


The expectation value of H taken with respect to W is 


N p? 
W=(HK)=> J v*(r)—vi(r)dn 
i=l 2m 


1 4N 
+7 
2 


i=l 


3 f ¥i* (11) Yj* (te) (ti2| K (p) | r12’) 


x [y; (ry); (r2’) —yi(re")W;(t1’) \dridredry‘dre’. (4) 


Following the usual procedure, we now determine the 
optimum form for W by demanding that W be station- 
ary with respect to variation in the form of the y’s, 
while requiring that the variation procedure preserve 
the normalization of the wave functions. Varying W 
of Eq. (4) with respect to ¥,*(r3), we find 


Ew(ts) 


p? N en 
=—Wilts)+ Lf ¥i*(t2)(es| K(p) | 42s" 
2m 1 


X Wilts’); (to’) —Wilte!)Wj(ts') Jdrs'drodr.! 


N ; 6(r12| K (p) | ris’) 
> vi" (r)¥;* (2) 
by:* (13) 


i,j=l 
(Wiley; (12") —Wi(te’)W;(t1’) ldridredry'dre’. (5) 
To evaluate the density variation of the A-matrix 
appearing in the last rerm of Eq. (5), we use the 
relation that 





1 
re 
2 


p(t) =Livi* (y(n), (6) 
where the density is to be evaluated at the center of 
gravity, R. Thus 

5(ri2| K (p) | T12") O(r1i2| K (p) | rio’) 5p(R) 
oy*(r) dp By*(r) 


Substituting Eq. (6) into Eq. (7) and noting that the 
variation of the density vanishes unless r coincides 
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with R, we find 
5(ri2| K( ) | rio’) O(ti2| K( ) | rio’) 
paasatthondinaaltansttine items aE OR 
5y*(r) Op 


Substituting the result of Eq. (8) into Eq. (5), we find 
the modified Hartree-Fock equation for y;(rs) to be 
? 
Estes) = dled + f (rs| V|1s’)Ws(ey!) des! 
m 
+Vr(ts)pilts), (9) 


where 
(rs| V | r;') = he f ¥;*(re)[ (res | K (p) 


at (ro3 | K (p) | I32') P,P, W;(t2")dredre! 


To3') 


(10) 


is the single particle potential previously defined in I, 
and 


1 0 
Vets) =- zs J erent (r12| K (p) | rio’) 
2 dk op 


a [y, (ry Wi (ro’) —y; (ro’)Ye(t1’) | 


X6(R—rs)dridrodr,'dr.’. (11) 


This additional potential energy term, Vp, is closely 
related to the rearrangement energy previously de- 
scribed by one of us (KAB)* and by Hugenholtz and 
Van Hove.' 

The general form for Vr given in Eq. (10) can be 
considerably simplified if we make use of the density 
dependence of the K-matrix as determined in I. There 
it was shown that the variation of K with density could 
to an excellent approximation be entirely included in 
the core repulsion part of the K-matrix. According to I, 


(ri2| K (p) | r12")= (r12| K | r12’)attractive 
+ (ri2| K(p) | t12’)core, 
where Kattractive WaS independent of p and 


(rip | K (p) | F12’ core - [A (p) dor? | 


X68 (110% c)cored (112 — Te), 


(12) 


with the constants 
0.544 


A,(p)=215X 10" Mev-cm( ———- ), singlet 
1—0.488 ro 


and 
0.572 


A,(p)=257 X 10-8 Mev-em(- ——— ), triplet (14) 
1—0.459/ro 

where 7o is measured in units of 10~ cm. In Eq. (14), 
the spacing parameter 79 is related to p by the equation 
p '= (4/3)xr)', (15) 

and r, is the radius of the hard-core potential. 
The very short range of the nonlocality in Kore allows 
simplification of Eq. (11) for Vp, since only relative 


7K. A. Brueckner, Phys. Rev. 110, 597 (1958). 
4N. M. Hugenholtz and L. Van Hove, Physica 24, 363 (1958). 
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NUCLEUS 





Fic. 1. The ratio 
of the rearrangement 
energy, Vr, to the 
density p* plotted as 
a function of the 
spacing parameter, 
To. 








| 
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tf ( fermi) 


s-states of particle motion can enter, and also since 
we can to an excellent approximation set r)’=r2’=Tr5. 
If we neglect spin or isotopic spin polarization, we then 
find 


3 a 
V r(rs) — [A +(p) +A t(p) | r34arr2p*(r3). (16) 
16 Op 
From Eq. (14) and Eq. (15), we can finally evaluate 
the density derivatives. The resulting expression for 
Vr is 
3 ver 1176, 79 147b,/ro , 
Vr= ————--—----—-__—_— | Mev 
16 ro? (1-—},/r0)? (1—b, 79)? 
<(10-% cm), (17) 
where 6,=0.488 and b,=0.459. 
In Fig. 1 we have plotted V p/p? as a function of ro. 
The variation of this function is very slow, so that to a 
sufficient approximation we can take 


V r= (240 Mev)p?X (107% cm)®. 


We note that the rearrangement potential Vz does 
not appear directly in the total energy E, determined 
from the optimized wave functions y; which are inserted 
into Eq. (4). The effect on the energy enters only 
indirectly through the alteration of the wave functions.° 
A much more interesting effect, of direct physical 
interest, is on the single-particle eigenvalues. The 
inclusion of the rearrangement potential allows direct 
identification of the energy eigenvalue of the most 
weakly bound particle as the energy required to remove 
the particle and leave the system in its lowest state. 

In conclusion, we have seen that it is possible to 
modify the Hartree-Fock method used to determine 
the characteristics of finite nuclei, and thus to include 
the rearrangement effects. Furthermore we have 
expressed the rearrangement potential as a_ simple, 
though approximate, function of the nuclear density. 
This modified method is presently being incorporated 
into computational procedures for treating finite nuclei.® 

5It might be pointed out here that for the case of nuclear 
matter, the wave functions are plane waves and hence the total 
energy does not depend on the rearrangement terms evaluated in 
the approximation of Eq. (16). 


6 Brueckner, Lockett, and Rotenburg, Bull. Am. Phys. Soc. 
Ser. IT, 4, 156 (1959) ; and to be published. 
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Reaction Mechanism in Direct Interaction Inelastic Scattering* 


BERNARD L. COHEN 
University of Pittsburgh, Pittsburgh, Pennsylvania 
(Received May 18, 1959; revised manuscript received June 15, 1959) 


It is pointed out that experimental results indicate very striking similarities between (p,p’) and (d,d’) 
reactions, and very striking differences between (,p’) and (p,n) reactions. It is shown that this is in strong 
disagreement with the nucleon-nucleon collision model commonly used in interpreting (p,p’) reactions, but 
in agreement with the recent inelastic diffraction scattering model of Blair. 


T has recently been found'? that there are very 

striking similarities between medium energy (p,p’) 
and (d,d’) reactions on heavy elements in the direct- 
interaction region*; it is the purpose of this paper to 
point out that, in contrast to this situation, (p,p’) 
reactions give results very different from (p,m) reactions 
in this region, and to show that these experimental re- 
sults indicate that the nucleon-nucleon collision model 
so widely used in theoretical studies of (p,p’) re- 
actions‘ is not the correct one. The similarities between 
(p,p’) and (d,d’) reactions include the following: both 
reactions strongly excite the well-known low-lying col- 
lective levels with the same relative strength’; both 
reactions strongly excite the ‘‘anomalous” peak” at 
~ 2.5-Mev excitation with the same relative strength; 
the energy spectra of both have minima at about 3.5 
Mev, followed by a rise up to about 5 Mev; and both 
reactions have roughly the same total cross sections for 
an energy loss less than 6 Mev.’ 

The comparison of energy spectrum shapes between 
(p,p’) and (p,m) reactions cannot be made directly be- 
cause of lack of data on the latter; however, there is 
data on the inverse to that reaction, namely (n,p) re- 
actions induced by 14-Mev neutrons. In the energy 
spectra of protons from these reactions,"” the low- 
lying collective levels and the “anomalous” peak are 
not strongly excited, and there is no other resemblance 
between these spectra and those from (p,p’) reactions. 

One very pertinent direct comparison between (p,p’) 
and (p,m) reactions comes from measurements of ac- 


* This work was done in the Sarah Mellon Scaife Radiation Lab 
oratory and was supported by the National Science Foundation. 
1 J. L. Yntema and B. Zeidman, Phys. Rev. 114, 815 (1959). 

2B. L. Cohen and R. E. Price, Bull. Am. Phys. Soc. 4, 287 
(1959) ; B. L. Cohen and A. G. Rubin, Phys. Rev. 111, 1658 (1958). 

8 The direct interaction region is considered here to consist of 
reactions in which the outgoing particle is omitted with high 
energy and with forward-peaked angular distributions. 

* Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953). 

5 Hayakawa, Kawai, and Kikuchi, Progr. Theoret. Phys. 
(Kyoto) 13, 415 (1955). 

*L. R. B. Elton and L. C. Gomes, Phys. Rev. 105, 1027 (1957). 

7 C. A. Levinson and M. K. Banerjee, Ann. Phys. 2, 471 (1957). 

8 I. McCarthy, Conference on Nuclear Optical Model, Florida 
State University Studies No. 32, 1959 (unpublished). 

® G. Brown and H. Muirhead, Phil. Mag. 2, 473 (1957). 

10 B. L. Cohen, Phys. Rev. 105, 1549 (1957). 

4 Colli, Facchini, Iori, Marcazzan, and Sona (private com 
munication). 

#2 Eubank, Peck, and Zatzick, Nuclear Phys. 10, 418 (1959) ; 
Peck, Eubank, and Howard (private communication). 


tivation cross sections for (p,m) reactions.'*~® These are 
essentially determinations of the cross sections for (p,») 
reactions in which the energy of the emitted neutron is 
within about 8 Mev of the incident proton energy 
(AE<8 Mev), for if the neutron were emitted with 
lower energy, a (p,2n) or (p,mp) reaction would result 
and there would be no contribution to the (p,7) activa- 
tion cross section. A compilation of known (p,m) activa- 
tion cross sections is given in Table I. While the data 
are somewhat limited in quantity, there is no reason 
to suspect that they are not typical of all (p,) cross 
sections. 

In order to compare these with cross sections for 
(p,p’) reactions in which the emitted proton energy is 
within 8 Mev of the incident proton energy (AE<8 
Mev), it is necessary to integrate over the last 8 Mev 
of the measured energy spectra of inelastically scattered 
protons” and integrate over angles. Pertinent data 
are shown in Tables II and III for incident proton en- 
ergies of 23 Mev and 31 Mev. In Table II, unpublished 
angular distribution measurements were used to esti- 
mate the total cross sections. 

In comparing Table I with Tables Ii and III, it is 
clear that (p,p’) cross sections are about an order of 
magnitude larger than (p,m) cross sections; the latter 
are decreasing with increasing bombarding energy, 


TABLE I. (p,n) cross sections by activation. 


(p,n) cross section (mb) 
23 Mev 31 Mev 


Target 
nuclide 


AP? 2 
S* 20 10 
Cu® 40 20 
Bi? ~17 ~21 
Th22 8 
[238 4 





18.N. Hintz and N. Ramsey, Phys. Rev. 88, 19 (1952). 

14 J. Meadows, Phys. Rev. 91, 885 (1953). 

18S. N. Ghoshal, Phys. Rev. 80, 939 (1950). 

16E. Kelly, University of California Radiation Laboratory 
Report UCRL-1044 (unpublished). 

17H. A. Tewes and R. A. James, Phys. Rev. 88, 860 (1952). 

18 G. H. McCormick and B. L. Cohen, Phys. Rev. 96, 722 (1954). 

8 See also, H. E. Adelson, University of California Radiation 
Laboratory Report UCRL-8568 (unpublished). 

2” B. L. Cohen and S. W. Mosko, Phys. Rev. 106, 995 (1957). 

*1R. M. Eisberg and G. Igo, Phys. Rev. 93, 1039 (1954). 

* Levinthal, Martinelli, and Silverman, Phys. Rev. 78, 199 
(1950). 
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DIRECT INTERACTION 
while the former are about constant™; the latter are 
decreasing with increasing nuclear mass while the former 
are constant or even increasing; and the latter vary 
widely from nucleus to nucleus, while the former are 
in all cases the same for neighboring nuclei and vary by 
only +20% for all heavy elements. These represent 
vast differences. 

In the model most commonly used to explain (p,p’) 
reactions**!.4 one considers the incident proton to 
have nucleon-nucleon collisions with the neutrons and 
protons in the nucleus, with either the incident or struck 
nucleon being emitted. In this model, the emitted par- 
ticle has roughly equal probability of being a neutron 
or a proton. (Actually, proton emission would be about 
twice as probable neglecting reflection effects; these 
make proton emission relatively less probable®); the 
energy spectra of the two should be very similar, and 
their variations with mass and with energy should be 
the same. All of these expectations are in very serious 
disagreement with the experimental results. It might 
be thought that the difference in cross sections may be 
caused by lack of overlap between initial and final state 
wave functions in (p,7) reactions. However, it should 


TABLE ITI. (p,p’) cross sections (AE<8 Mev) at 23 Mev. 
Data are from Cohen and Mosko.* 


(2,0) (mb) 


110 
100 
90 
120 
80 


Target elements 


Fe-Co-Ni-Cu-Zn 
Pd-Ag 

Au-Pt 

Pb-Bi 

Th 


#See reference 20. 


be noted that the energy distributions are relatively flat 
over the 8-Mev interval, so that a very large number 
of states contribute to these cross sections. It seems 
very unlikely that there could be a regular order of 
magnitude difference in average overlap integrals when 
such a large number of states is included in the average. 

In addition to the above discrepancies, the compari- 
*8 This is explained by the fact that in the sulfur and copper 
regions, compound nucleus contributions to (p,m) reactions are 
still important at 23 Mev as evidenced by the excitation functions 
(see references 13, 14, and 15); whereas in (p,p’) reactions, the 
cross sections are so large that compound nucleus contributions 
are negligible. An alternative to considering this as a difference 
between the two reactions would be to reduce the 23 Mev (p,n) 
cross sections to the values at 32 Mev in Table I; this would then 


accentuate the first difference cited. 
* Schrank, Gugelot, and Dayton, Phys. Rev. 96, 1156 (1954). 
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TABLE III. (p,p’) cross sections (AE<8 Mev) at 31 Mev. 
Data are from Eisberg and Igo* and Levinthal et al.» 


(p,p’) (mb) 


Target element 
Al 
Sn 
Ta 
Au 
Pb 


80 
100 
100 
120 
120 


® See reference 21. 
b See reference 22. 


son between (p,p’) and (d,d’) reactions represents a 
serious discrepancy with the nucleon-nucleon collision 
theory. The latter is clearly inapplicable to (d,d’) re- 
actions since it would be very improbable for deuterons 
to have high-energy collisions with nucleons without 
breaking up. (There is also direct evidence for this from 
optical model studies.*®) Thus, the striking similarities 
between (p,p’) and (d,d’) reactions would have to be 
considered a pure coincidence in this model. Even if it 
were so, some other process would be necessary to 
explain (d,d’) reactions, and it would be very difficult 
to understand why this other process should not be 
important in (p,p’) reactions. 

It thus seems safe to conclude that 
nucleon collision process can play only a small role in 
(p,p’) reactions. The predominant process must be one 
which depends on the fact that the incident and out- 
going particles are identical, and which can explain the 
facts that deuterons are not broken up in the process, 
and that collective levels are strongly excited.” 

The recent diffraction inelastic scattering model of 
Blair®*.” fits these criteria, as would any other theory 
in which the interaction is between the incident particle 
and the nucleus as a whole, leading to excitation of col- 
lective motions. It should be noted that only about 
30% of the (p,p’) and (d,d’) cross sections lead to 
known or suspected collective states. There would thus 
seem to be many as yet unknown collective states up to 
excitation energies of 5 Mev or higher. 


the nucleon- 
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Effect of Nuclear Forces on the Cross Sections of Photonuclear Reactions*t 
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The effect of nuclear forces, or the effect of the quasi-deuteron model, is discussed for the integrated cross 
section and the bremsstrahlung weighted cross section. The nuclear force is assumed to be of partly 
Majorana exchange character. Only the central force is considered. The two-body potential is a Gaussian 
type without a hard core, the parameters of which are taken from the effective range theory. The calculations 
are performed by first-order perturbation theory and the results are that the integrated cross section is 
increased by about ten percent and the bremsstrahlung weighted cross section is decreased by a few percent. 
Therefore the independent-particle model can be regarded as a good approximation for photonuclear reac- 


tions. 


I. INTRODUCTION 


S is true also in other nuclear reactions or in 
nuclear structure, the independent-particle model 
(hereafter referred to as IPM) is now known to be 
successful for photonuclear reactions. Especially in the 
sum rule calculations, in which knowledge of the wave 
functions of the nuclear excited states is not necessary, 
the results of the IPM are in fairly good agreement with 
experiment.'~> On the other hand, it is also well known 
that the strong correlation between nucleons due to 
nuclear forces plays an important role in high-energy 
photonuclear reactions, and if we assume a deuteron- 
like subunit inside the nucleus, we can explain the 
high-energy phenomena.** This we call the quasi- 
deuteron model. 

These two facts seem to contradict each other, and 
few calculations have ever been done to explain this 
discrepancy. Levinger calculated the effect of the 
quasi-deuteron model on the bremsstrahlung-weighted 
cross section (hereafter denoted as a») and found that 
a, decreased by about ten percent, although the exact 
value depended on the parameters.® Brueckner calculated 
this for the integrated cross section (hereafter denoted 
as dint) and found that oj, was increased.” 

We shall calculate this effect in detail both for o, 
and for aint. We expand the wave function by pertur- 

* Supported by the Research Corporation. 

t A portion of a dissertation submitted to Louisiana State Uni- 
versity in partial fulfilment of the requirements for the degree of 
Doctor of Philosophy in Physics. (Copies may be obtained from 
the Louisiana State University Department of Physics, or from 
University Microfilms, 313 North 5th Street, Ann Arbor, Michi- 
gan.) 

t Now at the Department of Physics, McMaster University, 
Hamilton, Ontario, Canada. 
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3 J. S. Levinger, Phys. Rev. 97, 122 (1955). 
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bation theory taking into account the two-body inter- 
action. The two-body potential is assumed to be of 
partly Majorana exchange character. Only the central 
force is considered, and the radial dependence is of 
Gaussian type without a hard core. The parameters are 
taken from the effective-range theory. 

In Sec. II, cint is found to increase by about ten 
percent. The dependence of the above results on the 
values of the parameters is investigated and it is found 
that the above result is roughly independent of the 
choice of the parameters, as long as they are within the 
reasonable range. In Sec. III, o» is evaluated by two 
independent approximations. The results of the two 
approximations agree with each other that o is de- 
creased by a few percent. This is not inconsistent with 
Levinger’s preliminary results.° The effect of the 
Coulomb force is also estimated. For aint this is exactly 
zero because only neutron-proton pairs affect the value 
of gint. For oy this effect is not exactly zero, but is found 
to be negligible. The effect of the hard core is neglected 
in our calculation. It may not be negligible for int, 
but is probably negligible for o,. Therefore our calcu- 
lation shows that the IPM is a fairly good approxi- 
mation for photonuclear reactions. 


II. CALCULATION OF THE INTEGRATED 
CROSS SECTION 


According to the sum rule, gint is given by! 


m= | odW 


= 2ne?(h?/Mc) Yn fon, (1) 
where fo, is the oscillator strength defined as follows!: 


_ 2M(E,—E,)| P 
fou=—— soe —| f Yo* D 2ndr| , (2) 
1? k 


where z; is the component of the displacement of the 
kth nucleon along the direction of photon polarization. 
The summed oscillator strength, }°n fon, is given by 
Levinger and Bethe! (hereafter abbreviated as LB). 


NZ M 
> fox=——— fv > Dd 7:7VPiadz, (3) 
n A 3h? 1 ] 
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where x is the fraction of the Majorana exchange 
force, i and j refer to a proton and a neutron, respec- 
tively, 7; is the distance between them, V is the two- 
body potential for a proton i and a neutron j, and P,; 

is the Majorana exchange operator for them. 
LB! took a plane wave as a wave function and found 
Oint= 15A (1+0.8”) Mev-mb. (4) 


Here we assume V=Z=4A/2. The first and second 
terms inside the bracket correspond to the first and 
second terms of Eq. (3). The coefficient of x, which we 
shall call C, is somewhat different for different models.’ 

In this paper we expand the wave function by per- 
turbation theory: 

(V ~~ 
y= Yot>d ee 


n Eo- ha 
You (1 Q)e* 


¥.= (1 Q) etki’ ‘Tipik;’ “at, 


i -Tipik; -r 

Ket A 84, 

err 
(59) 


where V,; is the potential between the proton 7 and 
the neutron 7 and the relation between V;; and V will 
be given later by Eq. (12). 2 is the volume of nor- 
malization defined by 

= (4a, '3) re A. (6) 


k,, k;, k,’ and k,’ are wave numbers of the proton 7 and 
the neutron j. They must satisfy the following relation 
of momentum conservation : 


k.th=k/ +k. (7 


Then Eq. (3) becomes 


NZ M 
} B for= re «>. rs Wo*r i? V Pi hodr 


a A 3h? «i 


A \ V i5)on’ 
+ EE freve- 
3h? t v’ —Ko 


x (Wn*P; Wot oP; Wn )dt+OL ( V ij)on’? |. (8) 


For convenience of later discussion we reverse the 
order of Ey and E£, in the third term. We introduce the 
following quantities: 

q=k,—k,’=k,'—k,, (9) 

q'=k,’—k,=k,;—k,’; (9’) 
then 

Vn Pi ho=WoP inn =Q aees (10) 

The first and second terms of Eq. (8) were calculated 
by LB! and correspond to the IPM value. We neglect 
the last term and take only the third term as a cor- 
rection due to the quasi-deuteron effect. 


(Vis)on 
Ye wit 0 


PS af ee —-f ZZ n2VD- 


Keid-riid’y;;, (11) 
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The relation between V and V ;; is given by 
V;=VEA—x)+aP,;], 
then (V;j)on is given by 


1 
[(1—x)F(q)+xF(q’) ], (13) 


Q° 


Q 


( V ij)on= 


where F'(q) is defined by 


F(q)= f Veir-tdiy, 
0 


We use the following approximation for the energy: 
E=h’k?/2M* 
= (1/p) (h?k?/2M), (15) 
where M* is the effective mass of the nucleon and 
p= M*/M, which will be determined later. 

The summations with respect to 7 and 7 correspond 
to those with respect to k; and k; and the summation 
with respect to ” corresponds to k,’ and k,’, but can 
be reduced to k,’ only, because of Eq. (7). Then Eq. 
(11) becomes 


4M? 1 f Sry (1—x)F(q)+.xF(q’) 
eal ki kj ki’ k;/?+k;?2—-k?2—k,? 


*Vd*7;;, (16) 


(14) 


Ad fon=px 
7 3h! OP 
Mert tig; 
The term involving F(q) is difficult to pe but 
we expect that the integral involving F(q)e'’** is 
smaller than that involving F(q‘)e‘*’:* Sete of the 
interference between q and q’. Therefore, as an upper 
limit, we replace jay by F(q’). 


* 4 M? F(q je‘ fu 
AD fonSpx -[ ys 
; 3 nO? k/?+k,/?—-k2-k,;? 
 r;;?Vd*r;;. (17) 


The summation with respect to k,’ is again replaced by 
q’ using Eq. (9’) 
The energy denominator of Eq. (17) can be written as 


k ?+k;?—k?—k?=2q'(q'+k,—k)). (18) 


The summations can be transformed into integrals 


as follows: 
20 
ro fon “i 
k (2r)8 


Here the factor 2 comes from spin. However, this 
factor is not necessary for q’, because once we specify 
the spins of 7 and j, they remain unchanged in the 
excited states. Then Eq. (17) becomes 


8M? 2 
A> foa=px-— — f r:°Vd' el 
: 3 ht (2m) Jy 


eid Tij 
x for, f 2 


ee —k,) 
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For simplicity we omit the inequality sign. We shall 
also express the wave numbers in units of the Fermi 
wave number kp, which is defined by 


13/mr\! 1.52 
792 3 To 
Then the wave numbers can be written 


k, = hep, k; = ken, 


According to the Pauli principle they are restricted by 
the following relations: 


q'=krs’. (22) 


p|, |n}<1; |p+s’|, |n—s’|>1. (23) 
Equation (20) then becomes 


8M? Q 
AD fon=px ke f raiVaira f ap 
n 3 h (2r)° 0 


m0 F(s)et*Fs “tii 
x fan f d*s —, 
J s-(s+p—n) 


(24) 


Of course the limit of integrations with respect to p 
and n is given by Eq. (23). We omit the prime and 
write s’ as 8 for the sake of simplicity. 

The integrations with respect to p and n is given by 
Eq. (23). We omit the prime and write s’ as s for the 
sake of simplicity. 

The integrations with respect to p and n were already 
done by Euler" and are given in the Appendix. 


1 4? P(s) 
feof —-=— —., 
s:‘(s¢+p—n) 15 s 


where P(s) is the polynomial given in the Appendix. 
Then Eq. (24) becomes 


16M? @ ; 
4 ye fon Bs ae SE af "3 Vd*r;; 
n 4 


45 h* (2r)® 


4) 


xf sds F(s)p(s)e*?s "ti, (26) 


0 


The first integral with respect to r,; is carried out 
very easily for a Gaussian potential, with parameters 
taken from the effective-range theory." 


V = —soVo exp(—r;,;7/d’), 

‘o= (229.21/b?) MevX 10-*6 cm?, 

h=b/ (2.06), 
where 6 is the intrinsic range and So is the well depth 
parameter. Their values are to be determined later. 


1H. Euler, Z. Physik 105, 553 (1937). 
2 J. M. Blatt and J. D. Jackson, Phys. Rev. 76, 18 (1949). 
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For simplicity of calculation we introduce the fol- 
lowing quantity: 
(M/h?) V = —soW = —soWo exp(—1;;7/2), 
Wo= (M /h?) Vo=5.53/0". 


Equation (26) then becomes 


16M Q 
jab Re'soWo 
45 h? (2m)8 


(28) 
(28’) 


A > fon= — px 


, 
xf rij? exp(—rij?/M*)eFs “id*7,; 


0 


xf F(s)P(s)sds. (29) 


0 


The first integral is evaluated as follows: 
D 


757? exp(—71;;?/A*)e*F8 “"id*7,; 
. = 44!\*(6—)*kp’s”) exp(—A*ke*s?/4). (30) 


Inserting Eq. (30) into Eq. (29), we get 


AY fon=—soxp 
x f (6—N2kps?) F(s) P(s) 
0 


Xexp(—A*kr’s?/4)sds. (31) 


F(s) is defined by Eq. (14), and for the potential of Eq. 
(28) it is 

(M/h?)F (s)= —soW or'\8 exp(—kp’s?/4). (32) 
Inserting this into Eq. (31) and putting s=2u, we get 


2 Q 


A 3 for= + 5°xp— kr™W (?A8 
: 45 ( 


2m)? 


xf (6—4)\*kp?u?) 
0 
Xexp(—2*kr?u?)P(u)udu. (33) 
Let us define K as follows": 
K = (2/45)[Q/ (2x)* |ke’W Pr® 
=0.024A#, (£=b/r). (34) 


Equation (33) then becomes Kso’xpJ, where J is given by 


s= fo (6—Bu?) exp(—au?) P(u)udu, (35) 


a=2nkp’, (35’) 
B=2a. (35’’) 
'8Tt should be pointed out here that ro in our case is not the 


effective range, but the nuclear radius parameter which is taken 
in this paper as 1.210" cm [see Eq. (6) ]. 
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We expand P(u) and break it up into two parts as 
given in the Appendix. 


J=JIit+Js, (36) 
1 
=f (6—Bu?)[40(1—In2)u?— 10u5 
+ 4u™+0.21u°] exp(—au?)du, 


e 10 24 1 
n= f (6-au] -+-——+0.16 4 
1 3 3? 14 


Xexp(—au?)du. 


(36’) 


(36’") 
J, can be calculated analytically. 
Ji =36.822a-*— (12.2748+60)a~ 

+ (308+ 24)a*— (168—15.12)a~* 

—e~{ (—1.8048+11.452)a™ 

+ (0.0598 —8.658)a~?+- (9.7268 — 28.44)a-* 


+ (148+39.12)a+— (168—15.12)a-®]. (37) 


Upon using Eqs. (21), (27’”), and (35’), a is given by 
a=2.25#, (38) 
where’ ¢=6/ro as given after Eq. (34) 
Using Eqs. (38) and (35’’), Eq. (37) becomes 
Jy=2.42€-4(1—0.128E++0.108£-9) 
+-exp(—2.25£) (3.61—5.03¢-2— 2.1384 
+0.0385£-*—0.277£-8—0.261€-), (39) 


J» is evaluated numerically : 


r= [15¢2u?+1.50E2— 20+ (0.7282 2)u-*] 
1 


X exp(— 2.25£?u?)du. 


(40) 


As we shall see later, for reasonable values of & the 
first term of Eq. (39) is predominant and we can 
approximate 


ei = J +S oJ = 2.42¢ ‘. (41) 


Combining Eqs. (34) and (41), we obtain 


ADS fon=0.058 A psy?xX0.232(NZ/A)pso?x. 


n 


(42) 


Here we use the relation N&Z2A/2. Next we deter- 
mine the values of p, and sy. p is defined by Eq. (15) 
and we assume" 


M*=2M/3. (43) 


This value of M* seems to be somewhat larger than 
is usually taken (M*~M/2), but in our case a larger 
value is better, because our purpose is to find an upper 
limit of the quasi-deuteron effect and to show the 


Me... K. A. Brueckner and J. L. Gammel, Phys. Rev. 109, 
1023 (1955). 
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Fic. 1. The effect of the dynamical correlation on the integrated 
cross-section as a function of n=ro/b, where ro is the nuclear 
shape parameter and 6 is the intrinsic range of nuclear forces. 
C’ is the coefficient which appears in Eqs. (45)-(48) and represents 
the effect of the dynamical correlation. The “allowed region” 
shown by the bracket is the region of » from our present knowledge 
about nuclei. 


validity of the IPM and the magnitude of the first 
order perturbation is proportional!® to M*. 

Next we determine the value of so. Strictly speaking, 
there are singlet and triplet states, with well depth 
parameters s; and $2, respectively,'®'’ so so is a weighted 
average of the two. 


So=45, +35,1.3. (44) 


Then the coefficient fo VZ/A, here denoted as C’, is 
about 0.26. 


C’=0.26. (45) 


Next we shall investigate the dependence of C’ on 
the value of £=6/ro to test the validity of the approxi- 
mation of Eq. (41). 

1. £0; Eqs. (35”), (38) show a, 8 0. Inserting 
this into Eqs. (36’), (36”) and combining with Eq. (34), 
we get 

Cc’ 0 


for §— 0. (46) 


2. + ©; we combine the results of Eqs. (34), 
(39), (40) and get 
C’ > 0.26 


for E> ~, (47) 


assuming the above-mentioned values of s9 and M*. 

3. 0<&<«%;C”’ must be evaluated numerically. The 
calculations are performed for 1S S2 and the results 
are shown in Fig. 1 as a function of n= &!=r0/b. From 
our present knowledge of nuclei, 7 lies in the region 
indicated in Fig. 1 and for these values of n, C’ is 
roughly constant. In other words, the approximation of 
Eq. (41) is justified. 

Combining Eqs. (1), (3), 
final result 


(4), and (45), we get asa 


neh NZ 
{1+(C+C’)x} 
c (CA 


=15A(1+1.06x) Mev-mb. (48) 


15 For a physical explanation of this fact, see for instance, 
W. J. Swiatecki, Phys. Rev. 101, 1321 (1956). For a mathematical 
discussion, see for instance, E. Feenberg, Ann. Phys. (N. Y.) 3, 
292 (1958), and the references of this paper. 

16. Hulthén and M. Sugawara, //andbuch der Physik, edited 
by S. Fliigge (Springer-Verlag, Berlin, 1957), Vol. 39, pp. 52, 55. 

17 Strictly speaking, the strength of the two-body interaction 
inside the finite nucleus may be different from that in free space. 
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The coefficient of x is increased by about 307% as 
compared with Eq. (4). However, if we put x=}, the 
whole cross section is increased by only 10%. It should 
be pointed out here again, that this value of C’ is an 
upper limit as shown by Eggs. (17), (43). Therefore we 
can conclude that the effect of the dynamical correlation 
ON Gint is to increase it by probably less than 10%. 


III. CALCULATION OF THE BREMSSTRAHLUNG- 
WEIGHTED CROSS SECTION 


(a) Damping-Factor Method 


According to the sum rule, o» is given by 


(49) 


Here i and j refer to a proton and a neutron respectively 
as before. o, then becomes, for V=Z, 


9 
e 

06> .. >; Zi); 2;)*)00 
C 


1 2 
a Al Ro —S; >. (3,257 )o0 
5 A om 


(50) 


? 
we 7" ) 2 (2,3; 


where S; is the statistical factor for the singlet and 
triplet states. 

The first term was given by LB.' The second term 
corresponds to the so-called Pauli principle correlation 
arising from the antisymmetrization of the wave 
function and was calculated by Levinger and Kent.’ 
The third term corresponds to the dynamical corre- 
lation. Strictly speaking, the second term also includes 
the dynamical correlation, but if we assume charge 
independence of nuclear forces, the dynamical corre- 
lation between »—n and p—p pairs in the second term 
is exactly cancelled by that between singlet n—p pairs 
in the third term. Therefore we take only triplet n—p 
pairs and define the effect of the dynamical correlation 
as follows: 


Ao = (51) 


2x? 
-—x?D Ei) 
137 1 7 


We introduce the following variables: 


Therefore 


OKAMOTO 


Then for the wave function of Eq. (5) 


(Wo | 2:2; | Po) 
Vn "yal eeslv0) 


+25- 
” LOEW ion?) (55) 


n Eo- 
We neglect the third term. The first term vanishes 
because it is the integral of an odd function. Using Eq. 
(54), the second term becomes 


( V ado n 
{5 _E. WY n| 2:2; 2) 
m E,-E in 
Vedbon 


nof fem ye 


n Eo- 


(Vis)on . 
ffx: —W nis podrdr;. (56) 
n E. — E 


E n 


(2:2;)00= 


date 


~Yodr dr; 


The first term vanishes because of the orthogonality 
of the wave function. Finally, the quantity to be cal- 
culated, J, is 


I=): 25 (258; 00 


-H5r ffr- 


Inserting the explicit forms of the functions defined by 
Eqs. (5), (12), and (13), we get the equation corre- 
sponding to Eq. (16) of cint: 


pM 1 (1—x)F(q)+F(q’) 

=< — frye 

3h? QO? ki ky ki’{k,/?+k,/"2—-k?2—k;? 
Kei vip, Pdr, ;. 


V ij)on 


——— Patel *Wodridr;. (57) 


(58) 


Then again neglecting the interference between q and 
q’ as we did after Eq. (16), and assuming p=? from 
Eqs. (15), (43), we get as an upper limit 


2 M 1 > >> F(g)e'er 
repose f > 
ORO? SF ky kj ki’ k,2-+k; kok 2 


— ri3dri;. (59) 


After that, the calculation proceeds in a very similar 
way to that of aint. (We omit the inequality sign for 
simplicity.) 


2M1/ Q FP ¢* 
[= A : —| f nuttin f dhs fae, 
9 #20? L(2m)2} J, 
F(q)e'a-r 
x f d°k,! 
k/?2+k,?—k2—-k? 


ef ratdira f ap fan 
0 


F (q)et*Fs: rij 
xf d*s ——__—_— 
0 s-(s+p— n) 





(60) 


“9 h? (2n)9 


(61) 
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where kys= q. The limit of the integrations with respect 
to p and mare given by Eq. (23) and these integrals are 
given in Eq. (25) and in the Appendix. Inserting this 
into Eq. (61), we obtain 


M Q 
an ie be f 75 j7eRFs -tiid3y, ; 
135 h* (29)® 0 


n 


xf sdsF(s)P(s). (62) 
0 


However, unlike the similar expression for cing the 
first integral will diverge. Therefore, we introduce a 
damping factor exp[— (r;;7//*) ], where / is the Gaussian 
mean radius of the nucleus defined as follows: 


1= (2/5)'Ro. (63) 


Physically speaking, this introduction of a damping 
factor corresponds to taking into account a damping 
of the wave function at the nuclear surface. Then the 
first integral can be calculated as follows: 


zx 
f exp(— 17; ;?/l*)r;;%e**F* “*id*x, ; 


8 ( a Bf 9 99 9 9.9 

= (9!/4)15(6—Pkp*s*) exp(—lhkp*s?/4). (64) 
After that the calculation again becomes exactly the 
same as that of cint, except that d is replaced by /: 


9 


1 Sfr\"" 72\ 5? 
t=-si—-——(7) (=) eretra 
135 (2r)* 27\3 S 


xf (6—kp'l?s*) exp[—(P-+A*)kes?/4] 


0 
<P(s)sds. (65) 
Here the well depth parameter so’ is somewhat different 
from the value used for gine given by Eq. (44). For 
Ag int calculated in Sec. II, strictly speaking we should 
have taken both central and tensor forces. However, we 
took only central force, which is of course an approxi- 
mation. Recent numerical calculation'® shows that in 
our case of Gaussian potential, so for the central force 
is 0.6-1.0 and so for the tensor force is about 0.5-0.9. 
Therefore, the somewhat larger value of sp=1.3 is 
supposed to include the effect of tensor force as well, 
although we did not calculate it. However, in the case 
of Ao, the potential appears only once and the other 
factors are spherically symmetric. Therefore, the con- 
tribution of the tensor force is zero after integrating 
over angles. Hence we shall take so’=1. 
After putting s=2u as before and assuming 59’=1, 
Eq. (65) becomes 


I= —4.61X10~brpA*? J’ 
= —9.40X A**J'10- cm’. 


18 Biedenharn, Blatt, and Kalos, Nuclear Phys. 1, 233 (1956); 
6, 359 (1958). 
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TaBLeE I. Value of J’.* 


£=2.0 


+0.002 
— 0,004 
—0.004 


€=1.5 

~0.009 
— 0.008 
— 0.006 


A 

64 —0.031 
125 —0,.013 
215 — 0.008 





« J’ is the integral defined by Eqs. (70), (70’) and (70’’), but in this table 
it is calculated by using the approximate formula of Eq. (71). & is defined 
by b/ro, where 6 is the intrinsic range of the effective-range theory (reference 
12) and ro is the nuclear radius parameter, which is taken as 1.2 K10-" cm 
in this paper. 


Here we assume'® 6=ro, (triplet effective range) = 1.7 
< 10-8 cm and ro=1.210-" cm. J’ is defined by 


Dn 


=f (6—6'u?) exp(—a’u?) P(u)udu, (67) 
0 


a! = (P+X?)ke’, (67) 


8’ = 40?kp’. 


~—tr 


(67°) 

Using Eqs. (21), (27’"), and (63), we find 
a’ =0.93A?/9+1.132, 
B'=3.71A*", 


(68) 
(69) 

The calculation is performed in a very similar way 
to that of J in Sec. II. 


Jas i+J/. (70) 


1 
r= f (6—6'u?)[40(1—1n2)u°— 104° 


0 


+ 4u7+-0.21u° | exp(—a’u*)du, 


1 11 1 
—+-—+0.16 
3 34? u* 


D 


(6-0) 


Xexp(—a’u*)du. (70'’) 


0 

In the case of int, a= 2Nkp?=2.25% and is fairly 
small if & is small, so that it might be dangerous to 
neglect terms which include e~* in Eq. (37). However, 
in this case, a’, is fairly large except for light nuclei. 
Therefore we can safely neglect terms including e~*’. 
Similarly we can neglect J.’. In other words, J’ is 
given by 
J'=J |'=36.822a'~*— (12.2748'+60)a’~* 

+ (308’+24)a’ 4 (168’—15.12)a’-5. (71) 

Numerical results for Eq. (71) are given in Table I. 

As seen in Table I, for 4 =64 the sign of J’ changes 
for £=2.0; i.e., the results become qualitatively op- 
posite. This is unreasonable. However, for ro=1.2 
X10-% cm, £=2.0 means b=2.4X10~" cm, which is 
somewhat too large and should be excluded. Further- 
more, our model should be regarded as a model for 
heavy nuclei, so this discrepancy need not be taken too 
seriously. In fact, for heavy nuclei the results do not 
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TABLE IJ. The results for Ao», and o» in mb. op is the brems- 
strahlung cross section defined by Eq. (49). Ao» is the change of 
op due to the quasi-deuteron effect and is given by Eq. (51). 
Calculated values of o» are for the IPM. Both calculated and ex- 
perimental values of of o» are for Cu®-®, T?7, Bi, respectively. 
All these values are taken from Table II of reference 5. Calcu- 
lated values of Ao, and Aoz(Coul.) are for ro>=1.2X10-" cm, 
b=1.7X10~ cm, so’=1, where b and ro are the same as in Table 
I and so’ is the well depth parameter introduced by Eq. (65). 


64 125 216 


Ao» —3.2 —10.2 
Aa (Coul.) 0.13 0.4 
op(calc.) 7 188 354 
op (exp.) 194 416 
Aon/ar|) (%) $2.0 2.5-3.0 


change so rapidly for different values of &, as seen in 
Table I. 


Combining these results with Eq. (51), we obtain 


Aoy= —1.02X A*X | J" | pd. (72) 


Since we assume b= 1.7 10—" cm and ro= 1.2K 10-" 
cm, the value of ~ is approximately 1.5. Therefore, we 
take the results of J’ for £=1.5. The value of Ao, are 
listed in Table II for A =64, 125, 216 together with the 
results of previous calculations of the IPM? for 
nuclei with approximately the same mass numbers, and 
also with experimental values. The effect of the Coulomb 
force is also listed, which we shall discuss briefly later. 

From Table II we see that the quasi-deuteron effect 
on go» is to decrease it by a few percent, and that this 
percentage increases with increasing A. Therefore, we 
shall investigate this effect for an infinite nucleus. If 


we let A — = in Eqs. (67’), (67’’) we find 
] 


B’=40' for A=. (73) 


The calculation of J’ becomes very simple and quite 
similar to that of J in Sec. IT. 


I'S! — 12.274a-? > 14.1914-48, 


lim Ao, = —0.014 A‘/* mb, 


{+2 
whereas in the IPM ay is given by® 


ov. 1pm = 0.30 A*/3 mb : 


therefore 
Ao» 
lim —2—5%. (76) 
An Ob 


In other words, for an infinite nucleus the quasi- 
deuteron effect on a» is about 5% decrease of the IPM 
value. This result inconsistent with that of 
Levinger.® 


is not 


(b) Box Normalization Method 


In order to test the validity of introducing the 
damping factor of Eq. (64), we shall calculate o» using 
a somewhat different method. 
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We shall start from Eq. (62) but replace the integral 
with respect to s by a sum with respect to q using Eq. 
(19) but omitting factor 2. [See the discussion after 
Eq. (19).] In other words, instead of transforming all 
sums which appear in Eq. (59) into integrals we trans- 
form the first two of them and leave the last one as it is. 


4M Q “ *  F(s)P(s) 


[= — ke f rapetrenidiry | d's 
135 h? (2r)? 0 0 § 


4M Q am 2 ~F(s)P(s) 
= ; ke f 7; ;7etkFs Tidy, if d*g 
135 h? (29)? ( g 


0 


4 M ky’ as F(q)P(q) ; 
= > f r,;7e'9 Fiid sy, 5 : (77) 
135 hh? (2r)* a Y, 


q 


Then we assume that the whole system is in a large 
cubic box of dimension 1 and decompose q into its 
three components. 

gz=2nn,/L, (78) 


Qr:=2an,/L, gy=2nn,/L, 


where n,, m,, nz =0, 1, 2---. The integral in Eq. (77) 


becomes 


x 
f 7; ;7e* “Tidy; ; 
0 
Lit p»L/2 pbi/2 
-3f [ gietinerrerrnas)ix Ldxdydz. (79) 
+ fj" 1/2" =Lf2 


The integrals with respect to y and gz are straight- 
forward and give a delta function. 


L/2 
f . ewdy= Lb ny, 
L/2 


L/2 
f e'7dz= Lin,. 
L/2 


Therefore, when we evaluate the integral we should 
put m,=n,=0. If we further assume n,=0, q=0. 
However, since P(g) in Eq. (77) is proportional to q? 
for small q (see Appendix) and F'(q) has no singularity 
at q=0, Eq. (77) becomes zero if q=0. In other words, 
we must assume »,~0. Then the integral with respect 
to x is given by 


L/2 (— 1)"*L' 
x2einztdy = sicialnaitsaaaaions 
L/2 2rn,” 


Therefore, from Eq. (79), 


: 6L5(—1)" 
f 7; j2e*4 “Fiid3y; == ——__—., 
0 (2r)?n,? 
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Substituting this into Eq. (77), we find 
8 M kp® x (—1)" F(q)P(q) 
[= ——, 


i (83) 


45 h? (2r)®& ouze=1—n,” g 


On the other hand, if L is very large, q is very small 
for fixed n,. Then from the Appendix 


F(q)P(q) P(q) 
lim - =F (0) lim 
qo q q q 

(OQ) 2m 


= 10(1—1n2)——- —-»,. (84) 
LE 


9 


” 
Substituting this into Eq. (83), we get 

16 M kp « (—1)™ 

1 =—(1—1In2)—F(0)——_L'! }} —— 

9 h? (2r)> n=l Mz 


ky? 


16 
= —(1—]n2)Won'd3 L* \n2, 


9 (27)° 
where \ and Wy are given by Eqs. (27’), (28’). 
value of L is given by 
L= (4rr, 3) ry A}, 
then J becomes 


16 ke? (dry 43 
[=— (1—In2) In21V or?d3 —( ) ro'A4 . 
9 (2r)>X\ 3 


(87) 


Substituting necessary values and combining with 


Eq. (51), we obtain 


Ao,= —0.018 Af mb. (88) 


Comparing Eq. (75), we get 


Aoy/o, =—6%. 


(89) 


This agrees very well with Eq. (76). Therefore, we see 
that the damping-factor method can be regarded as a 
reasonable approximation. 


(c) Effect of Coulomb Force 


This is exactly zero for aint in this order of approxi- 
mation, because the value of cint is affected only by 
n—p pairs as seen in Eq. (3). However, in the case of 
op, this effect appears in p—p pairs. [See Eq. (50) and 
the discussion after that. ] We shall evaluate this by 
replacing a nuclear potential in Eq. (57) by the Coulomb 
potential. [For an infinite nucleus this effect will 
diverge, but in our case it will converge because we used 
a damping factor in Eq. (64). ] 


y= +e/r;;. 


The calculations are exactly the same as in the case 
of nuclear forces, so it is not necessary to repeat them 


(90) 
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here. The results are also listed in Table IT. As seen in 
the table, this effect is negligible. 


IV. CONCLUSION 


The effect of the quasi-deuteron model, i.e., the 
effect of the dynamical correlation between nucleons, 
has been treated by first order perturbation theory. The 
results are that oint is increased by about ten percent 
and that o» is decreased by a few percent. The effect 
of the hard core has not been treated in our calculation. 
This may affect the result for aint, but it will probably 
not be so large as to change the main conclusion. For 
instance, recent calculation’ shows that for an at- 
tractive potential with a hard core the wave function 
outside the core is similar to that of the IPM. This 
seems to support the above prediction. For o» this effect 
is clearly small, because the main contribution to a, 
comes from the low-energy part. 

Finally we conclude that the IPM is a fairly good 
approximation for photonuclear reactions. 
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APPENDIX 


The integrations with respect to p and n for the 
energy denominator of Eqs. (24) and (61) were carried 
out by Euler.!' We merely quote his results here. 


1 
p= fas) d*p d*n 
|p| <1 \n| <1 s-(s+p—n) 


|p+s|>1 jn—s|>1 


= fasf exp(—asi)da f eas Dds 
0 |p| <1 


|p+s|>1 


xf eta(s-m)qsy, 
n| <1 


jn—s| >1 


(Al) 


19 Gomes, Walecka, and Weisskopf, Ann. Phys. 3, 241 (1958). 
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where a@ is an auxiliary variable introduced for con- 
venience of calculation. Putting as=y, we get 


“ 4? 7% 1 
p= { d’s = f | {sye e/2)y 
0 5 ( Ly® 


+e-¥(y+1) (ev — 0s | ay 


) 


To 
fe “| te(y-1 
y 


+e viv) | ay: (A2) 


The integration with respect to y is elementary but 
tedious. After integration we put s=2u and obtain the 
following results: 


64 . 
D= of P(u)du. (A3) 


15 J, 
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For w< 1, 
P(u)=P,(u) 
= [4+ (15/2)a—5u8+ $u? ]In(1+)+ 29u?+3ui 
+[4— (15/2)u+5u8— 3u?] 
X In (1— 0) — 4022 In2 
40 (1—1n2)u?— 10u'+ §u'+0.214°. (A4) 
For u>1, 


P(u)= P.(u) 

[4—20u?— 20u*+4u° | In(u+1)+403+22u 

+[ —4+ 20u?—20u?+4u5 | In(u—1) 

mi ti 1 
= i +0.16—. 


3u 33 u® 


+ (40u?—8u*) Inu (AS) 


The error of the above power-series expansions is 
less than 0.1% for Pi(u) and less than 0.5% for P2(). 
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Heavy Nuclei in the Primary Cosmic Radiation at Prince Albert, Canada. 
I. Carbon, Nitrogen, and Oxygen* 


H. Aizu,t Y. Fuyrmoto, S. HAseGawa, M. Kosuisa, I. Miro,t J. Nisuimura, K. Yoxou,t 
Institute for Nuclear Study, University of Tanashi, Tokyo, Japan 


AND 


MARCEL ScuEIn, Enrico Fermi Institute for Nuclear Studies, Department of Physics, University of Chicago, Chicago, Illinois 
(Received May 22, 1959) 


A stack of G-5 emulsion, exposed at 120000 feet for 8 hours at 61°N has been used to study the charge 
and energy spectrum of heavy nuclei at the low-energy end. Energy measurements have been made on 
C, N, and O nuclei up to 1 Bev/nucleon. The spectrum shows a broad maximum at 550 Mev/nucleon, 
extrapolated to the top of the atmosphere. Various possibilities to explain this spectrum are discussed. 
However, it seems desirable to determine the energy spectrum of the other heavy-nuclei components in 
this energy region in order to gain a more complete understanding of the whole problem. Measurements 


of this kind are in progress and will be reported 


1. INTRODUCTION 


N order to gain information concerning the accel- 
eration mechanism of the primary radiation, the 
study of the heavy-nuclei component in the cosmic 
radiation has certain advantages over studies on 
primary protons and the various secondary components. 
This is due to the fact that heavier nuclei cannot be 
created from lighter elements once they are ejected from 
the source into interstellar space. Any conceivable 
* This work has been supported in part by the U. S. National 
Committee of IGY, the National Science Foundation, and the 
joint program of the Office of Naval Research and the U. S. Atomi: 
Energy Commission. 
t Department of Physics, Rikkyo University, Tokyo, Japan 
t College of General Education, University of Tokyo, Tokyo, 
Japan. 


process the primary cosmic radiation might undergo in 
interstellar space takes place in the direction from 
heavier to lighter elements. 

The very existence of the heavy-nuclei component! 
poses stringent restrictions on the possible types of 
acceleration mechanisms. Furthermore, the determina- 
tion of the fluxes of Li, Be, and B * has so far been the 
only method of estimating the average age of the 
primary cosmic radiation. 

The study of the heavier Z components can yield 
valuable information regarding the relative abundances 

1 Freier, Ney, and Oppenheimer, Phys. Rev. 75, 991 (1949). 
H. L. Bradt and B. Peters, Phys. Rev. 77, 54 (1950); 80, 943 


(1950). 
2 Koshiba, Schultz, and Schein, Nuovo cimento 9, 1 (1958). 
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of medium and heavy elements. Certain types of stars 
were suggested by Koshiba, Schultz, and Schein? as 
possible primary sources of the cosmic radiation. 

However, while our experimental data concerning 
heavy nuclei in the latitude-dependent rigidity region, 
say from 3 Bev/c to 15 Bev/c, is probably correct, we 
have practically no data at the low-rigidity end, except 
on a-particles studied by the Minnesota and Bristol 
groups.* Recalling the two characteristic features of 
heavy nuclei, i.e., their fragile structure which can 
easily be destroyed in interactions at cosmic-ray energies 
and their appreciable ionization in passing through 
matter, one can easily see the kind of information we 
can obtain in this field. The effect of ionization loss 
will be most pronounced at the low-energy end of the 
spectrum. Though we know qualitatively that the 
ionization loss represents a serious difficulty in the 
original version of Fermi’s theory of the acceleration 
mechanism, we do not know quantitatively how im- 
portant this process is in building up the cosmic 
radiation. 

In view of the above considerations, an investigation 
of the low-rigidity heavy-nuclei component of the 
primary cosmic radiation was undertaken in the summer 
of 1957 at the University of Chicago by two of the 
authors (M.S. and M. K.). The requirements set forth 
for the experiments were as follows: (1) it should cover 
the rigidity spectrum to as low a value as our present 
experimental techniques allow us to go; (2) it should 
yield a clear-cut separation of charges and good energy 
resolution of heavy nuclei up to an energy of 500 Mev/ 
nucleon at least, and (3) a measurement of the time 
fluctuation of the heavy component should be at- 








4'x 6"x 600z x 200 | 
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Fic. 1. Schematic drawing of gondola, showing the arrangement 
of stack and moving-plate mechanism. Al—aluminum sphere 
is in. thick, bp-—black paper, M and S—600 y glass-backed plate, 
ML and SL—200 yp Lucite-backed plate, P—600 yu pellicle. 

3 Fowler, Waddington, Freier, Naugle, and Ney, Phil. Mag. 2, 
157 (1957); F. B. McDonald, Phys. Rev. 107, 1386 (1957); 
Freier, Ney, and Fowler, Nature 4619, 1321 (1958). 
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tempted. For this purpose, a stack of Ilford G-5 
nuclear emulsion and a moving plate mechanism, as 
shown in Fig. 1 and described in the next section, has 
been flown at Prince Albert, Canada (61°N geomagnetic 
latitude) in a Skyhook Balloon and exposed to the 
primary cosmic radiation. Prince Albert is located 
north of Minneapolis, which we know is already beyond 
the knee of the latitude curve for a-particles.* The stack 
was flown for 8 hours at an altitude of 120000 ft.‘ All 
plates were processed at the University of Chicago. 
The preliminary analysis of the stack was carried out 
at Chicago and continued at the Institute for Nuclear 
Study, University of Tokyo. The present paper is 
dealing with the energy spectrum of C, N, and O 
nuclei and their relative abundance in the primary 
cosmic radiation. Studies carried out on other nuclei 
will be published later. 


2. EXPERIMENTAL PROCEDURES 


Two hundred pellicles of Ilford G-5 nuclear emulsions 
of 4 in.X6 in., 600 uw in thickness, were stacked under- 
neath a moving-plate mechanism® consisting of two 
horizontal Lucite plates, 6 in.X6 in. each, coated with 
200 » thick G-5 emulsion. A glass-backed G-5 emulsion 
and a pellicle, each 6 in.X6 in. and 600 y in thickness, 
were inserted between the stack and the moving-plate 
mechanism for the purpose of correlating the tracks 
passing through the whole system. An additional glass- 
backed G-5 emulsion 6 in. x6 in. and 600 uw in thickness 
was placed horizontally on the very top of the assembly, 
its emulsion surface facing upward. The whole assembly 
was rigidly mounted into a pressurized aluminum 
sphere. The geometry of the apparatus is shown in 
Fig. 1. The aluminum sphere was covered by 3 inches 
of styrofoam in order to avoid excessive heating of the 
stack during the flight. The exposure took place at 
Prince Albert (Canada), 61°N geomagnetic latitude, 
on September 11, 1957. The pressure was measured by 
an accurate Wallace Tierman gauge, photographed at 


3-minute intervals, at higher altitudes, and by a radio- 


sonde type gauge at lower altitudes. The flight curve 
is plotted in Fig. 2. The pressure in millibars and the 
height in feet are plotted against the local time, C. S. T. 

In order that the entire stack could be processed 
simultaneously, a wet hot stage with half-strength 
developer at 25°C for 80 minutes was used. The result 
was that while the minimum grain density is 23 
grains/100 yu, the grain size is of the order of 0.6 micron. 
Accordingly the gap-density is reduced to 8 gaps/100 u 
for relativistic carbon as compared to 30 gaps/100 u 
observed previously.” 

The scanning for C, N, and O nuclei was carried out 
at the top edge of the stack. The central 10-cm region 

4 We wish to express our appreciation to the Raven Corporation 
for launching the balloon and recovering the stack. 

5 J. J. Lord and M. Schein, Phys. Rev. 78, 484 (1950); V. H. 
Yngve, Phys. Rev. 92, 428 (1953); M. Koshiba and M. Schein, 
Phys. Rev. 103, 1820 (1956). 
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Fic. 2. The flight curve of the exposure. * : pressure deter- 
mined from photographing Wallace-Tiernan gauge. © : pressure 
determined from radio-sonde. 


of each plate had been scanned using 10X10 magni- 
nification at the top for those tracks which satisfy the 
following three criteria: (1) the projected zenith angle 
in the emulsion plane does not exceed 20°, (2) the 
track length per plate in the zenith direction is larger 
than or equal to 3 mm, and (3) the ionization is at 
least that corresponding to a relativistic boron nucleus. 
The third criterion can easily be applied once a good 
case of a relativistic carbon breakup into three a’s is 
found, since then the approximate gap density of a 
relativistic boron track can be obtained from measure- 
ments of relativistic carbon and a particles by the use 
of previous results on gap density.” However, the visual 
inspection is in most cases quite reliable in separating 
relativistic boron from relativistic beryllium, since there 
is a considerable difference in appearance between the 
two. In case there was some ambiguity on whether or 
not the ionization of the track satisfied the criterion, 
a gap density of 15 gaps/100 yu or less was required. 
This, as will be shown later, included some relativistic 
beryllium too. Hence the tracks of ionization equal to 
or larger than that of relativistic carbon could not 
escape being recorded once they were inspected. 

Every track located by this method has a potential 
range in the stack of 10 cm or more. All of these tracks 
have been traced until they leave the stack at the 
bottom, stop inside the stack, or interact. 


3. DETERMINATION OF CHARGE AND ENERGY 


It is well known that in the energy range where the 
ionization of a heavy nucleus changes considerably with 
the velocity, charge and energy determination cannot 
be made separately. We have to make measurements of 
two independent parameters in order to specify the 
charge and energy. 

To establish a calibration curve for the ionization, we 
start with the study of tracks which are known to be 
relativistic from the observed nuclear interaction they 
produce. The results of the conventional 4-grain 6-ray 
countings on these tracks are shown in Fig. 3 in the form 
of a histogram. The counting has been performed by 
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three different observers and the countings on the 
same track by different observers are counted as dif- 
ferent cases. In each case a total of at least 400 6-rays 
have been counted. Some of the tracks have been 
counted by all three observers and the average taken 
over the countings of the three observers has been used 
for each track. This is shown in Fig. 3 in the shaded 
histogram. The cases shown include the fragmentation 
of one C— 3a and one O— 4a, both at relativistic 
energies. A clear-cut separation of C, N, O tracks at 
relativistic energies is observed in Fig. 3. 

The gap-counting, or blob-counting, on tracks of C, 
N, O cannot be expected to compete as favorably with 
the 4-grain 6-day counting as in the previous work’ 
mainly because of the smaller gap-density due to the 
overdevelopment of the stack. Nevertheless, it was 
done in order to obtain (1) an accurate gap-density 
calibration from plate to plate which is a necessity for 
the analysis of Li, Be, and B; and (2) a checking of the 
results of the -ray countings. The charge assignments 
of relativistic tracks by the method of gap-counting, 
calibrated against the C — 3a and O — 4a cases men- 
tioned above, are found to be in a very good agreement 
with those of the 4-grain 6-ray countings. The details 
of the gap-countings will be discussed in the forth- 
coming paper on Li, Be, and B. We may mention here 
that the use of stopping particles with identified charge 
made it possible to obtain an accurate calibration curve 
for ionization by this method. 

Our next problem is of identifying slow particles, and 
we shall start with those cases where the particles 
stopped in the stack. The usual methods for deter- 
mining the charge of stopping heavy-nuclei tracks are 
as follows: (1) 6-ray density versus residual range, (2) 
the effective track width, (3) the thin-down length, and 
(4) the variations of the above. In this investigation, 
method (1) was employed. The ordinary 6-ray counting, 
of the 4- or 7-grain convention, obviously cannot be 
used for the stopping C, N, and O nuclei, not only 
because of too high 6-ray densities, but also because 
there is a systematic variation of the cutoff energy of 
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Fic. 3. Distribution of 
delta-ray densities, 15, 
of high-energy tracks. 
For details, see text. 
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6-rays with varying width of the completely blackened 
track core. Therefore, a cutoff procedure free from this 
systematic variation must be employed. We applied a 
criterion by which we count only those 6-rays which 
extend beyond a certain distance from the center of 
the track. After some trial countings, we set this 
distance to be 4.384. By using this criterium, each 
stopping track had been 6-ray counted from the end of 
its range backward over a track length of at least 20 
fields of view, i.e., a total length of 2.6 mm. The inte- 
grated number of 6-rays counted in this way has a 
stronger dependence on the charge of the particle than 
the 6-ray density of a relativistic particle which has the 
well-known Z? dependence, because of the additional 
1/Z dependence of the residual range for a given 
velocity. The calibration using this method has been 
carried out in the following manner: We first counted 
the 6-rays of stopping a-particles, which are easily 
recognizable as such when they are several centimeters 
long, and then plotted the integral number of 6-rays 
as a function of the residual range. 

The 6-ray density ; has the form Z?/(v) while the 
residual range R is of the form (M/Z*)g(v) (M is the 
mass of the nucleus). Hence, the relation between 1; 
and R is 

n=Z7h(Z°R/M), 


which is the similarity law of the 6-ray density. The 
integral number of 6-rays, V3, as a function of the 
residual range, becomes 


R R 22 
N; = f ngdR = f i(—R)aR 
0 0 M 


Z?/RM Z? Zz? 2? 
-{ atn( R)a(- R) -un(—R). 
0 M M M 
This expresses the similarity law of the integral number 
of 6-rays of particles of different mass and different 
charge. For the same value of the mass to charge ratio, 
the expression reduces to the simpler form 


N;=ZH' (ZR). 


The calibration for determining the charge can be 
obtained by using this similarity law of the integral 
é-ray number versus residual range for a-particles as 
shown in Fig. 4(a). The contribution of background 
electrons is negligible because of the large value of the 
cutoff used in the 6-ray range (4.38 u). A correction, 
however, has to be made for the effect inherent for any 
method utilizing certain specified portions of a track. 
Namely, the specified portion may happen to be in an 
unfavorable part of the emulsion, i.e., in the vicinity 
of defective spots. The correction for the variation has 
been made by using high-energy tracks of appropriate 
charge range, Z~14. The results, after this correction 
has been applied, are shown in Fig. 4(b), where the 
stopping particles are classified according to the 
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Fic. 4. (a) The calibration of the integrated 6-ray numbers, 
N35, of stopping particles. The N;’s have been determined with 
range cutoft of 6-rays at 4.38 uw. The four different symbols used 
in the figure refer to individual 6-ray countings of four different 
observers. (b) Charge determination of stopping particles. The 
unshaded histogram in the figure refers to the work of three 
different observers and the 6-ray countings on the same track by 
different observers are counted as different cases. Several tracks, 
however, have been counted by all three observers and the average 
taken over the countings of these three observers has been used 
for each track. This is shown in the shaded histogram. 


number of 6-rays on the last 2.6 mm of their residual 
ranges. One can clearly see in the figure the separation 
of C, N, and O nuclei. 

Though this method, by itself, is a self-consistent 
method of charge determination, it still seems desirable, 
if possible, to make additional independent checks on 
the results, especially on the border line between dif- 
ferent charge groups [see Fig. 4(b) ]. 

This has been carried out in the following way. 
Besides the above mentioned cases of break-ups of 
C — 3a and of O — 4a at relativistic energies, we have 
(1) a track of a Mg nucleus which traversed 8 cm of the 
stack before it collided with a proton and broke up 
into five a particles, one deuteron, and one proton; 
(2) a 9-cm long track of a C nucleus which broke up 
into three a particles of an energy around 300 Mev; and 











1Ocm 

Fic. 5. The calibration curve of the 6-ray density, m3, with a 
range cutoff of 6-rays at 3.70. All results have been converted 
to carbon. The solid curve is the theoretically expected variation 
of ms with the residual range. The theoretical curve is given by 
the expression 


1{m 1-£ m 26 
n;=0.255- ———-— (1—#*) n( —— }}, 
BLE, 26 E, 1—6* 
with m/E,,=10, the functional form of which has been obtained 


from the Mott formula for electron scattering on nuclei. For 
further details, see text. 


(3) a track of an O nucleus which broke up into four 
a particles of energies around 300 Mev. Case (1) is of 
particular importance here, since except for the deuteron 
and one of the @ particles, all the breakup products as 
well as the recoil proton stop in the stack and hence 
their energies are precisely known from their ranges. 
The energies of the deuteron and a particle which left 
the stack have been computed by comparing their blob 
density with those of the neighboring proton and a 
particles of the same interaction. The energies per 
nucleon of the five a particles, deuteron, and proton 
are all nearly the same, 90 to 100 Mev, and differ 
greatly from the much smaller energy of the recoil 
proton. Consequently, the assignment of Z=12 to the 
primary particle must be correct. Its energy before 
interacting is 98+2 Mev per nucleon after a correction 
due to the binding energy was applied. Hence, we have 
a track in the stack of known charge, known energy, 
and known 6-ray density, with a 6-ray range cutoff of 
3.30 4; the 6-rays were counted on various parts of the 
track. The results are converted to carbon by using the 
similarity law of 6-ray density mentioned above. They 
are plotted in Fig. 5. 

In the case of the break-up (2), C — 3a, we cannot 
make such a precise energy determination. However, 
because of the long track length of the primary carbon, 
we can fit the variation with range of the 6-ray density 
to the curve mentioned above. The results have been 
found to lie very nicely on the curve of Fig. 5 with 
respect to both absolute magnitude and variation with 
range. The energy thus determined turned out to be 
about 15% higher than that estimated from direct 
scattering measurement made on the primary carbon 
track. 

The break-up (3) of O— 4a has also been incor- 
porated in Fig. 5 by a similar method. In this case, the 
energy estimate based on scattering measurements of 
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the four a particles has also been found to be 10 to 15% 
smaller. This might well be due to the fact that the 
scattering constant we have used® is too small for scat- 
tering measurements of heavy nuclei or that the elimi- 
nation of emulsion distortion, which has been done by 
using two different cell sizes, is insufficient. 

The three cases just described give a 6-ray density 
curve of carbon in the region of residual range from 2 
to 14 cm; the points at both ends of this region have 
been obtained from the track of the Mg nucleus de- 
scribed above. In order to extend the curve to still 
smaller residual ranges, we selected long stopping 
tracks, which were analyzed by the above described 
method and which have been found to fall close to the 
middle of the carbon peak or the oxygen peak in Fig. 
4(b). The two methods give the same charge assign- 
ment, and by continuing the 6-ray counting to smaller 
residual ranges, one can complete the calibration curve 
for charge determination. The results, all converted to 
carbon nuclei with the aid of the similarity law, are 
shown in Fig. 5. 

A theoretical curve for the 6-ray intensity could be 
obtained if one knows both the cutoff energy of the 
6-rays and the probability for corresponding 6-rays to 
be actually counted in the prescribed convention of 
counting. We, however, regard these two quantities as 
adjustable parameters and fit the theoretical curve, 
based on the Mott formula for electron scattering on the 
nucleus, to the experimental data. The theoretical 
curve thus obtained is shown in Fig. 5. One can clearly 
see that the curve passes through the experimental 
points and it does reproduce the experimental data 
satisfactorily. Moreover, it has been checked that the 
theoretical curve actually gives the correct density of 
6-rays of the relativistic C— 3a as it should. This 
completes the determination of charge of stopped par- 
ticles at all energies. The method used here is making 
use of the range cutoff of 6-rays at a certain known 
residual range and hence has the advantage that the 
counting can always be made in a favorable part of the 
emulsion. 

The cases which fell into the borderline regions of 
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Fic. 6. Calibration curves of the 4-grain 6-ray 
density versus residual range. 


6 FE. Pickup and L. Voyvodic, Phys. Rev. 85, 91 (1952). 
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neighboring charge peaks in Fig. 4(b) have been ana- 
lyzed by the above-described method and a good sepa- 
ration between charge groups has been obtained. This 
completes the analysis of stopping particles. 

Before we proceed with the analysis of higher energy 
tracks, it is convenient to determine a calibration 
curve for the ordinary 4-grain 6-ray counting. Since we 
already have a number of stopping tracks of identified 
charge, a C— 3a and an O— 4a of known energies, 
and a relativistic C — 3a and a relativistic O — 4a, it 
is a simple and straightforward matter to construct 
this calibration curve. It is, however, to be noted that 
the similarity law, as represented in Fig. 5, cannot be 
used here because we have to expect some saturation 
effect to occur as well as some background contribution. 
The calibration curves for the 4-grain 6-ray countings 
are shown in Fig. 6. 

Most of the higher energy tracks located by scanning 
interacted in the stack. The energy estimate in these 
cases, by means of measuring the opening angles of 
a particles, for example, cannot be expected to be 
precise enough for our purposes of obtaining accurate 
charge and energy spectra in the energy range around 
500 Mev per nucleon. 

As a consequence, we restrict ourselves to tracks 
which pass through the stack without interacting and 
which accordingly at least have a track length of 10 cm 
available for analysis. These tracks, which we call 
“through tracks,” have been analyzed (1) by the 
method of the 4-grain 6-ray counting ; (2) by the method 
of counting gaps at the entrance and exit of the track; 
and (3) by both methods (in some cases) in order to 
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Fic. 7. The results of the 4-grain 5-ray countings on “through”’ 
particles are shown in the figure where the variation of ms at 
exit as a function of mat entrance is also given for various charges. 
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Fic. 8. “Through” particles are classified according to the ratio 
of ms at exit and at entrance, which is in first approximation a 
function of velocity only. The figure shows the existence of slow 
particles among the “through” particles. 


check the consistency, which has actually been verified. 
Examples of the 4-grain 6-ray countings on these 
“through” particles are shown in Fig. 7, where each 
mark represents a track specified by the 6-ray densities 
at entrance and at exit, both measured 1 cm inside the 
stack in order to avoid edge effects. Different marks 
correspond to different observers. The expected varia- 
tion of the 6-ray densities at exit as a function of the 
one at entrance has been obtained for each charge from 
the results plotted in Fig. 6. They are shown by the 
solid lines in Fig. 7. In order to demonstrate the exist- 
ance of slow particles among the “through” particles 
more clearly, in Fig. 8 a histogram is shown with respect 
to the ratio of the 6-ray densities at each end. One can 
clearly recognize the slow particles in this histogram. 


4. RESULTS 


The charge and energy of the heavy nuclei have been 
determined in the way described in the preceding 
section. The energy spectrum thus obtained is shown 
in Fig. 9 for C, N, and O particles. In Fig. 9, the energy 
has been converted to that at the top of the atmosphere, 
and a correction has been made for the fact that the 
heavy nuclei did not interact before stopping or leaving 
the stack. The point at the highest energy range has 
been obtained from 72 observed high-energy particles, 
which have not shown any difference from relativistic 
particles, by assuming an integral energy spectrum 
proportional to (1+ )~'*. The numbers in parenthesis 
in Fig. 9 are the actually observed numbers of particles 
in the respective energy ranges. One can see a broad 
maximum in the energy spectrum at energies around 
500 to 600 Mev per nucleon. A gradual falling off of the 
spectrum below the maximum, a feature noticed by the 
Bristol and Minnesota groups in the energy spectrum 
of @ particles,® can also be noticed here. The position 
of the peak of the @ spectrum found by these authors is 
indicated by an arrow in Fig. 9. 

In order to obtain the shape of the spectrum on the 
low-energy side of the maximum with better statistical 
accuracy, a supplementary scanning has been carried 

















Fic. 9. The energy spectrum of C, N, and O nuclei at the top 
of the atmosphere. The numbers in parentheses are the numbers 
of actually observed particles in corresponding energy ranges. 
For details, see text. 


out in which the limit of the projected zenith angle has 
been changed from the previous value of 20° to 30°. 
The additional C, N, and O nuclei stopping in the stack 
have been analyzed by the same methods described in 
the preceding section. They were added to the ones 
already used for the energy spectrum of Fig. 9. Figure 
10 shows the low-energy part, corresponding to stopping 
particles only, of the energy spectrum of C, N, and O 
nuclei with the improved statistics. A gradual decrease 
toward lower energies is indicated. 

The results regarding the relative abundances of C, 
N, and O nuclei are shown in Table I, where the 
observed numbers of the respective nuclei are given for 
two energy ranges. The energies indicated in the table 
refer to the top of the atmosphere. The results referring 
to the supplementary scanning for stopping particles 
are indicated in parenthesis. The relative abundances 
of C, N, and O nuclei obtained in this work for the 
energy range between 160 and 840 Mev per nucleon are 
the same, within the statistical error, as those previously 
found for higher energies.?:7 
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Fic. 10. The lower energy spectrum corresponding 
to stopping tracks only. 


7 Cester, Debenedetti, Garelli, Quassiati, Tallone, and Vigone, 
Nuovo cimento 7, 371 (1958); C. J. Waddington, Phil. Mag. 2, 
1059 (1957); Kaplon, Noon, and Racette, Phys. Rev. 96, 1408 
(1954), 
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5. DISCUSSION OF RESULTS AND CONCLUSIONS 


Low-energy C, N, and O nuclei in the primary cosmic 
radiation have been identified individually, with respect 
to both charge and energy, with good precision. As a 
consequence, the energy spectrum of the C, N, O 
group has been obtained down to values as low as 160 
Mev per nucleon, which is the residual air cutoff for 
these nuclei in our experiment. At the same time the 
relative abundances of these nuclei have been deter-* 
mined. 

The general characteristics of the energy spectrum 
of C, N, and O nuclei in the primary cosmic radiation 
as obtained here does not seem to indicate appreciable 
differences compared to that found for primary a par- 
ticles. The position of the maximum particle flux 
differs somewhat for the two groups, ~550 Mev per 
nucleon for the C, N, O group and ~300 Mev per 
nucleon for the a-particle group. This difference in the 
position of the maximum may possibly be due to the 
fact that our stack was exposed during the time when 
the cosmic-ray intensity was recovering to its norma] 
level after the exceptionally large Forbush-type decrease 
on August 30, 1957. Hence the position of the maximum 


TABLE I. The table gives the observed numbers of C, N, and 
O nuclei in the energy ranges specified in the first row. The 
numbers in parentheses give the results after the supplementary 
scanning. 
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fe 18 (29) 28 46 35 81 
N 10 (14) 10 20 23 43 
12 (23) 8 20 14 34 





in the energy spectrum might have been shifted to a 
higher energy due to the magnetic storm effect and did 
not return to normal at the time of our exposure. This 
point can be clarified by completing the analysis of the 
energy spectra of the other heavy-nuclei groups, in- 
cluding that of the a particles in the same stack. This 
work is in progress now. 

As has been pointed out for the a-particle group,’ the 
existence of a maximum and the gradual decrease 
below the maximum cannot be due to geomagnetic or 
atmospheric effects. It is then probable that the energy 
spectrum of the heavy nuclei had a similar shape before 
entering the space around the earth. 

However, in general, there are two possibilities to 
consider. First, that the energy spectrum, before enter- 
ing the solar system, did not exhibit the observed 
maximum and that it contained very low energy par- 
ticles down to thermal energy of the source. The 
existence of a maximum is then to be explained by the 
effect of magnetic clouds emitted from the sun which 
prevent the particles of low magnetic rigidity from 
penetrating into the region around the earth. In this 
case, we should observe the position of the maximum 
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at the same magnetic rigidity for the various groups 
of heavy nuclei, and in general, the spectra should have 
similar shape, except for some constant factors. 

The second possibility is, that even if magnetic clouds 
do distort the energy spectrum to some extent, the 
essential features of the spectrum, i.e., the existence of 
the maximum and the gradual decrease below the 
maximum, are essentially unchanged before and after 
entering the solar system. In this case, the shape of the 
spectrum at very low energies should be closely related 
to the mechanism of acceleration of cosmic rays. 

It is not possible, at present, to decide definitely 
which of the two possibilities corresponds to the actual 
situation. However, certain qualitative consequences 
can be discussed here. 

Considering the first possibility, the particles of 
lowest magnetic rigidity are eliminated due to their 
long diffusion time through space regions which contain 
irregular magnetic fields. Hence, if the newly formed 
magnetic clouds, free of cosmic-ray particles inside, 
were not supplied with particles by the sun at a rate 
larger than the diffusion-in of cosmic-ray particles of 
energies of a few hundred Mev per nucleon, these par- 
ticles would gradually penetrate into the region of the 
earth. It can then be expected that the position of the 
maximum would change with the level of the magnetic 
activity of the sun. 

In this connection, we may recall the results on a 
particles. The energy spectrum of low-energy a par- 
ticles has been measured in 1954 and in 1956.3 Even 
though there was a large difference in solar activity 
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ae 
between these years, the maximum of the energy 
spectrum remained at the same position within experi- 
mental accuracy and the shape of the spectrum did not 
change appreciably although the over-all intensity of 
low-energy a@ particles changed nearly by a factor of 
two. This implies that the effect of the over-all magnetic 
activity of the sun, except for solar flares or magnetic 
storms, does not have a strong effect on the magnetic 
rigidity spectrum of @ particles. Hence it is rather dif- 
ficult to see how the observed spectrum could have been 
produced by a solar modulation effect. A spectrum 
showing a steadily increasing number of particles 
toward lower energies (no maximum) would also be 
compatible with a modulation mechanism. 

Considering the second possibility, the similarity 
between the energy spectra of a particles and C, N, and 
O nuclei has to be explained by a suitable acceleration 
mechanism. The existence of the maximum might then 
be due to competition between gain and loss in accel- 
eration processes.’ An attempt’ has previously been 
made along this line of thought for explaining the energy 
spectrum of the proton component by using Fermi’s 
acceleration mechanism and taking into account ioni- 
zation loss. However, considering other kinds of 
particles like heavy nuclei as well the effect of ionization 
loss introduces difficulties, as has already been pointed 
out by Fermi in his theory of the origin of cosmic rays.* 
In order to demonstrate the consequences of this effect, 

8 E. Fermi, Phys. Rev. 75, 1169 (1949); Astrophys. J. 119, 1 


(1954). 
°C. Y. Fan, Phys. Rev. 101, 314 (1956). 





444 AIZU 
Fig. 11 has been prepared in which the rigidity loss of 
protons and heavy nuclei per unit time due to ionization 
loss is plotted on a relative scale as a function of the 
magnetic rigidity. The rate of rigidity gain” is also 
given in the same figure. Normalizing at an energy per 
nucleon of 300 Mev for a particles, it is apparent that 
we should observe the maximum in the energy spectrum 
of C, N, and O at around 1.3 Bev per nucleon, which is 
entirely incompatible with our present results. This 
would also give rise to difficulties regarding the shape 
of the proton energy spectrum." We cannot overcome 
this difficulty by assuming ionization loss in inter- 
stellar space after the energy spectra have been formed 
in some active regions. It would leave the ratio of the 
two energies, corresponding to the positions of the 
maxima in the two groups, approximately unchanged. 

The experimental results concerning the energy 
spectra indicate that for a particles and for C, N, and O 
nuclei, the maximum occurs at roughly the same mag- 
netic rigidity. Therefore, it seems quite natural to 
consider the possibility that the observed spectra are 
probably produced by gain and loss processes, both 
depending chiefly on magnetic rigidity. One of the 
possible mechanisms is a betatron-type acceleration 
with scattering-out of particles from regions where the 
acceleration takes place by magnetic irregularities as 
gain and loss processes, respectively. The particles, 


after passing through this stage of preliminary accelera- 


# As an example, a rigidity gain which is proportional to 
y= ((Ze/M) +18 is plotted in the figure. The Fermi acceleration 
gives the same rigidity dependence in the relativistic limit. 

"J. A. Van Allen and J. R. Winckler, Phys. Rev. 106, 1072 
(1957); M. A. Pomerantz and G. W. McClure, Phys. Rev. 86, 536 
(1952). 
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tion, may further be accelerated to higher energies by a 
Fermi-type mechanism in interstellar space. However, 
one should bear in mind that the first possibility, to ex- 
plain the spectrum by the effect of solar activity, is not 
completely excluded, though it seems rather unlikely, in 
view of the above mentioned considerations. 

Regarding the relative abundances of C, N, and O 
nuclei in the primary cosmic radiation, inspection of 
Table I shows that the relative abundances of these 
nuclei do not seem to change with energy.’ This would 
imply that the same type of ion source is responsible 
for the origin of both high- and low-energy cosmic rays. 

The observed relative abundances further indicate 
that carbon is more abundant than nitrogen or oxygen 
at low energies. This relatively large abundance of 
carbon suggests that the ion source of cosmic rays is 
not in an equilibrium state with respect to the carbon- 
nitrogen cycle. Hence, the relative abundances of C, N, 
and O are probably due to a transient state in the evo- 
lutionary life of certain stars.” 

Studies of the relative abundances of the other nuclei, 
especially F and Ne, should yield additional information 
concerning the ion source of the cosmic radiation. 
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The cosmic-ray neutron energy spectrum in the equilibrium region of the atmosphere has been measured 
with several different calibrated detectors from thermal energies to about 1 Bev at 44° north magnetic 
latitude and up to 40 000 feet. By combination of the data from these measurements with those from other 
experiments, a complete differential energy spectrum is obtained which shows the characteristic maximum 
near thermal energies and a roughly 1/£ variation up to about 100 kev. The presence of a second maximum 
in the spectrum near 1 Mev is attributed to the evaporation neutrons from stars, and above this energy 


up to 800 Mev the spectrum falls off as 4. 


INTRODUCTION 


HE cosmic-ray neutrons found in the earth’s 

atmosphere are essentially all generated by 
interactions of the primary and secondary cosmic rays 
with the nitrogen and oxygen of the air. The primary 
cosmic rays! are made up of about 85% protons, 13% 
alpha particles, and 2% particles of Z2 2, and there is 
no evidence at this time indicating any appreciable 
flux of neutrons in the primary radiation. Because of 
the short neutron half-life (~12 min) it is unlikely 
that a significant number of neutrons could reach the 
earth from regions more distant than the sun. 

The neutrons in the range 10 Mev to 1 Bev are 
generated by direct processes such as penetrating 
showers, nuclear stars, or charge-exchange events, while 
in the 1-Mev region most neutrons come from the 
nuclear evaporation process. The neutrons in this region 
of the spectrum are moderated by inelastic and elastic 
collisions with nitrogen and oxygen nuclei and are 
eventually captured by the N(n,p)C™ reaction or by 
other inelastic events. A few of the neutrons escape 
from the top of the atmosphere and eventually decay 
to protons. These albedo neutrons contribute to the 
cosmic radiation belt? observed by U.S. and U.S.S.R. 
satellites. 

A study of the broad cosmic-ray neutron energy 
spectrum might shed light on related geophysical or 
geochemical problems, such as the C™ dating process. 
Also an accurate determination of the spectrum could 
serve to verify the predictions of nuclear cascade 
theories for the atmosphere. 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

t Present address: Pilotless Aircraft Division, Boeing Airplane 
Company, Seattle, Washington. 

1S. F. Singer, in Progress in Elementary Particle and Cosmic 
Ray Physics, edited by John G. Wilson and S. A. Wouthuysen 
(North-Holland Publishing Company, Amsterdam, 1958), Vol. 
IV, p. 278. 

2 Nicholas C. Christofilos (private communication, 1958); S. N 
Vernov, Fifth General Assembly of CSAGI, Moscow, July 30- 
August 9, 1958; P. B. Kellogg, Nuovo cimento 11, 48 (1959); 
S. F. Singer, Phys, Rev. Letters 1, 171, 181 (1958). 


The present experiment was carried out over a period 
of two and a half years, beginning in the summer of 
1956 at the 10000-foot White Mountain Laboratory 
of the University of California near Bishop, California. 
During the winter of 1956-57 measurements were made 
at various altitudes up to 40 000 feet on nine flights in 
a B-36 bomber operating out of Kirtland Air Force 
Base in Albuquerque, New Mexico. During the last 
year the detectors have been operated at sea level 
at the Engineering Field Station of the University of 
California and have been calibrated at the Lawrence 
Radiation Laboratory by use of a variety of standard 
neutron sources and the 184-inch synchrocyclotron in 
Berkeley. Also in the summer of 1958 a gold foil 
detector was exposed at the summit laboratory on 
White Mountain at 14000 feet and later calibrated 
with the water-boiler reactor (WBNS) at the Lawrence 
Radiation Laboratory in Livermore, California. 


DETECTORS 


During the past ten years the Health Physics Group 
at the Lawrence Radiation Laboratory, under the 
direction of Professor Burton J. Moyer, has developed 
a series of instruments for measuring neutron fluxes in 
different energy regions. These instruments have been 
used primarily to measure stray radiation fields near 
accelerators, and could be adapted for study of cosmic- 
ray-produced neutrons. The neutron detectors that 
were used in this experiment are discussed below. 


Bismuth-Fission Ionization Chambers 


The Bi nucleus undergoes fission if struck by 
neutrons or protons of energy E>50 Mev. Accordingly 
a high-threshold nucleon counter can be built in which 
the fission fragments are counted in an ionization 
chamber. A chamber has been built which has 63 g of 
Bi deposited in layers of 1 mg/cm? thickness on parallel 
Al plates. These plates are connected to one another in 
such a way that they act as the capacitors in a lumped- 
constant transmission line and minimize the over-all 
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HESS, 
capacity as seen by any one plate. The chamber is 
filled with 95% argon and 5% COz. In order to dis- 
tinguish between events originating in the Bi itself and 
events originating in other chamber materials, an 
identical counter was made with no Bi on the plates; 
the difference between the counting rates of the two 
chambers is the effect of the Bi alone. This counter is 
also sensitive to mesons. The measured response to y 
rays is small. A blanket of Geiger-Miiller (G-M) tubes 
around the chamber permits the charged-particle- 
induced fissions to be separated from the neutral- 
particle-induced fissions, while the y-ray component 
can be separated by running a Pb absorption curve. 
Shower events can be eliminated by study of the shapes 
of the photographically recorded chamber pulses. The 
m-meson cosmic-ray flux is small enough to be neg- 
lected. The w-meson flux is not small, but the cross 
section for u-induced fission of Bi is very small, so that, 
this reaction can be neglected. In this way the effect 
of the neutrons alone can be determined. The response 
of the chambers to the large Bi fission pulses (~80 
Mev per fission) was insured by calibrating the chamber 
pulse height with a Cf*® spontaneous fission source 
(~100 Mev per fission). 


CH,-Lined Proportional Counter 


An argon-and-CO, proportional counter has also been 


developed in which the recoil protons from neutrons 
hitting a polyethylene lining in the counter are counted.‘ 
For a $-inch-thick polyethylene lining the efficiency of 
the chamber is nearly proportional to energy for 
neutrons from about 50 kev to about 20 Mev. Because 
of this, this counter actually records energy flux instead 
of the usual particle flux, and for this counter one count 
at zero bias corresponds to about 15 Mev/cm? of 
neutrons through the chamber. The efficiency of this 
chamber has been calculated and checked by placing 
the counter in neutron beams of known energies and 
fluxes. This chamber also counts protons and electrons, 
but the electron pulses are generally small enough to 
be separated out by pulse-height rejection. The effect 
of protons was accounted for by placing this counter 
under the blanket of G-M tubes used for the Bi chamber. 


BF; Counter and Paraffin Jackets 


A BF; proportional counter counts neutrons by the 
reaction B'(n,a)Li’, and gives a uniform pulse height 
for neutrons in the thermal energy region. Since the 
cross section is proportional to 1/2, the counter responds 
primarily to thermal neutrons. If a cadmium cover is 
used, the thermal neutrons are absorbed and only the 
neutrons of E20.4 volt are counted; however, if 
paraffin is placed around the chamber and a cadmium 
cover placed outside this, then the energy dependence 

3 Hess, Patterson, and Wallace, Nucleonics 15, No. 3, 74 (1957). 


4 Burton J. Moyer, Nucleonics 10, No. 4, 14 (1952); 10, No. 5, 
44 (1952); Boyd W. Thompson, Nucleonics 13, No. 3, 44 (1955). 
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is changed, since the paraffin thermalizes higher energy 
neutrons and makes more of them count in the BF; 
counter. This counter has the advantage that it can be 
set to accept only the large ionization pulses (~4 Mev) 
from the alpha particle and Li’, and to not count 
protons or ¥ rays. 


Gold-Foil Resonance Detector 


The cross section for gold has a resonance at 4.9 ev 
for capturing neutrons, and the product nucleus Au’®* 
decays with a half-life of 2.7 days by emitting a 8 
particle which is followed by emission of a strong 
(99%) 412-kev gamma ray from the first excited level 
of Hg'®’. Since this gamma ray can be easily detected 
by a Nal pulse-height-analyzer spectrometer, a neutron 
detector can be constructed that is essentially sensitive 
only to resonance neutrons. 

An array of 0.0005-in. gold foils covering a 20X 20-in. 
area was used as the detector. The top and bottom of 
this array were covered with cadmium to prevent 
thermal neutrons from being captured by the gold. A 
3-in. layer of CH: was placed under the detector to 
minimize albedo effects from neutrons of energy up to 
several Mev reflected from the earth. The gold foils 
were exposed to cosmic-ray neutrons at an altitude of 
14.000 feet for 10 days, removed from the assembly, 
stacked on top of one another, and counted by a Nal 
scintillation spectrometer 3 in. in diameter and 3 in. long. 


Simpson Pile 


A Simpson pile® was made to monitor the intensity 
of the star-forming radiation. This consisted of a pair 
of BF; counters mounted inside the flanges of a lead 
“7”? beam covered by several inches of paraffin. The 
data from this instrument were not used in deducing 
the cosmic-ray neutron energy spectrum, since the 
efficiency and energy response of the device are not 
accurately known; it was used primarily as a relative 
monitor to compare different sets of measurements and 
to insure that there had been no time variations of the 
primary radiation. Simpson has shown that the neutrons 
in the equilibrium region of the atmosphere are pro- 
duced primarily by the lower energy primary radiation,® 
and because of their low momenta these primaries are 
more subject to perturbations of any magnetic and 
electric fields in space. Since the neutron measurements 
described here were carried out at several different 
latitudes and altitudes, this monitoring was important. 


COLLECTION OF DATA 


In the summer of 1956 all the detectors were taken 
to an elevation of 10500 feet at the Crooked Creek 
Laboratory on White Mountain operated by the 
University of California; Professor Nello Pace, Director. 
The equipment was mounted in a trailer and power 


‘J. A. Simpson, Phys. Rev. 83, 1175 (1951). 
6 J. A. Simpson, Phys. Rev. 80, 934 (1951). 
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was supplied by a motor generator set. The equipment 
ran 24 hours a day for 2 months with no serious troubles. 
The counting rates of all the detectors were measured 
accurately and checks made of reliability and con- 
sistency. A block diagram of the electronics used is 
shown in Fig. 1. 

The data from the Bi fission counter were recorded 
photographically from an oscilloscope trace as well as 
by a scaler. The counting rate was low enough that 
real pulses had to be visually identified so as to eliminate 
noise pulses (such as motor sparking). The data from 
the G-M counters were also presented on the film so 
that one could tell whether a charged or a neutral 
particle had induced the fission event and from what 
direction the particles had come. Data from the other 
counters were taken by scalers. 

Each day the following checks were made on the 
apparatus: 

1. A pulse-height spectrum of the Cf spontaneous 
fission source was taken on film and on the scaler. This 
checked the over-all gain and operation of the Bi fission 
system. The gain of the linear amplifier was checked to 
keep the total gain constant. Changes of more than 
1 db were infrequent. 

2. The oscilloscope was calibrated with a stable pulse 
generator. 

3. The discrimination levels of the discriminators and 
scalers recording the Bi fission data were checked. 

4. The counting rate of the CH.-lined proportional 
counter was checked with a Ra-Be neutron source. 
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Fic. 1. Block diagram of the electronics. 


ENERGY SPECTRUM 


TABLE I. Neutron sources. 


Type of source Average neutron energy Counters calibrated 


Sb-y-Be 


BF;+various thicknesses 
of paraffin ; 
CH: proportional counter 


25 kev 


400 kev® BF;+ various thicknesses 
of paraffin; 


CH: proportional counter 


Po-a-Li 


Mock fission 1.4 Mev* BF;+ various thicknesses 
of paraffin; 


CH: proportional counter 


4.4 Mev® BF;+-various thicknesses 
of paraffin ; 


CH: proportional counter 


Po-a Be 


14.5 Mev 
(Monoenergetic) 


D-T BF;+ various thicknesses 
of paraffin ; 

CH: proportional counter 

184-inch cyclotron 


neutron beam Bi fission counter 


220 Mev 


*For neutron energy spectra of (a,m) sources see W. N. Hess, Ann. 
Phys. (N. Y.) (to be published). 


This checks the gain of the system, since the counting 
rate is a quite sensitive function of the gain. 

5. The counting rate of each group of G-M tubes 
covering the Bi fission counter was determined, and 
individual tubes were checked to see that they appeared 
to count normally. 

6. The Simpson pile counting rate for a Ra-Be 
neutron source was measured. No changes of more 
than 1% were ever seen for the Simpson pile, either in 
calibration or in day-to-day use other than those 
correlated with barometric pressure changes. 

7. The BF; counter with CH» covers of different 
thicknesses was calibrated daily with the Ra-Be 
neutron source. 


Small changes in counting rate were observed at 
White Mountain in several detectors which were corre- 
lated with pressure changes. The changes were not 
corrected for, since they were small and tended to 
average out with time. 

During the Fall of 1956 the equipment used at White 
Mountain was taken to Kirtland Air Force Base in 
Albuquerque, New Mexico, and installed in the aft 
compartment of a B-36 bomber. Certain precautions 
were taken to avoid spurious counts arising in the plane: 
(a) All the electronics equipment and all the counters 
(except the Simpson pile) were shock-mounted to 
minimize vibration problems, and (b) various power 
fittings were changed to prevent arcing at low pressures. 
During flight, 400-cycle current was used (with no 
modification to the 60-cycle equipment). We found 
that when we were changing altitude rapidly, we 
encountered problems with noise in the electronics 
which may be due to variation in the earth’s electric 
field with altitude. During level flight noise problems 
were rarely noticed and all equipment functioned 
properly. Calibrations of all counters were made in 
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Fic. 2. B-36 flights for cosmic-ray studies. 


flight and found to agree with data taken on the 
ground. Figure 2 shows routes of the different flights. 

Several checks were made to see that the counting 
rates of our detectors were not functions of the local 
environment. For example, the counting rate of a bare 
BF; counter might depend on the amount of gasoline 
in the tanks of the plane. We looked for and found no 
significant effects of this kind. 


CALIBRATION OF THE COUNTERS 


In order to determine the energy spectrum of the 
cosmic-ray neutrons one must know the absolute energy 
sensitivities of the several counters and in order to 
measure these, we placed the counters in various 
neutron beams of known energy and flux and measured 
the counting rates. The different neutron sources used 
with the counters, and their characteristics, are sum- 
marized in Table I. The results of this calibration 
procedure for the polyethylene-lined proportional 
counter is shown in Fig. 3 (Curve A), which indicates 
the efficiency of the counter increasing linearly with 
energy from 300 kev to about 15 Mev. This curve 
demonstrates that the proportional counter is in effect 
an energy-flux counter, and not a particle-flux counter. 

The efficiency of the bare BF; counter was calculated 
from the known thermal B'°(n,a)Li’ cross section and 
the volume and pressure of the counter. Following the 


notation of Yuan,’ we calculated the effective area of 
the bare counter that we used as 2.6 cm? for thermal 
neutrons. By calculating the efficiency of the counter 
used by Yuan one obtains an effective area of 5.1 cm? 
compared with 5.1+0.6 cm? obtained by Yuan when 
calibrating his counter in a reactor thermal-neutron 
beam. The calculation is probably more accurate than 
the calibration experiment. 

The efficiency of the BF; counter with a cadmium 
cover can be obtained from the efficiency of the bare 
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Fic. 3. Efficiencies of two detectors versus energy. Curve A 
is for the CH:-lined proportional counter. The other curves are 
for the BF; counter; the thickness of paraffin (inches) covering 
it is shown for each curve. 


71. C. L. Yuan, Phys. Rev. 81, 175 (1951). 
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counter and the known cross section for cadmium. 
From the efficiency curves for the BF; counter with 
various thicknesses of paraffin covers (shown in Fig. 4) 
obtained by using a Po-Be neutron source for different 
angles 6 of the counter axis with respect to the source, 
one obtains the energy sensitivities, averaged over 0 to 
represent an isotropic neutron flux, shown in Fig. 3 for 
different thicknesses of paraffin. 

The Bi fission chamber has been calibrated in the 
neutron beam from the 184-inch cyclotron. The Bi 
fission chamber was placed in the neutral-particle beam 
of the 6.2-Bev Bevatron and the attenuation mean free 
path in concrete and lead was found, within the 
accuracy of the measurement, to be the same as that 
for cosmic-ray neutrons in air. The cross section for Bi 
fission is known quite well up to 340 Mev.* Only the 
cross section would be needed to indicate the energy 
sensitivity if all the bismuth were effective in making 
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Fic. 4. Efficiency of a BF; counter with various thicknesses 
of paraffin covers for counting Po-Be neutrons as a function of 
the angle of the counter axis to the source. 


counts in the chamber, but the bismuth layer is nomi- 
nally 1 mg/cm? thick, which is an appreciable fraction 
of a fission-fragment range. Therefore the counter must 
be calibrated in a known flux to determine the fraction 
of the bismuth that is effective. The efficiency of 
different thicknesses of Bi has recently been studied,* 
and it has been found that the Bi in this counter should 
be 90% efficient. The efficiency calculated from this 
and from the known Bi fission cross section and the 
known volume of Bi in the counter is shown in Fig. 5. 
The experimental point obtained at 200 Mev is also 
shown and the agreement is seen to be good. The 
no-bismuth counter was also exposed to the cyclotron 
neutron beam and it showed no large counts; however, 
there were some smaller counts which could be ex- 
plained by spallation. All the events having reasonably 

8H. M. Steiner and J. A. Jungerman, Phys. Rev. 101, 807 


(1956). 
® Beaslee, Hess, and Wallace (to be published), 
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Fic. 5. Efficiency of the Bi fission counter as a function of energy. 


large pulse heights are therefore assumed to be from 
Bi fission. Typical pulse-height spectra for the no-Bi 
and Bi-coated chambers when exposed to the cosmic-ray 
flux are shown in Fig. 6. Also shown is a normalized 
pulse-height spectrum from a thin Cf spontaneous- 
fission source used for checking the over-all performance 
of the system. 

The gold foil detector was calibrated at the water 
boiler reactor at the Livermore Laboratory. This 
detector was activated in a beam that was at the same 
time calibrated by using other thin, calibrated, Cd- 
covered gold foils, which were later counted. From the 
activity of the calibration foils the value of k in the 





1000- T T 


eee B 














T 


0 20 
PULSE HEIGHT 


Fic. 6. Pulse-height spectra for the Bi and no-Bi chambers. 
Also shown is a normalized spectrum for the CF spontaneous- 
fission source. 





HESS, PATTERSON, 





Neutrons/cm*- sec -Mev 











Neutron energy (Mev) 


Fic. 7. The cosmic-ray neutron energy spectrum. Curve A is from 
the work of Miyaki, Hinotani, and Nunogaki (see reference 22). 


expression @()=k/E was obtained. From the activity 
of the detector gold foils we get the efficiency, defined 
as the number of Au"* decays per unit of neutron flux 
incident on the detector. The estimated relative error 
in the value of k from this calibration is ~30% and is 
due almost entirely to the uncertainty in the extrapo- 
lated value of the cadmium ratio for a foil of zero 
thickness. 


DETERMINATION OF THE COSMIC-RAY NEUTRON 
ENERGY SPECTRUM FROM THE 
EXPERIMENTAL DATA 


The neutron energy spectrum calculated from the 
data presented here is shown in Fig. 7. It is convenient 
to consider the spectrum as made up of three energy 
regions: Region 1—from thermal energies to 50 kev, 
Region 2—from 50 kev to 1 Mev, and Region 3—from 
1 Mev up. The experimental data that aid in calculating 
the spectrum in Region 1 consist of: (a) the C™- 
production rate in the atmosphere”; (b) the counting 
rate of a bare BF; counter, with and without a cadmium 
cover, measured by Yuan,’ by Simpson,* and in this 
experiment; and (c) the counting rate of cadmium- 
covered gold foils exposed to cosmic rays, which gives 
the flux at 4.9 ev. 

Other resonance detectors could be used to establish 
more clearly the low-energy end of the spectrum, but 
one difficulty with these measurements is that they 
should be carried out some distance above the earth so 
that the neutron-energy spectrum would not be influ- 
enced by the presence of materials other than oxygen 
and nitrogen. 


1 FE. C. Anderson and W. F. Libby, Phys. Rev. 81, 64 (1951); 
E. C. Anderson, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, 1953), Vol. 2, p. 63; Willard F. Libby, 
Radiocarbon Dating (University of Chicago Press, Chicago, 1952), 
p. 4. 
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The Shape of the Spectrum in Region 1 


The spectral shape in the low-energy region is 
determined from two considerations; first, from 10 kev 
down to about 1 ev, the spectrum has roughly a 1/E 
energy dependence. This is a straightforward result of 
neutron slowing-down theory, and applies for any 
mixture of moderating materials provided that the 
energy region under consideration is sufficiently below 
the energy at which the neutrons are produced and also 
that there is no absorption taking place. In an 
infinite nonabsorbing medium, if the scattering cross 
section is independent of energy the spectrum goes 
exactly as 1/E, but when fast-neutron leakage or 
absorption occurs or if there is an energy-dependent 
cross section then the spectrum is modified and the 
spectrum energy dependence is given approximately 
by 1/£*. An estimate of the effect of leakage of neutrons 
out of the atmosphere shows that it will not contribute 
to make a deviate from 1 except quite near the top of 
the atmosphere. Calculations of absorption show that 
the (”,y) process contributes slightly even at 50 kev, 
but the energy dependence of the cross section is the 
major factor in making ¢(E£)«1/H°-8. This is the 
energy dependence shown from 1 ev to 50 kev in Fig. 7. 
Above 50 kev one approaches the energy at which 
evaporation neutrons are produced (~1 Mev) and 
therefore the 1/E spectrum is modified by the source 
spectrum. In the 1-ev region, neutron absorption by 
nitrogen is an important process, and the shape of the 
energy spectrum depends upon the details of the 
absorption process, which competes with thermalization 
of the neutrons. This problem was first considered by 
Bethe, Korff, and Placzek," who worked out the 
resonance-escape probability for a 1/v absorption by 
nitrogen and obtained the low-energy spectrum shown 
in Fig. 8 (Curve B). Modifications of this same treat- 
ment have been made by Fermi (Curve C on Fig. 8) 
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. 8. Cosmic-ray neutron energy spectrum at low energies. 
All the curves have been normalized at 100 ev. 


1 See, for example, Samuel C. Glasstone and Milton C. Edlund, 
Elements of Nuclear Reactor Theory (D. Van Nostrand Company, 
Inc., Princeton, New Jersey, 1952), p. 158. 

” Bethe, Korff, and Placzek, Phys. Rev. 57, 573 (1940). 

8 Enrico Fermi, Nuclear Physics (University of Chicago Press, 
Chicago, 1950), p. 221. 
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and also by Freese and Meyer (Curve D on Fig. 8). 
This same subject is discussed by Pool, Nelkin, and 
Stone,!® who give a more exact treatment. Their results 
are shown as Curve A in Fig. 8. Davis has also worked 
on this problem.!® As one can see by inspection of Fig. 
8, the various theoretical analyses do not differ radically, 
and it is hard to distinguish between them experi- 
mentally. One possible method of differentiating them 
would require accurate measurements of the cadmium 
ratio, that is, the counting rate of a BF; counter 
without the cadmium counter divided by the counting 
rate of a BF; counter with a cadmium cover. Unfortu- 
nately this is not very sensitive to the rather small 
difference in the spectrum shown in Fig. 8; for example, 
all the spectra shown give cadmium ratios of about 
2.2:1. Another way of distinguishing the spectra would 
involve activation of different material having reso- 
nances in regions where the spectra are different. 
Because the treatment by Pool, Nelkin, and Stone 
seems to be the most exact, it was used for the low- 
energy spectral shape, thus permitting the determi- 
nation of the absolute differential energy spectrum 
N(E), in Region 1 from the counting rates of the differ- 
ent detectors. The counting rate of a detector is given by 


C= f N(E)D(E)dE, 


where C;=counts/sec, V(£)=neutrons/cm?-sec-Mev, 
> ,(Z)=counts/neutrons-cm?. Knowing the detector 
efficiency, }>(£), absolutely, and the shape of the 
differential energy spectrum, one can obtain the abso- 
lute value of N(£) by doing a series of numerical 
integrations to get a value C; in agreement with the 
data. The largest uncertainty in the spectrum obtained 
in this manner is the choice of a particular spectrum 
shape. 


Region 2—-From 10 kev to 1 Mev 


The detector that gives useful information in this 
energy interval is a BF; counter used with several 
different thicknesses of paraffin coverings. As more 
paraffin is added around the BF; counter, higher energy 
neutrons are detected. The counting rates for a series 
of paraffin covers on a BF; counter were measured at 
White Mountain and at airplane altitudes, and a 
family of these paraffin build-up curves is shown in 
Fig. 9. The spectrum in the region from 10 kev to 1 Mev 
is calculated from these counting rates by use of the 
equation above. The energy dependence of the spectrum 
is not known in this region, but the average height of 
the spectrum in the energy region of the BF; counter 
with one particular thickness of CH» jacket can be 


14 Werner Heisenberg, Kosmische Strahlung (Springer-Verlag, 
Berlin, 1953), Chap. 14. 

15 Pool, Nelkin, and Stone, Progress in Nuclear Energy, Physics, 
and Mathematics (Pergamon Press, London, 1958), Vol. II, p. 91. 

16 William O. Davis, Phys. Rev. 80, 150 (1950). 
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Fic. 9. CH build-up curves for the BF; counter as a function of 
altitude in thousands of feet and north magnetic latitude. 


calculated from the integral. Then by comparison of 
the results of this process for the counter with different 
thicknesses of CH, the spectrum energy dependence is 
obtained roughly. An iteration process yields the spec- 
trum accurately. It turns out that the 1/Z spectral 
shape cannot be used in this energy region because it 
would give too high counting rates for the thick CH» 
covers. The shape of this portion of the spectrum shown 
in Fig. 7 is fairly unique. An experiment has been 
performed by Gross using 190-Mev protons incident on 
carbon nuclei and the resulting evaporation-neutron 
spectrum has been measured.” Since this experiment 
should give results quite comparable to those obtained 
from high-energy cosmic-ray nucleons incident on 
nitrogen or oxygen nuclei, the shape of this spectrum 
has been used to obtain the shape of the peak at 500 
kev shown in Fig. 7. The height of the spectrum at 
50 kev was determined not only from the data from 
the BF; counter plus paraffin covers, but also from the 
fact that the spectral height below 50 kev had already 
been determined (as discussed earlier under Region 1). 
The height at 50 kev from the analysis of the data for 
BF; plus paraffin in Region 2 was made to agree with 
these lower energy data. 

We believe that the spectrum shown in Fig. 7 is 
accurate to about +25% at all energies, with the 
exception of the region below 0.04 ev. Differences of a 
factor of 2 or more in the very low-energy end of the 
spectrum are seen in the different theoretical spectra 
shown in Fig. 8 and there is no experimental information 
on which to base a selection of any one of these. 

17 Edward Gross, thesis, University of California Radiation 
Laboratory Report UCRL-3330, February 1956 (unpublished). 
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Bi fission and emulsion stars, showing the relative regions of 
energy sensitivity. 


Region 3—From 1 Mev Up 


The experimental data that enable one to calculate 
the spectrum in this region consist of (a) the abundance 
of cosmic-ray neutron-induced stars in photographic 
emulsions; (b) the counting rate of the large bismuth 
fission ionization chamber, and (c) the counting rate 
of the polyethylene-lined proportional counter. 

The energy intervals in which these detectors are 
important are shown in Fig. 10. Actually what is plotted 
in Fig. 10 is the product of the efficiency 5° (£) of the 
detector times the height of the neutron spectrum 
N(E). The integrals under these curves gives the 
counting rates for these detectors. (The curves were 
terminated at the low-energy end when 98% of the 
counting rate had been included under the curve.) By 
inspection of the curves one can see that the nuclear 
emulsions and the bismuth fission chamber give infor- 
mation about neutrons with the energy interval roughly 
100 to 500 Mev. The polyethylene-lined proportional 
counter gives information from about 100 kev to about 
10 Mev. The shape of the spectrum in Region 3 is 
calculated by taking the counting rates of these 
detectors and—by the same trial-and-error procedure 
as described for Region 2—finding that shape of the 
curve which gives all the counting rates to within 10%. 

The shape of the composite spectrum shown in Fig. 
7 appears quite reasonable and as a comparison an 
approximate spectrum from a nuclear reactor'® is shown 


18R, L. Murray, Nuclear Reactor Physics (Prentice-Hall, Inc., 
Englewood Clifis, New Jersey, 1957), p. 42. 
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in Fig. 11, which shows a peak at about 1 Mev due to 
the production of neutrons by the fission process. From 
about 10 kev down to about 1 ev the spectrum in Fig. 
11 has a 1/E shape. The peak below 1 ev is the thermal 
neutron group. In the atmosphere cosmic-ray neutrons 
cannot show the thermal group seen in Fig. 11 because 
nitrogen is a better slow-neutron absorber than reactor 
materials. Also in cosmic rays there are present a 
considerable number of neutrons of energies higher 
than from the fission spectrum. Aside from these points 
the cosmic-ray spectrum shown in Fig. 7 is quite similar 
to the reactor spectrum in Fig. 11. 

The spectrum shown in Fig. 7 is for 200, 700, and 
1030 g/cm? atmospheric depth and for a geomagnetic 
latitude” of 44° north. Data taken at other latitudes 
were converted to 44° by using the neutron latitude 
variation measured by Simpson.’ Our measurements 
indicate that the shape of the spectrum is unchanged 
from 200 g/cm? to 1030 g/cm? (or sea-level pressure). 
Figure 12 shows the attenuation curves for the Bi fission 
chamber and for the BF; counter with no (CH2)m but 
with a Cd cover. The fact that the attenuation mean 
free paths for these two counters are experimentally 
equal indicates that the spectrum from about 1 ev to 
about 500 Mev does not change shape from 200 g/cm? 
to 1000 g/cm? depth in the atmosphere. Above 200 
g/cm? the spectrum will probably be found to change 
shape. Near the top of the atmosphere there should be 
fewer low-energy neutrons, since the thermalization 
process will not be in equilibrium. The albedo from the 
lower atmosphere, where equilibrium has been estab- 
lished, will tend to make this effect small, but it will 
probably be present. Near the surface of the earth 
albedo effects from the ground or water may modify 
the spectrum. Both earth and water should absorb 
fewer neutrons than air so that the spectrum near the 
bottom of the atmosphere might be rich in thermal 
neutrons reflected upwards. Work by Mather indicates 
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Fic. 11. An approximate neutron-energy spectrum 
for a nuclear reactor. 

1#The magnetic coordinates we used were based on earth- 
surface-field measurements, not on cosmic-ray-inferred fields, 
since doubt has recently been cast on the latter [P. Rothwell, 
Phil. Mag. 3, 961 (1958)]. We used sinAmag=cosA (cosp—69) 
Xcos78.5+-sin78.5, as quoted in Simpson, Fenton, Katzman, and 
Rose, Phys. Rev. 102, 1648 (1956). 
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TABLE II. Experimental counting rates vs counting rates calculated from our spectrum 


Detector 





Au foil (K value) 
BF,+4 in. CH2 


BF3+5 in. 


Proportional counter 

Bi fission 

Stars in emulsions 

C™ atoms produced/cm?-sec 


Calculated from spectrum 





4.9X10% neutrons /cm?-sec 
0.097 count/sec 
0.141 


0.168 
0.212 
0.250 
0.221 
0.136 
0.098 


1.46 counts/min 
1.33 counts/hr 
15 stars/cm*-day 
3.1 atoms/cm?-sec 
0.0022 count /cm? 


(all data for 700 g/cm? and 44° geomagnetic latitude). 


Experimental 


(5.0+1.7) X 10-* neutrons/cm?-sec 
0.084+0.005 count/sec 
0.150+0.006 

0.173+0.006 

0.192+0.006 

0.208+0.005 

0.200+0.008 

0.133+0.006 

0.105+0.006 


1.55+0.18 counts/min 
1.6+0.3 counts/hr 
15 stars/cm*-day* 

2.6 atoms/cm?-sec” 
0.0026+0.0003 count/cm? 4 


BF;+no paraffin+Cd cover 


®@ See Lock, March, and McKeague, Proc. Roy. Soc. (London) A231, 368 (1955). 


b See reference 10. 
© See reference 7._ 5 
4 For a counter of 1 cm? thermal effective area. 


that the earth tends to thermalize incident neutrons 
without capturing many of them, and then the slow 
neutrons are mostly reflected into the air and eventually 
captured by N'.” 

If one assumes a power-law spectrum for the primary 
cosmic-ray protons, then according to Messel’s theory 
of the nucleon cascade the differential spectrum of 
those secondary nucleons above the primary cutoff 
energy £, should have the same shape as the primary 
spectrum.”! On the basis of this argument the spectra 
shown in Fig. 7 may be extended above 3 Bev (£, at 
44°) by using the power law given by Singer for the 
primary spectrum which has an exponent of 2.15 for 
the differential form for protons. 

Table II is a summary of the counting rates of the 
various detectors used and the counting rates of these 
detectors calculated from the measured efficiencies and 
from the height of the neutron energy spectrum shown 
in Fig. 7. After we had concluded this experiment we 
became aware of the work of Miyake, Hinotani, and 
Nunogaki on the cosmic-ray neutron-energy spectrum.” 
They measured the spectrum in the energy region 1 to 
15 Mev. They studied proton recoils in a cloud chamber 
and calculated the spectrum from 1 ev to 1 Bev by 
considering the slowing down of neutrons and subse- 
quent capture on nitrogen and also the production of 
high-energy neutrons. Their spectrum is shown in Fig. 
7 integrated over solid angle and translated in latitude 
to compare to ours. There is reasonably good agreement 
between their spectrum and the spectrum calculated 
here. In the ev energy region the agreement is good and 
above 10 Mev it is very good. For intermediate energies 
our spectrum is probably more reliable because (a) we 


20 R. Mather (private communication). 

21H. Messel, Progress in Cosmic-Ray Physics (Interscience 
Publishers, Inc., New York, 1954), Vol. 2, p. 1761. 

* Miyaki, Hinotani, and Nunogaki, J. Phys. Soc. (Japan) 12, 
113 (1957). 


had experimental information in the region 100 kev to 
1 Mev, and (b) we included neutron absorption in the 
spectrum calculations. 


THE NUCLEON CASCADE 


Rossi has made a simple model of the medium-energy 
nucleon cascade in the atmosphere* that is probably not 
too far from reality. The cascade is limited to one 
dimension, and the production spectrum of both 
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Fic. 12. Attenuation curves for the Bi fission chamber and the 
BF; counter at 0-inch CH, through the atmosphere. 


2 Bruno B. Rossi, High-Energy Particles (Prentice-Hall, Inc., 
Englewood Cliffs, New Jersey, 1954), p. 488. 
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Fic. 13. Ratio of neutrons to protons of E>80 Mev as a 
function of depth in the atmosphere. The solid curve is calculated 
from Rossi for secondary particles only and ®p,/®p. 


neutrons and protons, based on the work of Camerini,” 
is taken to be 


S(E,h)= Ae"!+/(50+£)?, 


where h=depth into the atmosphere, /= attenuation 
mean free path, E=kinetic energy. This is not very 
different from the currently accepted primary proton 
spectrum shape. The differential-energy spectra of the 
secondary particles produced in the cascade are then, 
for neutrons, 


on(E,h) = Ahe-"/"/(504E)?, 


and for protons, 


E,—-E 
(50-+E)(50+Em) 1’ 


Ae™! 
$,(E,h) =— —| 
k(E) 
where k(/)=dE/dh=ionization energy-loss rate of 
protons and E,, is defined by R(E,,)=R(E)+h. If we 
integrate the area under this spectrum (for L=138 
g/cm’) from high energies down to 80 Mev, we can get 
the ratio of secondary neutrons to protons of energies 
greater than 80 Mev as a function of atmospheric depth 
(Fig. 13). This can be compared with the fraction of 
events in the Bi fission chamber that are induced by 
charged or by neutral particles (i.e., have or have not 
a G-M signal in coincidence). Since Rossi’s spectra are 
for secondary particles only, we must add the primary 
protons ®,’ to get the total number of protons, or 
®,+,’. The ratio T of neutral to charged events 
(Fig. 13) that we find experimentally is then 
?, ’,/P, R 


T= SS SS = ae 
$,+¢4,’ 1+4,'/6, 1+U 

where R is the ratio of secondary neutrons to secondary 

protons ®,/®, that we calculate from Rossi’s spectrum, 


% Camerini, Fowler, Lock, and Muirhead, Phil. Mag. 41, 413 
(1950). 
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and U is the ratio of primary protons to secondary 
protons, ®,'/@,. Using this relationship, the measured 
value of 7, and the calculated value of R, one obtains 
the values of U shown in Fig. 14 as a function of 4, 
the depth into the atmosphere. 

According to the treatment by Rossi, we can calculate 
an approximate value of U=#,'/®, in the following 
way. Let us take for the differential spectrum of 
primary protons, at some depth / into the atmosphere, 


bp (E,h) = op (E)e"!4, 


where LZ contains the effect of slowing down the protons 
by ionization energy loss as well as loss by nuclear 
interactions. Then the secondary-proton differential 
spectrum is given by” 


p(E,h) =(C(h)) mw f f m(E,E')No@,! (E)e-"“dhd E’, 


where m(E,E’) is the average number of secondary 
protons of energy E made by protons of energy E’, and 
C(h) is an approximate correction factor to take care of 
the energy loss by ionization of secondary protons 
produced above altitude 4. The value of C must be 
averaged through the depth / above the position in 
question, because the secondaries have come from all 
positions above /. If now we ask how many primary 
and secondary protons of energy E>80 Mev we have 
at any depth 4, we can use an average secondary 
multiplicity ® (which can be obtained from emulsion 
data),4 and then integrate the spectra from 80 Mev up; 
we obtain, for the primaries, 


®,'(E>80, h)= f $y’ (E’)e-™ “dE, 
80 
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14. Ratio of primary protons to secondary protons as a 
function of depth in the atmosphere. 
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and for the secondaries 
h 


®,(E>80, h)= (Cli) Not [ e-"/Ldh 


0 
=(C(h))wNoHmLe(Le-™/*—1 ]. 
Taking C(h)=e~"/?, we then get 


1 h 7 
CW)u=— f C(h)dh=—[e"/?—-1], 
hd» h 


which gives 


h 
a : 
mNoLesLe"“—1 ]ple"»—1 ] 


Using the inelastic cross section o per ‘“‘air” atom as 
0.25 barn, and using p=1450 g/cm? (obtained from 
the Rossi secondary-proton spectra) and L= 148 g/cm? 
(also obtained from the Rossi spectra) and m=0.36 
from emulsion data, we get the solid curve shown on 
Fig. 14. 


RESULTS AND CONCLUSIONS 


We have determined the cosmic-ray neutron energy 
spectrum in the equilibrium region of the atmosphere. 
The principal features of the spectrum seem quite 
reasonable. Prior to this work most of the experimental 
studies of the neutron spectrum had concentrated in 
small regions of the spectrum, either the thermal region 
or the 100-Mev region (stars in emulsions). In this 
study we have attempted to cover as much of the 
spectrum as possible. One result of this wide energy 
survey has been the discovery of the evaporation peak 
in the spectrum at about 1 Mev. The conclusion that 
this peak is present because there is a strong source of 
evaporation neutrons is not too surprising. A nuclear 
reactor shows a peak in the spectrum at about the 
same energy as the energy of its neutron source 
namely, fission neutrons. 

The principal reason for measuring the cosmic-ray 
neutron-energy spectrum is to provide a basis for testing 
the theories on the nuclear cascade process in the 
atmosphere. However, a strict comparison of theory 
with experiment is not possible at this time because the 
main theory (Messel’s) applies only to secondary 
nucleons of energy > 500 Mev. This is near the effective 
upper limit of the Bi fission chamber (i.e., cross section 
unknown above). In the region from 10 to 500 Mev, 
the present spectrum shows the E- falloff—about 
the same behavior as the data of Camerini on stars in 
emulsions. 

Since the shape of this cosmic-ray neutron spectrum 
should be comparable to that from shielded high-energy 
accelerators, it should be useful for determining the 
background spectra around such accelerators for physics 
experiments and also for determining the personnel 
hazard from neutrons. This spectrum has also recently 
been used for estimating the neutron dose expected for 
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persons spending long periods of time in a high-altitude 
environment.”® 

For an accurate determination of the neutron-energy 
spectrum it is important to know if any short-period 
time variations could contribute to the difference in 
intensities observed with the various detectors at 
different latitudes and altitudes. No significant changes 
were observed in the Simpson pile counting rates that 
might be correlated with changes in the primary 
radiation. 

It is well known that there are no diurnal variations 
for the neutrons counted with the BF; counter. It is 
concluded from the data taken at White Mountain 
with a Bi fission chamber that there is no diurnal 
variation greater than 10% for neutrons of energy 
greater than 80 Mev. 

No attempt was made to determine if the 27-day 
cycle observed by Simpson exists also for neutrons of 
higher energy. This effect could be expected since these 
neutrons and those detected by a Simpson pile are 
probably produced by the same region of the primary 
spectrum, i.e., the low-energy primaries. 

We conclude that the spectrum given in Fig. 7 
represents the true spectrum in the equilibrium regions 
of the atmosphere unperturbed by time variations of 
the primaries. 

An attempt is now being made to calculate the neu- 
tron spectrum by using an evaporation spectrum peaked 
at about 1 Mev as a source function. If this is successful 
it will enable us to calculate the cosmic-ray neutron 
albedo. The decay of these albedo neutrons produces 
electrons and protons, some of which are trapped by 
the earth’s magnetic field to produce at least part of 
the radiation belt observed by satellites. 
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APPENDIX 
I. Data from Other Experiments 


Besides the data taken in the present experiment 
there are several other sources of information that can 
be used to help obtain the cosmic-ray neutron energy 
spectrum. 

Several authors”*-* have measured the number of 
stars/cc day in nuclear emulsions caused by the cosmic- 
ray N-component at different altitudes. This informa- 
tion, which is listed in Table III, can be used to obtain 
data about the cosmic-ray neutron spectrum in the 
energy range near 100 Mev. The various authors listed 
in Table III define “stars” as events having three or 
more prongs. They normally cannot identify the inci- 
dent particle in such an event if it is charged. Therefore, 
we can say that their cosmic-ray stars are composed of 
three-prong stars induced by neutrons, and two-prong 
stars induced by protons (in which the incident proton 
looks like a third prong). We will neglect a-meson- 
induced stars in this analysis, since there should be 
very few of them—especially at low altitudes. We will 
consider protons and neutrons to have the same cross 
section for n-prong star production. We can write the 


N,(E) N,(£) 
ci)= f — art [— dk, 
do(E) \3(4) 


TABLE III. Intensity of the star-producing radiation. 


relation 


Stars per cm? 
per day 


1.47. 


Residual pressure 
(g/cm?) 


George 1030 
Bernardini 680 14.2 
Lattimore 670 16.4 
Lord 660 22 
Lord 105 1610 
Lord 15 2390 


Reference 


26 FE. P. George and J. Evans, Proc. Phys. Soc. (London) A63, 
1248 (1950). 

27 Bernardini, Cortini, and Manfredini, Phys. Rev. 79, 952 
(1950). 

28S. Lattimore, Phil. Mag. 40, 394 (1949). 

” J. J. Lord, Phys. Rev. 80, 901 (1951). 
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where C(x) is the observed counting rate in stars/cc/sec, 
N, is the flux of protons in protons/cm?-sec-Mev, and 
N,, is the flux of neutrons/cm?-sec-Mev, Az is the mean 
free path for the production of stars having two or more 
charged prongs, and A; is the mean free path for the 
production of stars having three or more charged 
prongs. We can find values of \2 and A; in the literature 
on nuclear physics. Work on this subject has been done 
by Germain, Bernardini, Lock, and Johnson.” A sum- 
mary of the values of \ obtained from their work is 
given in Fig. 15. 

The data of Germain give directly the values of A: 
and \;. The other authors give prong distribution which 
can yield values of Az and A;, using the geometrical 
mean free path for emulsion nuclei properly averaged 
over the constituent elements as 29 cm.*! The values of 
\ depend on the energy of the incident particle, as is 
shown in the accompanying graph. The dA values do 
not depend upon X, the depth in the atmosphere, and 
we are assuming that they are the same for neutron- or 
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Fic. 15. Values as a function of energy of the reciprocal of the mean 
free path in emulsion for making two and three-prong stars. 


proton-induced events. In order to determine values 
for the neutron energy spectrum, NV,(/), we must 
eliminate .V,(£) from the earlier equation. We do this 
by assuming .V,(/)=kN (4), and then can evaluate k. 

At altitudes of 700 g/cm? or below most particles are 
secondaries. Therefore, we use Rossi’s spectra® to get 
values for k. At 190 g/cm?, we have said, the number of 
primary protons is two times the number of secondary 
protons (see Fig. 14). The primary-particle energy 
spectrum has been assumed to be of Rossi’s form,!° 
given by 


N,'(E)=A/(E+50)?. 


We get & for 190 g/cm? now by using k=[.V,(£) 
+N,/(E)]/N,(E). Using these values of k and the 


# |, Germain, Phys. Rev. 82, 596 (1951); Booth, Bernardini, 
and Lundenbaum, Phys. Rev. 85, 826 (1952); Lock, March, and 
McKeague, Proc. Roy. Soc. (London) A231, 368 (1955); William 
R. Johnson, thesis, University of California Radiation Laboratory 
Report UCRL-2979, May, 1955 (unpublished). 

3! Walter Barkas (private communication). 
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values of \2 and A3, we can evaluate Q in the equation 


Cr= f O(E,h)N(E)dE, 
0 


R(E,h) 1 


(E,h) =—— 
Ozh) h(E) 3(E) 


Values of Q are plotted on Fig. 16. From this graph 
of Q we see that the data on stars in emulsion give data 














\ Bev 
ENERGY 


Fic. 16. Values of Q as a function of energy for several depths 
in the atmosphere. Curve A is at 200 g/cm?, B at 700 g/cm’, and 
C at 1000 g/cm’. 


about the cosmic-ray neutron energy spectrum in 
roughly the same energy region as the bismuth fission 
chamber. 


II. Production of C'‘ in the Atmosphere 


Most cosmic-ray neutrons, after slowing down, are 
captured in N™ by the process N'*(,p)C™%. The C™ 
made this way is incorporated into plants, animals, 
carbonates in sea water, etc., and 8 decays slowly back 
to N'*. If one measures the total amount of C" in the 
biosphere and assumes that the cosmic-ray intensity 
has been constant for 30000 years-or more, then one 
can calculate the total number of cosmic-ray neutrons 
needed to produce this equilibrium amount of C™ in 
the following way: 


dN, 
ance f Onp(E)b(E,h) Nd Edh, 


dh 


where 4= depth into the atmosphere, V.=atoms of C™ 
produced per cm?/sec, ¢,,= absorption cross section of 
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nitrogen for neutrons. Integrating, one has 


k 
v.=Wy f dh f —{n(E Gay Me, 
/E 


where ¢(£,h)=neutron energy spectrum, Vy=atoms/ 
gram of nitrogen. We have said the absorption cross 
section varies as 1/velocity, 


onn(E)=k/(E)}, 


and that the shape of the neutron energy spectrum is 
independent of altitude, so that we have 


¢(E,h)=n(E)G(h); 


now, the integral is 


n(E) 
N.=Nyk f G(h)dh f ih 
E 


The first integral, which integrates the intensity 
through the depth of the atmosphere, can be evaluated 
from the altitude-neutron-intensity curves obtained by 
Korff. The second integral can be obtained from the 
spectrum shown in Fig. 7. 

The total amount of C™ calculated this way agrees 
to within 10% with the total amount measured by 
Libby and Anderson." 


III. Slowing Down and Diffusion 
of Slow Neutrons 


It is of interest to see how far a neutron travels from 
its point of production during slowing down (L, 
=slowing-down length), and then how far it diffuses 
after being thermalized (La=diffusion length) before 
being captured. Also we can calculate how long it 
takes to slow down (f,=slowing-down time) and how 
long it diffuses (¢a= diffusion time) before capture. 

We will consider an evaporation neutron made at 
1 Mev. We can evaluate these quantities from the 
known scattering and absorption cross sections. 

Altitude La La le ta 


40 000 feet 340 m 
Sea level 75m 


0.25 sec 
0.06 sec 


0.65 sec 
0.15 sec 


1500 meters 
330 m 


It can be seen from the table that the neutrons don’t 
move very far from the point of birth to where they 
are captured. Also the time lived is so short that very 
few decay before capture. For higher energy neutrons 
the slowing-down length is greater but the other 
quantities are not changed much. 

% Neuberg, Soberman, Swetnick, and Korff, Phys. Rev. 97, 
1276 (1955). 

3D. J. Hughes and J. A. Harvey, Neutron Cross Sections, 


Brookhaven National Laboratory Report BNL-325 (U. S. 
Government Printing Office, Washington, D. C., 1955). 
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864 stars produced by the 6.3-Bev proton beam of the Berkeley Bevatron were observed in nuclear 
emulsion. The average number of shower particles was 2.7 prongs per star. The energy of the primary 
particle was determined by three different methods: (a) the median angle method; (6) Castagnoli’s method ; 
(c) Cocconi’s graphical method. It is found that the results of these three methods are in good agreement 
with each other and are high in each case by a factor of 2. 


I. INTRODUCTION 


T high energies the only available methods for 
finding the energy of the primary particles which 
produce stars in a nuclear emulsion are from the angular 
distribution of the shower particles which are produced 
in the interactions. The methods depending on angular 
distribution presuppose the following assumptions: 


(1) All the shower particles are produced in a single 
nucleon-nucleon collision. 

(2) Secondary interactions of the primary particles 
and mesons within the target nucleus are neglected. 

(3) The velocity of all the particles in the center-of- 
mass system of the collision is the same and is equal 
to the velocity of the center of mass itself. 


With these assumptions one can use the following 
methods for finding the energy per nucleon of the in- 
coming primary particles: 


(a) Median angle method, 
Te™ COLO med, 


where @mea= the median angle of the shower enclosing 
half of all the shower particles in the laboratory system. 
y- is the energy of the primary particle in the center-of- 
mass system in units of its rest energy. 

(6) Castagnoli’s! method, 


1 =n 


—logy.=— >} log tané,, 
i=l 


Ti 


where 6; is the angle which the ith shower particle 
makes with the direction of the primary in the labora- 
tory system. » is the total number of shower particles 
produced in the interaction. 

(c) Graphical method. We shall also make use of the 
graphical method, first given by Duller and Walker, of 
plotting log{ F(@)/[1—F (@) ]} vs log tan@ for each indi- 
vidual event, where /'(@) is the fraction of all particles 
having an angle <@ in the laboratory system, thus 
finding the intercept for F(6)=} whereupon —logy, 
=log tan8mnea. The primary energy, yp, per nucleon in 


1C, Castagnoli et al., Nuovo cimento 10, 1539 (1953). 


units of the rest energy of a nucleon in the laboratory 


system is then found from the relation yp= (2y.’—1). 


Methods (6) and (c) make use of all the angles which 
the shower particles make with the direction of the 
primary, while method (a) uses only a part of the 
information contains in the angular distribution. We 
would like to report on an angular distribution analysis 
of the shower particles produced by 6.3-Bev protons, 
that critically tests the above methods of analysis for 
determining the primary energy. 


2. EXPERIMENTAL DETAILS AND THE RESULTS 


864 nuclear stars produced by the 6.3-Bev proton 
beam of the Berkeley Bevatron were observed by area 
scanning in 600-micron G-5 stripped emulsions. There 
were 2351 shower particles (g< 1.5 g,,) and the average 
number of shower particles was 2.7 prongs per star. 
The number of borderline cases between gray and light 
tracks was very few and should not affect the average 
value. This average value is quite compatible with the 
value of 2.6 prongs per star given previously.” In Fig. 1 
are given the frequency distributions of the number of 
shower particles per star for stars V;, (number of black 
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Fic. 1, Frequency distribution of the number of shower par- 
ticles for stars N,x<7 and N,>7. mi,=2.940.2 for N,>7 and 


fie=2.440.2 for Np<7. 
2 Appa Rao, Daniel, and Neelakantan, Proc. Indian Acad. Sci. 
43A, 181 (1956). 
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TABLE I. Total everage energy value as determined by three different methods. 
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1 7 


18 
37 





and gray prongs) <7 and N,>7. The average number 
of shower particles, #,, is 2.9+0.2 and 2.4+0.2 for 
stars with V,>7 and N;,< 7, respectively. An efficiency 
check was made by scanning along the track and 10 
cases of proton interaction with nuclei in 3.51 meters of 
track length were found. In neither case where any 
“zero prong” stars observed. The angular distributions 
of the shower particles for stars Nx< 7 and N,>7 are 
given in Fig. 2. From the angular distribution the 
values of the median angles are found to be 29° and 
23° for stars with N,>7 and N,<7, respectively. We 
have also found that if we plot the angular distribution 
of shower particles in the laboratory system against 


200r "(8) 








Fic. 2. Angular distribution of charged shower particles in the 
laboratory system for stars N,<7 and N,>7. n,(6) is the number 
of tracks with angle @ in a five-degree interval. 


14.0 

11.5 

16.8+2.0 
12.3+0.8 
14.8+1.7 
9.9+0.4 
18.6+1.2 
18 7+1.2 
15.4+1.4 
10.8+0.8 
15.8+3.4 
13.8+0.9 
15.2+1.9 
8.7413 
11.4+0.9 
8.4+0.4 
9.4+2.4 
8.6+1.6 
8.6+1.1 
10.4+1.6 
12.0+1.4 


12.1 
10.9 
16.6+2.2 
14.2+1.0 
15.442.2 
10.2+0.4 
20.0+1.4 
16.7+0.6 
15.4+1.4 
11.0+0.8 
17.8+3.6 
13.5+0.8 
15.94+2.2 
8.6+1.2 
11.7+0.8 
8.5+0.5 
10.2+2.2 
7.8+1.2 
8.341.0 
10.9+1.5 
12.2+1.4 


9.5 
13.4 
20.6+1.0 
14.8+1.0 
23.142.5 
12.6+0.6 
22.6+1.5 
23.941.5 
16.8+1.8 
12.341.2 
23.6+1.1 
15.6+0.9 
19.9+1.7 
10.0+1.6 
11.9+0.6 
10.3+0.5 
10.7+2.4 

9.6+2.8 
10.0+1.6 
11.32-1.5 
Total average 14.2+1.7 


Average 


39 
133 
32 
70 
Average 


the number of tracks for different ranges of multiplicity, 
the “width” at half maximum of the angular distri- 
bution decreases, but only very slowly as m,, the 
number of shower particles in a star, increases. We have 
also found that the angular distribution of shower 
particles for stars V;< 7 and N;,>7 shows a broadening 
of the spread for V,>7, an effect which can be inter- 
preted in terms of interactions of the shower particles 
with the parent nucleus. 

Figure 1 shows that only approximately 8% of the 
stars have more than 5 shower particles. We call these 
events independent stars. In order to have a sufficient 
number of particles for the application of the above 
methods (a), (b), and (c) we have combined stars 
having less than 6 particles*to form “composite stars.” 
The grouping of the stars is done according to the 
number of heavy and gray prongs NV; such that we have 
roughly the same number of shower particles in each 
composite star characterized by the common value of 
N,. The results are shown in Table I. In the third 
column of this table are shown the numbers of stars 
which were used singly to calculate the energy value. 
The fourth column gives the number of the composite 
stars which were formed on the average from eight or 
nine individual stars selected at random having shower 
particles less than six per star and with the same .V, 
value. In column seven are given the energy values of 
the primary particle by the three methods (a), (0), 
and (c). The errors shown are estimated standard de- 
viation. For these methods, only the mesons among the 
shower particles (meson plus proton) should be con- 
sidered. In the composite stars the number of knock-on 
protons is much greater than in the single independent 
stars and the result is that the energy value fluctuates 
appreciably about the true value. Only method (c) helps 
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Fic. 3. Angular distribution of charged shower particles for 
two types of events. F (@) is the fraction of all the particles in the 
laboratory system found in a cone of half opening angle 6. E, is 
the energy of the primary particle in the laboratory system. 


to some extent in separating the knock-on protons from 
the mesons among the shower particles. 

In Fig. 3(i) is shown an independent event of six 
shower particles. Point P does not lie on curve (a) of 
slope 1.70. If we exclude this point, considering it to 
be a knock-on proton, the new curve (b) with a slope 
of 1.92 passes through all the five points. The value of 
the slope of the curve drawn for mesons with isotropic 
angular distribution in the c.m. system should be 2.8 
A slope value of little less than 2 slightly favors col- 
limation in the forward direction. The energy value 
derived from curve (b) is much more reasonable than 
from curve (a) The same technique has been used for 
composite stars, although it is much more difficult than 
in a single independent star because in a composite 
star there are a greater number of knock-on protons. 
In Fig. 3(ii) is show a composite star formed from indi- 
vidual stars having a total number of 23 shower par- 
ticles. Points P; (triply weighted) and P: (singly 
weighted) do not lie on a possible curve (c) of slope 
1.68 and are considered knock-on protons as in Fig. 
3(i). After neglecting these points, we get a new curve 
(d) of slope 1.90 from 19 shower particles, which has a 
much better fit for the plotted points than the curve 
(c). The energy values in the two cases are quite dif- 
ferent. This technique has been used in all events to 
separate the most probable knock-on protons which 
may lie among the shower particles. 


3G. Cocconi, Phys. Rev. 111, 1699 (1958). 
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3. DISCUSSION 


Table I shows that the average value of the energy 
of the primary particle as calculated from stars with 
N,<7 is higher than from stars with V,>7. The energy 
values calculated by methods (b) and (c), where we 
made use of all the angles of shower particles, are much 
more consistent than by method (a). On the whole the 
results of all three methods are in good agreement with 
one another and are consistently too high in each case 
by a factor of 2. The reason for this is that although we 
have tried to separate the protons from among the 
shower particles, nevertheless, because of the very low 
average multiplicity (2.7 per star) of shower particles, 
the protons among them especially in composite stars 
do influence the results greatly, as their velocity in the 
c.m. system is not equal to the velocity of the primary 
proton. In independent events, although most of the 
shower particles are mesons, they have a velocity 
distribution and all of the mesons produced in nuclear 
interactions are not of the same velocity as the center 
of mass itself, some of them having very low energy in 
the c.m. system. Also the large number of gray and 
black prongs in stars indicates that there may be a 
secondary interaction in some of the primary particles 
and mesons with the target nucleus. All these points 
are contrary to the assumptions under which the above 
three methods are applicable for energy determination 
from the angular distribution of the shower particles. 
We may also point out that the larger the number of 
individual stars contained in a composite star, the more 
will be the number of knock-on protons present among 
the shower particles and the more difficult it becomes 
to draw the true Cocconi’s diagram. Hence, the energy 
values calculated will be far from the true value. In 
order to obtain the total average energy value between 
12.0 and 12.2 Bev as shown in Table I, one has to use 
a multiplication factor of 1.38 for y. in methods (6) 
and (c). This multiplication factor is approximately the 
same as found earlier! by a different method, though 
the energy considered in that case was much higher 
than reported here. 
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Sudden Increase of Cosmic-Ray Intensity 
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A sudden 30% increase in cosmic-ray intensity lasting approximately 12 minutes was observed at an 
atmospheric depth equal to 80 g/cm? by a Neher integrating ionization chamber flown from Bismarck, 
North Dakota on October 16, 1958. A similar measurement made simultaneously at Invercargill, New 
Zealand observed no increase. These observations are not in accord with the simple solar impact zone theory. 


HE purpose of this article is to describe a sudden 

short-lived increase in cosmic-ray intensity ob- 
served on one of a series of measurements comprising a 
latitude survey of the rate of ionization produced by 
cosmic radiation as a function of depth in the atmos- 
phere. Neher automatic ionization chambers!? ac- 
companied by aneroid units and carried aloft by 
balloons were used for all of these measurements. 

On the 15th and 16th of October, 1958, GMT 
balloon flights were made simultaneously at Bismarck, 
North Dakota (geomagnetic latitude 55°N, eccentric 
dipole coordinates, 1955 survey*) and Invercargill, 
New Zealand (geomagnetic latitude 55°S). Figure 1 
shows the results from the two flights at Bismarck. The 
times and data points in the figure apply to curve B. 
Instrumental uncertainty in the relative rate of ioniza- 
tion measured on different flights is estimated to equal 
+0.5%, and the pressure is measured with an un- 
certainty of +0.5 g/cm? at 10 g/cm’. 

Curve A appears normal for this latitude and year. 
That there is a radiation component present on October 
16 very similar to the radiation observed on October 15 
is suggested by the similarity of curves A and B at 
pressures less than 45 g/cm? and greater than 130 g/cm’. 
The results of the two balloon flights made at Inver- 
cargill simultaneously with the two at Bismarck have 
been compared with eack other. The ionization agree 
within 1.5% at all pressures greater than 20 g/cm?, the 
minimum attained. 

At 2130 hr GMT, approximately the midpoint of the 
spike, the local time at Bismarck was 1434 hr and at 
Invercargill 0940 hr in geomagnetic coordinates. Firor,* 
Jory,’ and Liist® have calculated charged particle orbits 
connecting the earth with the sun in the earth’s dipole 
field. They find first, second, and third order impact 
zones at 0900, 0400, and 2000 hr local time and a back- 
ground zone comprising overlapping higher order zones 
lying at all longitudes between 25° and 60° geomagnetic 
latitude when the sun is in the geomagnetic equator. 


* Assisted by the joint program of the Office of Naval Research, 
the U. S. Atomic Energy Commission, and the International 
Geophysical Year program of the National Academy of Sciences. 

1H. V. Neher, Rev. Sci. Instr. 24, 99 (1953). 

2H. V. Neher, Rev. Sci. Instr. 27, 173 (1956). 

3 W. R. Webber, Suppl. Nuovo cimento 8, 532 (1958). 

4 J. Firor, Phys. Rev. 94, 1017 (1954). 

5 F.S. Jory, Phys. Rev. 103, 1068 (1956). 

®R. Liist, Phys. Rev. 105, 1827 (1957). 


Thus both stations lay in the background solar impact 
zone for particles with 1 to 10 Bv rigidity while, in 
addition, Invercargill lay just on the edge of the first 
order 0900 hr zone for 8 to 9.5 Bv particles with a 
positive charge. For negative particles the impact zones 
are transposed about the noon meridian so that again 
both points were in the background zone and Bismarck 
lay near the first order zone for 7.5 to 8.5 Bv particles. 

The measurements reported here appear not in agree- 
ment with the increase being caused by a wide beam of 
charged particles from the sun deflected only by the 
earth’s dipole field. 

The Preliminary Report of Solar Activity, TR 372, 
from the High Altitude Observatory shows no radio 
bursts nor ionospheric disturbance nor important solar 
activity at 2130 hr on October 16, but on October 14 
and 15 three class 2 flares and one 2+ flare were 
observed near the east limb and one class 2 flare near 
the central meridian at 1023 hr on October 15. A record 
of the horizontal component of the earth’s magnetic 
field from the Mt. Wilson Observatory shows no dis- 
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Fic. 1. The rate of ionization in the atmosphere as a function of 
the air mass overhead observed on October 15 and 16, 1958 at 
Bismarck, North Dakota (geomagnetic latitude 55°N). 
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turbance on October 14-17 except a small bay between 
0400 and 0630 hr on October 16. 

This increase resembles an increase reported by 
Freier ef al.” who observed particles with rigidity below 
the cutoff appropriate to the point of observation in 
the regard that it seems not to fit the simple solar 
impact zone theory. However, it differs from that 
increase as well as from two others reported by 
Anderson® and by Winckler® in that it fails to coincide 
with any solar or terrestrial disturbances as far as the 
available data show. The authors cited report coin- 


7 P. §. Freier et al., Bull. Am. Phys. Soc. 4, 237 (1959). 


ANDERSON 


cidence with a magnetic bay, coincidence with a solar 
radio noise storm, and association with this same radio 
storm and with a magnetic storm and auroral display, 
respectively. These radio and magnetic storms and 
the auroral display followed the solar flare of August 
22, 1958. 


ACKNOWLEDGMENTS 


The author wishes to thank the personnel at the 
Weather Bureau Station in Bismarck, North Dakota 
for the use of their facilities to make these balloon 
flights. This program of measurements was supported 


®K. A. Anderson ef al., Bull. Am. Phys. Soc. Ser. II, 4, 238 
(1959). 
9 J. R. Winckler ef al., Bull. Am. Phys. Soc. Ser. IT, 4, 238 (1959). 


by the National Science Foundation and the Office of 
Naval Research. 


PHYSICAL REVIEW VOLUME 116, NUMBER 2 OCTOBER 15, 1959 


Primary Cosmic-Ray Intensity near Solar Maximum* 


Frank B. McDonatpt 
Department of Physics, State University of Iowa, Towa City, Towa 
(Received May 11, 1959) 


Measurements of the primary cosmic-ray proton and alpha-particle fluxes and energy spectra have been 
extended to the recent period of solar maximum. While the rigidity dependence of both components changed 
greatly during the solar cycle, it is observed that alpha particles and protons maintain the same relative 
rigidity spectra during the solar cycle. Measured geomagnetic cutoff values are in agreement with those 
obtained at solar minimum. An electric field model gives excellent agreement for the general form of the long- 
term change. However, at low rigidities this model predicts a splitting of the proton and alpha-particle 


differential rigidity spectra which is not observed. 


HE direct measurement of primary cosmic-ray 
proton'” and alpha-particle fluxes and energy 
spectra has been previously reported for a period of 
relatively low solar activity (1955-1956). These cosmic- 
ray measurements have now been extended to the recent 
period of high solar activity. Strong constraints on the 
nature of the long-term modulating mechanism are pro- 
vided by the simultaneous determination of the spectra 
of two components with different charge to mass ratio. 
Forbush? first noted the inverse correlation of cosmic- 
ray intensity and solar activity. Neher and Anderson‘ 
and Winckler and Peterson® have previously reported 
ionization chamber measurement made near the maxi- 
mum of the present cycle. 

The detector used in the experiment consisted of a 
Lucite Cerenkov counter, a Na-I scintillation counter, 
and a tray of Geiger counters. The simultaneous meas- 
urement of the Cerenkov counter output and the scintil- 


* Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

t Now at National Aeronautics and Space Administration’s 
Goddard Space Flight Center, Washington, D. C. 

1F. B. McDonald and W. R. Webber, Phys. Rev. 115, 194 
(1959). 
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*H. V. Neher and H. R. Anderson, Phys. Rev. 109, 608 (1958). 

® J. R. Winckler and L. Peterson, Nature 101, 1317 (1958). 


lation counter output allows a determination of the 
charge and velocity of the incident particle. All flights 
were made with Office of Naval Research Skyhook 
balloons which reached an average residual atmospheric 
depth of 5 g/cm?. 

The proton and alpha differential rigidity spectra 
shown in Fig. 1 are for four flights during 1955-1958. 
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Fic. 1. Proton and alpha differential rigidity spectra. Alpha values 
are multiplied by a factor of 6.5. 
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Fic. 2. Integral alpha and proton flux values shown as a function 
of rigidity. Again the alpha data are multiplied by a normalization 
factor of 6.5. 


The a-flux values have been multiplied by a factor of 
6.5 to normalize them to the proton values. It had been 
previously concluded! from the differential rigidity data 
of Flights 3 and 8, and the integral flux data of Fig. 2, 
that a’s and protons have approximately the same 
rigidity spectrum over the range 1 to 15 Bv near solar 
minimum. One observes that while the rigidity depend- 
ence has greatly changed during the solar cycle, a’s 
and protons have maintained the same relative rigid- 
ity dependence. The alpha differential flux values are 
still 6.5 times the corresponding proton values. This 
factor is apparently independent of rigidity. One of the 
remarkable features of this large cosmic-ray decrease is 
that the low-energy particles are not completely re- 
moved. The measurements at solar maximum show that 
low-energy a’s are present down to the instrument cutoff, 
and protons are present down to the previously ob- 
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TABLE I. Measured cosmic-ray cutoff rigidity. 





Measured cutoff 
rigidity in Bv 


2.2540.15 (a’s) 


Mean geographical position 


Date of flight trajectory 


June 27, 1958 





38° 36’N 95° 30’ W 


0.8 +0.1 (protons) 


July 2, 1959 45° 15’N 96° 30’ W 


served cutoff. This is in agreement with the a-particle 
results reported by the Minnesota group.°® 

The integral flux data are shown in Fig. 2. Again the 
a-flux value times 6.5 is in excellent agreement with the 
corresponding proton flux values for all flights. 

The dotted line in Figs. 1 and 2 represents the spec- 
trum to be expected if the a and proton flux values 
obtained at solar minimum are sent through a de- 
celerating electric field of 650 Mev. The agreement with 
the alpha differential flux values and the integral flux 
values is excellent. However, one expects a splitting of 
the low-energy differential alpha and proton flux values 
as shown. This is not observed. Since the alphas and 
protons maintain the same relative rigidity dependence, 
it seems most reasonable to assume the depressing 
mechanism is magnetic in origin. However, none of the 
proposed modulation mechanism fits the experimental 
data. (See reference 1 for more detailed discussion of 
proposed mechanisms.) 

In addition, two geomagnetic cutoffs have been 
measured during solar maximum. These data are tabu- 
lated in Table I. The values are in excellent agreement 
with those measured near solar minimum.! This sug- 
gests strongly that the cause for the decreased intensities 
observed near solar maximum is not due to changes in 
cutoff rigidity. Furthermore, the modulating mecha- 
nism, whatever it may be, cannot greatly perturb the 
earth’s magnetic field. 


¢ Freier, Ney, and Fowler, Nature 181, 1317 (1958). 
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Green’s Functions for Elementary Particles 
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Recently, Harris has raised an objection against our work on the general structure of the Green’s function 
for particles of arbitrary spin. Reasons are given here why his objection is not valid. 


ECENTLY, Harris has raised an_ objection! 
against our work? on the Green’s function for 
particles of arbitrary spin. His objection consists of 
two parts. Firstly, he insists that the Green’s function 
should be, in form, simpler than ours. Secondly, some 
arguments are given against the relation b= 2S between 
1J. D. Harris, Phys. Rev. 112, 2124 (1958). The equations in 
this paper, for example Eq. (1), will be cited as Eq. (H, 1). 
2H. Umezawa, Quantum Field Theory (North-Holland Pub- 


lishing Company, Amsterdam, 1956). The equations in this book, 
for example Eq. (8.15), will be cited as Eq. (U, 8.15), 


the highest power 6 of 0, appearing in the Green’s 
function and the maximum spin S§ of the participating 
fields. We, however, cannot agree with his opinion. 

The discussions below will be confined to the case of 
particles with a unique rest mass. 

(i) As to the first point, there is an error in his 
calculation of the Green’s function T(x). 

Starting from the minimal equation for the a matrices, 


a? N—D+9(ay?— 1) =0, (H, 4) 
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Harris has obtained his Green’s function in the mo- 
mentum space: 

T (k) = —ix'(aK — 1), (H, 9) 


where 
K=k/k, 


1 
=—n—(aK+1) 
aKk—1 
(aK )?4+7-2 N-2 
x| ————+} (ak) (H, 15) 
i-—X* p=0 
This expression 7(&) is nothing but our Eq. (U, 8.40), 
which reads in the momentum space,* 


T (k) = —id(tk)x— (1— K*)“", (U, 8.40) 


with d(ik) being given by 
«'d(ik) = 1+aK —[K*— (aK)? ]—[K?— (aK)? ](aK) 
— see —[K?- (aK)? |(aK)?* +n—3 


N—2 
=(1—K*)[n+(aK+1) © (aK)??+"] 


p=0 


+(aK+1)(ak)?*+7*, (U, 5.18a) 
Thus, the essence of his objection consists in the fact 
that he has omitted the term 
N-2 
Q=—n-— (akK+1) > (aK)??*" 
p=0 
of Eq. (H, 15) when he transforms T(k) back into the 
coordinate space to obtain 


T (x) = (ad + ik) (@d/ix)?4*+"™Ag(x;«), (CH, 18) 


with 


aalxs«)= f Le (x?— k?) |d*k. (H, 17) 


A particular Green’s function is obtained according to 
the choice of the contour of the ko-integration. When 
Harris argued that the term Q, which has no pole, 


3Some changes of notation and of metric tensor are made: 
Umezawa’s notations i8K and K® are changed into —aK and 
— K?, respectively. 
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makes no contribution to T(x), 


f eik20(k)d*k=0, 


he missed the exceptional case x=0. Indeed, in the case 
of x=0, the contour of integration cannot be closed, 
and so his argument fails. Indeed Q() leads us to 


f e'**0(k)d*k 


= {—n—[(ad/ix)+1] > (ad /ix)??*"}54(x). 


p=0 


This will be enough to show the invalidity of the first 
part of Harris’ objection. The correct expression for the 
Green’s function is given by Eq. (U, 8.40) in reference 
? 

By the way, we should like to make a further remark. 
When the commutation relation is concerned, and not 
the Green’s function, our expression? 


[Oa(x),Oa(x’) Jy = ides(9)A(x—x’) (H, 8.14a) 
simplifies to the form given by Corson :* 
[Oa (x),0a(x’) a= { (ad+ik) (ad/ix)?*+"} agA(x—2"). 


This fact is easily seen when we combine Eq. (U, 5.18a) 
with the well-known property of A(x): 


(O+«*)A(x)=0. 


(ii) As to the second part of Harris’ objection, it 
would be enough to point out that there exists D(2S) 
in the Kronecker product D(S)XD(S) of the repre- 
sentation of rotation group. Then, following the 
argument given in reference 2, we find the highest power 
b of 0, appearing in the Green’s function to be neces- 
sarily twice the maximum spin S of the participating 
fields, i.e., b= 2S. These points are clearly stated in the 
original work of Umezawa and Visconti.® If a different 
order of 0, could occur it would be due to some addi- 
tional conditions imposed, although we have never 
noticed such an example. 


‘E. M. Corson, /ntroduction to Tensors, Spinors and Relativistic 
Wave Equations (Blackie and Son, Limited, London, 1953). 
5H. Umezawa and A. Visconti, Nuclear Phys. 1, 348 (1956). 


(H, 8.17) 
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Electromagnetic Corrections to Isotopic Spin Conservation* 
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AND 
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(Received May 25, 1959) 


If electromagnetic interactions are wholly responsible for all departures from isotopic spin invariance, 
then the strict conservation law AT =0 may be replaced, to order e*, by the rule | A7'| <2. Consequences of 
this weaker restriction are discussed for elementary particle masses, scattering processes, and weak-inter- 
action decay processes. The apparent absence in nature of particles with isotopic spins greater than one 
makes it difficult to find very practical experimental tests of this rule. 


I. INTRODUCTION 


MALL violations of isotopic spin invariance in 

phenomena dominated by strong interactions are a 
familiar matter. They show up most clearly in the small 
mass differences within a single isotopic multiplet of 
elementary particles, and also in the observation of 
certain reactions, such as O!®(d,a)N'*(T=1),! which 
would be forbidden if isotopic spin were strictly ob- 
served. The most widely held view seems to be that 
electromagnetism is the sole agency producing these 
deviations from strict isotopic spin invariance. Alternate 
possibilities have, however, been raised from time to 
time, most recently in an interesting series of papers by 
Pais.” 

Electromagnetism is a very reasonable suspect. 
Indeed, whatever else also violates isotopic spin in- 
variance, we expect the lowest-order electromagnetic 
process, emission, and reabsorption of a virtual photon, 
to give corrections of about the right order of magnitude, 
~eé® (where we take #=c=1 throughout). Beyond this, 
our inability to carry out really quantitative calcu- 
lations involving strong interactions has so far pre- 
vented a direct test of these views. 

What we remark in the present note is the following. 
To lowest order in e’, electromagnetism does not com- 
pletely destroy isotopic symmetry, i.e., the single 
photon picture described above has certain exact con- 
sequences which are independent of any detailed cal- 
culations involving the strong interactions. The reason- 
ing is very simple. Emission or absorption of a virtual 
photon leads to change of isotopic spin by at most one 
unit. Therefore, to order e’, strict isotopic spin con- 
servation is replaced by |A7T| <2. This represents a 
serious but not quite a total destruction of isotopic spin 
symmetry; in principle the surviving restriction is 
testable. We have explored the consequences of this 
weaker principle for particle masses, scattering, and 

* Supported in part by the U. S. Atomic Energy Commission 
and by the Air Force Office of Scientific Research, Air Research 
and Development Command. 

t Present address: Lawrence Radiation Laboratory, University 
of California, Berkeley, California. 

1C. P. Browne, Phys. Rev. 104, 1598 (1955). 

2A. Pais, Phys. Rev. 112, 624 (1958); 110, 574 (1958); 110, 
1480 (1958). 


decay processes. As it turns out, they are not im- 
pressive from a practical point of view, owing chiefly 
to the regrettable absence on the current scene of 
particle multiplets with T>1. 


II. MASS DIFFERENCES 


Consider a multiplet of particles with total isotopic 
spin T, and let the masses of the 27+1 charge states 
be denoted M(7T;). For all known multiplets, these 
masses are equal to within a few Mev, reflecting the 
approximate conservation of isotopic spin. If the small 
variations in M(T;) arise from emission and reabsorp- 
tion of a single virtual photon, then it follows from the 
|AT| <2 rule discussed above that the masses must 
lie on a parabola, 


M(T3)=aT3+8T3+y7. (1) 


(This will be proven in greater detail below.) This 
relation, of course, has no significance for multiplets 
with 7 <1, since any set of three or fewer points may 
always be joined by a parabola. Unfortunately there 
are no known elementary particles with T >}, so that 
we are unable at present to test Eq. (1) in particle 
physics. A similar relation also holds for light complex 
nucleii (to order Z’e?) but here verification of Eq. (1) 
would constitute a much weaker case for the purely 
electromagnetic origin of isotopic spin violations. 
Nucleii are such comparatively open structures that in 
any case one expects the main contributions to nuclear 
multiplet “tilt” to come from Coulomb forces and 
from the n—p mass difference.’ Still, it would be inter- 
esting to test Eq. (1) with nuclear quadruplets such as 
N!7, O'7*, FI7* Nel? and B, C*, N3*, O08, the end 
members of which are stable against particle emission.‘ 

Although we cannot verify Eq. (1) for the known 
particles, we can use their measured mass differences 
to obtain the parameters a, 8 for each multiplet. In the 
absence of conclusive field-theoretic calculations of 


3 Formula (1) was derived and discussed for nuclear electro- 
static energies by W. M. Macdonald, Phys. Rev. 98, 60 (1955) ; 
100, 51 (1955); 101, 271 (1956). 

4 This point has been particularly emphasized by E. P. Wigner, 
Proceedings of the Robert A. Welch Foundation Conferences on 
Chemical Research, 1957 (unpublished), Vol. I, Chap. IV, p. 86. 
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electromagnetic mass shifts, it will perhaps be useful 
to perform an isotopic spin analysis, sorting out the 
way different virtual processes contribute to @ and £. 

To order e’, elementary perturbation theory leads to 
the following expression for the masses M,(7T;) of 
particles of a multiplet @ with unperturbed mass M,: 


M.(T3)= M+ (2n)*(a,T3| H2(0) | a,T3) 
—(2r)* >, (a,T3| H,(0) | n) 
X (n| H,(0)| a,T3) /E,— 1, (2) 


where the electromagnetic Hamiltonian density is 
H (x)= H,(x)+H2(x), 
Hy (x)= — j,(x)A*(x), (3) 
H2(x) = —Iy,(x)A*(x)A’(x) (4) 


Here j,(x) is the first-order electromagnetic current, 
and h,,(x) is determined by the condition that to order 


M .(T:)=M.—(a,T3\ h,*(0) | at») f (2) 


All field operators here obey the Heisenberg repre- 
sentation equations of motion determined by the strong 
interactions alone. One supposes, of course, that some 
sort of cutoff renders these integrals convergent. 

Since the current j, is proportional to e it possesses 
the transformation property® of a mixed isoscalar 7,5 
and isovector j,", so that by the Wigner-Eckart 
theorem, 


(6,7 | ju|a,T's)= (6||j.5|]a)+ Ts(6|| 7," |\a), 
=[(To+1)?— Ts? ](6|| 7," lla), 
Ta=T,+1 (9) 
T.=T,-1 


Ta=T> 


=[T?—T# ]6)|j,"||a), 
=0, |T.—T»| >1. 
On the other hand, 4,“ is proportional to e?, and thus 


transforms as a mixed isoscalar /%, isovector h”, and 
isotensor kh’, so that 
(a,T3|h,*|a,T3)=(al|h5\\a)+-73(al|h" |\a) 


+[7T2—4T.(Ta+1) ](a\|h7\|a). (10) 


Inserting these results into Eq. (8), we obtain the 
expression for M,(T3) given by Eq. (1), with parameters 
ak seed 


hk ’6 Ey+k— 


a=—(al/"|2) i + (2n) 


% {| (bl| jo" ]a) |?— | (6||3" a) |?} 


X (67s, 72-570, T2-1—5 70, Ta +1}, (11) 


* This fact was used to derive a limitation on the magnetic 
moments of the © particles by Marshak, Okubo, and Sudarshan, 


Phys. Rev. 106, 599 (1957). 
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d®k 
‘Ik b 


B=—(a\|h"|\a) 


vy=M.—{(all|hs 
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e? the current is 
J (x) = ju(x%)+2h,,(x)A’ (x). (5) 


For example, charged spinless bosons interacting 
without derivative coupling contribute to j, and hy, 
the terms 


ju‘ bos) — — ie(¢0,6* —$*0.0 - 


. 2 * 
Vay“) = — e*g yp". 


(Strictly speaking, we should subtract from the ex- 
pression for M,(7;) the second order electromagnetic 
perturbation to the vacuum self-energy. Since we will 
only be concerned with mass differences this will be 
ignored.) 

The sum in Eq. (2) runs over a complete set of 
intermediate states |) each containing a photon of 
momentum k and a set of strongly interacting par- 
ticles labelled by the symbol 6. Then 


(4,7 | ju(0)|0,0s)(6,0s| 54(0)|a,73)8*(Do-+) 
Ey tk—Ma 


int fe op dk 
— +0 f =F 
Pk »b 





(pth) 
E wee M, 


X 2 Re {(b)) jo" || a)(b)| joS!|a) 


Daiselaniibedl la)*}5re7a, (12) 
a)—474(Tat+1)(a!|h7| 


dk ak 6(petk) — 
x f —+(2r)3 | — >} ——— 
2k 2k’ Eytk— 


X {| (bl joS!!a) |2— | (bl JS|la) |*}O707. (13) 


We observe that the coefficient 8 receives contribu- 
tions from intermediate states b with 7,=T, only. 
Moreover the pion pair contribution to 4” and hence 
to 8, vanishes; since the pion field transforms as a 
pure isovector, the squared field in Eq. (7) transforms 
as a mixture of isoscalar and isotensor only. Thus the 
coefficients, ® 


Bv=m/(p)—m(n)=—1.3 Mev, 
Bx=m(K+)—m(K°)=—3.7+0.7 Mev, 
Bs=}3[m(2*)—m(Z-) |= —3.240.2 Mev 


receive contributions only from intermediate states } 
with 7,=}, 3, and 1, respectively, and from the 


K-meson pair contribution to h,, (8,=0 by CPT in- 
variance). 


The coefficient a can be determined in isotopic 


® For x. meson, Rosenfeld, Solmitz, and Tripp, Phys. Rev. 
Letters 2, 110 (1959); Crawford, Crest, Good, Stevenson, and 
Ticho, Phys. Rev. Letters 2, 112 (1959). For other masses, see 
M. Gell- Mann and A. H. Rosenfeld, Annual Review of Nuclear 
Science (Annual Reviews Inc., Palo Alto, 1957), Vo. 7. 
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triplets, and takes the values® 
a= m(n*)—m(x°) =4.6 Mev, 
as=}(m(=+)+m(z-)) —m(Z") =3.0_1,2+?” Mev, 


From Eq. (11) we see that a receives contributions from 
intermediate states 6 with 7,=0,1,2 and from the 
pion-pair contribution to 4”. (The K-meson field has 
isospin 3, so that its square in Eq. (7), transforms as a 
mixed isoscalar and isovector, and hence cannot con- 
tribute to 4’.) The algebraic sign of the first of these 
contributions is a product of three signs: 


(i) A+ (—) sign if the main contribution arises from 
states 6 with 7,=1 (7,=0 or T,=2). 

(ii) A + (—) sign if the main contribution arises from 
timelike (spacelike) photons, interacting with Jo(j). 

(iii) A + (—) sign if the main contribution arises 
from intermediate states with E,+k>M,(<M,). In 
multiplets stable against single y-decay, such as the 
pion triplet, only £,+k>M, is possible. For the = 
triplet, Ej + can be as small as m(A°). 


As for the pion-pair contribution, we can again 
insert a sum over states |6,73), obtaining 


— (al|h? ||a)=e E.| (cl|ps||a)|* 


X (670, 7-570, Te+1—457a,Te-1), (14) 


which contributes a positive (negative) term to a if the 
main contribution comes from states c with T,=1 
(T.=0 or 2). 

All in all, it seems rather more reasonable than not 
that in fact @ is positive for the known cases. These 
considerations do not provide any hint, however, 
regarding the sign of @. 


III. SCATTERING AND DECAY PROCESSES 


We turn now to the effects of electromagnetism in 
strong scattering processes. Let us consider a process 
a— b, where a and 3 are sets of strongly interacting 
particles, with total isotopic spin T, and 7), respec- 
tively. Since isotopic spin is not precisely conserved, it 
is of course not necessarily true that Tg=T, (but 73 
is conserved—we are neglecting weak interactions). In 
the most general case, the S matrix then has the form 


S=SP+SP+SP+5S3+ + -, (15) 
where S7° transforms under isotopic spin rotations like 
the 7;=0 component of a spherical tensor of rank T; 
by the Wigner-Eckart theorem, 

(b,T;' | Sr°| a,T3)=673'r9 TT, ToT3; OT) (b||Sr\\a), (16) 
where Crv, is the usual Clebsch-Gordan coefficient.’ In 
particular, the matrix element of S7° vanishes unless 


T.— T>| < L < lat T». 


7 For notation, see J. M. Blatt and V. F. Weisskopf, Theoretical 
Nuclear Physics (John Wiley & Sons, Inc., New York, 1952), 
Appendix A. 
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The dominant term in Eq. (15) is of course So°. As 
for the remaining terms, their relative importance 
depends on the mechanism that produces violations of 
isotopic spin conservation. If it is electromagnetism, 
then to order e® only the S;° and S,° terms can con- 
tribute, so that violation of isotopic spin conservation 
cannot occur in an entirely arbitrary way. Indeed, 
using the orthogonality properties of the Clebsch- 
Gordan coefficients, we see from (15) that 


~Crra(TsT3; OT3){b,73|S|a,T;)=0. for a. 2. 


T3 


(17) 


If T.+7,< 2, Eq. (17) tells us nothing (except that 
0=0). If 7.+T7,>2, (17) isa set of T.+7,—2 relations 
among the scattering amplitudes. (A more detailed 
proof may easily be constructed using perturbation 
theory as in Sec. IT.) 

We mention first an entirely academic example. For 
pion-nucleon scattering, Eq. (17) provides a restriction 
on the isotopic spin } amplitudes 


A 3(T3) = (rN, T= 2, T; | S| rN, T= ;, T3) : 
—A;(3)+3A4($)—34;(—3) +Ay(—9) =0. 
In terms of individual processes: 


—A(rt+p— at+p)+2A4 (+p — w+) 
+V2A (9° + p > wt+n)+V2A (xt+n > w+) 
+A (rt+n— rt+n)—A(r-+p—> 21+ )) 
—V2A (9° +n — 2+ p)—V2A (9 +p +n) 
—2A (9° +n > W°+n)+A (x- +n > r- +n) =0. (19) 


The relations (17), of which (19) is an example, 
require some further comment. They connect am- 
plitudes for different scattering processes, involving 
particles with slightly different masses. Thus, if 
A(xt+p—nt+p) in (19) refers to particles with 
momenta k, p, k’ and p’, respectively, what momenta 
are implied for A(#~+p— r°+n)? The two sets of 
momenta cannot be precisely identical, owing to the 
slight mass differences within multiplets. It is clear, 
however, what must be done. In general, we deal with 
a set of processes 


(18) 


U 


a, li+4d2, lo+ fis -+8m,la— 4, ti’ +e, te’ + at +bn, tn ’ 


where a;- - -6, denote particle multiplets; and 4), « «+, ¢n’ 


are the values of T; for the individual particles. We 
compare processes where 41, - « «, /n’ run over all possible 
values consistent with 7; conservation. To ensure the 
validity of Eqs. (13), the correct prescription is this: 
The momenta of all of the particles are to be chosen as 
smooth functions of the various masses M,(t), M(t’) 
subject to energy-momentum conservation. For ex- 
ample, fix the energies of all but two of the particles and 
the directions of motion of all but one. The remaining 
direction and energies are then fixed by energy- 
momentum conservation in each case. Now as we 
compare one process with another, the variations of the 
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dependent variables are equivalent to what we would 
obtain by including mass shift terms in the perturbation 
Hamiltonian. In effect, we acquire a correction term 
5Smass Of the same order as S,° and S,°; but from Eq. 
(1) it is clear that to lowest order 5Smass also transforms 
like a mixed isoscalar, isovector, and isotensor. Hence 
it can be absorbed in S,° and S,°, so that Eq. (17) 
remains valid. By the same argument, we can also 
ignore variations in phase volume in comparing one 
process with another, except of course near thresholds. 
Let us then return to the restrictions on isotopic spin 
violation implied by Eq. (17). These restrictions come 
into play for reactions in which the final and initial 
total isotopic spins can sum to a value greater than two. 
It is not difficult to list many examples; but in most 
cases a test of Eqs. (17) would require hopelessly dif- 
ficult experiments, such as the study of the process 
n’+n— m+n in the example of Eq. (19). Even when 
this problem can be avoided, as it is in a number of 
examples, one encounters a second practical difficulty : 
Eqs. (17) relate scattering amplitudes, whereas one 
actually measures cross sections. In the general case, 
therefore, a precision phase-shift analysis would be 
required to determine the amplitudes; and for practical 
purposes this is out of the question. 
A simple example of a process for which both these 
difficulties are avoided is the reaction He‘+Het — 3x 
+He'+He' or alternatively, the decay of a T=0 
nucleon-antinucleon state (even parity singlet, or odd 
parity triplet) into three pions. Suppose we denote a 
particular three-pion channel by the momenta kj, k, 
and k;; and let A(+, —,0) be the amplitude for pro- 
ducing r+ with momentum k,, z~ with momentum k, 
and x’ with momentum k;. The other six amplitudes 
A(—+0), A(0+—), A(O—+), A(+0-—), A(—0+), 
and A (0,0,0) are defined similarly. The cross sections ¢ 
are proportional to | A |?. Now if charge independence 
were exactly satisfied, only the T=0 three pion state 
would be produced. There is just one such state and 
it is totally antisymmetric under permutations of the 
pions. We therefore write 
A(+—0)=Ao+é6A(+—90), 
A (— +0) = —Ayt6A (— +0), 
A(+0—)=—Ao+é6A(+0-), 
A(—0+)=Ao+6A(—0+4), 
A(0+—)=Ao0+6A (0+ —), 
A(0—+)=—Aot+6A(O—+), 

where the 6A are of order e* relative to Ao. To order e 

then, we have 

oa(+ —0) =o(+—0)—o(—+0)+o0(—0+) 

—o(+0—)+0(0+—)—e(0—+) 
=2 Re{ Ao*[6A (+ —0)+6A (— +0) 

+6A(+0—)+64 (—0+)+64 (0+) 


+6A(0—+)]}. (21) 


AND S: B. 


TREIMAN 
But our selection rule |AT| <2 tells us that the T=3 
amplitude, 
3= 2A (0,0,0) +A (+—0)+A (—+0)+4 (+0-) 
+A(—0+)+4A(0+—)+4A(0-+), 
is zero, at least to order e®. Thus 


Fa(+ —0)=—4 Re[_A o*A (000) J, 
and hence 


(22) 


(23) 


o2?(-+—0) > 16| Ao|*| A (000) |’. (24) 


Finally, we have o(000)= | A (000) |? which is of order 
e‘; and to zero order 


o,(+—0) =o(+—0)+o(—+0)+0(—0+) 
+o(+0—)+0(0+—)+o(0-+) 


Altogether then, we find to lowest order, 
oa(+—0)| >[(8/3)o,(+—0)o0(000) |}? 


both sides of this inequality being of order e’. 

With particles of isotopic spin greater than one 
available, it would be possible to find more practical 
tests than the above example of the hypothesis that 
isotopic spin violations are solely due to electromag- 
netism; and unlike the above example they would 
involve equalities rather than inequalities. 

Finally, we comment on the question of isotopic sym- 
metries for the weak reactions. It has been suggested 
by a number of authors that weak nonleptonic processes 
obey a selection rule |A7|=} to a more or less good 
approximation. The extreme view is that this rule is 
violated only by electromagnetic effects. From the 
observed rate for the decay K+— rt+7° it appears 
that the correction terms are rather too large to be 
explained by electromagnetic effects alone. In any 
event, if electromagnetism is indeed the sole agency 
which destroys the |AT|=} selection rule, it follows 
that to lowest order in e?, |AT| > is still forbidden. 
This is an incredibly weak restriction, but in principle 
at least it would be testable in a reaction like K — 3m. 
In general | AT| = 3 could contribute here. The absence 
of a |AT|=} component would imply 


A x+(3)= (§)$A x20(3), 


(26) 


(27) 
where Ax+(3) and A xe°(3) are the amplitudes for Kt 
and K;° decay, respectively, into three-pion states with 
T=3. This relation could in principle be tested,® but 
only in principle. 
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’ The time-dependent interference between the decay modes 
K\° > x++n-+7° and K2° > r++27>+7° could possibly serve to 


measure the interference between the 7=0 and 7 =3 states. See 
S. B. Treiman and S. Weinberg, Phys. Rev. 116, 239 (1959). 





